AN EXAMPLE OF TORRIGIANI RELATED TO
MULTIPLE FOURIER SERIES

Casper Goffman

A function of n variables is in WII, if it is absolutely continuous in each variable
for almost all values of the other variables and if both it and its partial derivatives
are in Ly; it isin Vp if it is of bounded variation in each variable for almost all
values of the other variables and if the n variation functions are in L,, each as a
function of the other n - 1 variables. For each p>1, VO Wp

For the case n = 2, L. Cesari [1, Theorem 3, p. 290] showed that if f € V], then
the rectangular sums of its double Fourier series converge almost everywhere. Sub-
sequently, L. Tonelli [4, p. 325)] suggested a new proof of this. For the case n = 3,
Cesari [2] also showed that if p> 1 and f € V;, then the rectangular sums of the
triple Fourier series of f converge almost everywhere. The issue whether Cesari’s
result holds for p=1 and n = 3 remains unresolved. Evidence toward a negative
answer is furnished by an example of G. Torrigiani [5], for n = 3, of a function
f € V, possessing a certain property nowhere. For n =2, each f € V; has this
property almost everywhere. It is used by Tonelli [4] to show that for n = 2 the
double Fourier series of each f € V| converges almost everywhere. The example
given by Torrigiani is long and involved. In view of the revived interest in this topic,
we feel that it is worthwhile to give a short, simple discussion, which, however, is
based on Torrigiani’s idea.

Let Q3 be the unit cube, and Q, the unit square. For each interval
[a, b] € [0, 1], each function f and each point (x, y) € Q;, let V,(f; x, y; [a, b])
denote the variation of f as a function of z on the interval [a, b] with x and y fixed.
Since we shall be dealing only with absolutely continuous functions, we need not
worry about jumps at the endpoints. Tonelli’s condition for functions of two vari-
ables at a point (xq, yo) is that for each ¢ > 0 there exists a A > 0 such that
0 < 6 < A implies

yoto
35 S Vx(f; Yo [%0, X0 +2])dy < e.

He showed that if f € V;, the condition is satisfied almost everywhere, and this im-
plies that the Fourier series of f converges almost everywhere.

A function g is an S-function (after S. Saks, see [3]) if it is summable and

1 x+h ~y+tk
lim sup 7= S S g(u, v)dudv = +e |
h,k—0 x-h Yy-k
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for each (x,y) € Q2. Saks showed that there exists a sequence {gn} of piecewise
oC

linear (continuous) functions on Q, that are 0 on 9Q, and such that g = En:l g, is
an S-function.

Define f on Q3 in terms of the functions g, as follows. Let

M, = max[gy(x, ¥): (%, y) € Q];
let r,, be such that the x-axis can be partitioned into r, intervals on each of which
g, 1s linear in x for every fixed y, and similarly in the other direction; let
k, =2(n+ 1)rn, M, ; and let

1

. = - — —J— i = cos = .
Znj = 1 n+n(n+1)kn (j=0,1, -k ,; n=1,2 -)
Define
1 .
Ii—gn(x, y) (1_19 3, '"5kn_ 1)’
f(X, y, an) = n

0 (j=2’45 '":kn)a

let f(xy, yo, z) be linear on each segment x = x5, ¥ = yg, Zp; S 2 X Zg 541, and let
f(x, y, 1) = 0. Then f is continuous and takes the value 0 on dQ3;. Moreover,

Vy(f; X0, 205 [0,1]) <1  for each (xq, zg) € Q;
and

V. (f; yo, 293 [0,1]) <1 for each (yg, zg) € Q, .

Finally, V,(f; x, y; [0, 1]) = g(x, y), so that V, is an S-function. It is easy to show
that f € Wi .

We use the function f to obtain a more poorly behaved function . For each
J =[a, b] [0, 1], let f5 be defined in the domain Q, X J by the formula

f5(x,y,2) = {x, y,a+ (b - a)z) .
Let f; = f. Assume that f;, -+, f,,_; have been defined, and divide [0, 1] into n
equal intervals I ;, -+, I,,. For each pair of indices n and i, there exists a
Jni € I; such that for all (x,y) € Q,, each of the functions f; , ---, f, _; is mono-

tonic in z on J,;. We define f,, as 27" f5 . whenever z € J,;, and as 0 whenever
ni

n
z ¢ Uiz 1 Jni- It follows that each function V,({f,; x, y; Jni) is an S-function. Let
F =2, f,. Foreach [a,b]C[0, 1], thereisa J_;C [a, b], and

VZ(F’ X, 5 [a’ b]) Z Vz(fn; X, Y5 Jni)
for all (x, y) € Q,. Therefore V,(F; x, y; [a, b]) is an S-function.

The series E:=1 f,, converges in the Wi—norm, so that F € W%. Torrigiani’s
example is in V;. Our discussion yields the following slight extension of his resuilt.



AN EXAMPLE OF TORRIGIANI 287

THEOREM. Thevre exists a function F in W} on Q3 thatis 0 on 9Qz and such
that for every point (x, y, z) € Q3 and every X > 0,

xth Ly+k
hm sup 4 S 5‘ V,(F; u, v; [z, z+2A])dudv = +.
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