DERIVATIVES OF SINGULAR INNER FUNCTIONS
Michael R. Cullen

Let U denote the open unit disc {z: lzl <1}, and let T denote the unit circle
{z: |z| =1}. For 0 <p < =, the Hardy class HP consists of all functions f analyt-
ic in U for which

1 ez o
sup - |£(rei®)|” a0
27
o<r<1 0

is finite. An analytic function f is said to be of bounded characteristic (f € N) in
case

| oo _
sup oo S log* [f(relf)| do
0<r<1 0

is finite, and to be in class BP (0 <p < 1) if
2 Al ,
—I—S S |i(rel®)] (1 - r)L/P-2drae
27 o o

is finite. It is well known that HP c N [4, p. 16], and that HP c BP for 0 <p <1
[5, p. 415].

A singular inner function is a function of the form

it .
S(z; u) = exp ( -S T2 g (eit) ) ,
et - z
where u is a positive measure on T, singular with. respect to Lebesgue measure on
T (see Chapter 5 of [6] for details). Recently, much attention has been given to the
factorization and boundary properties of functions with derivatives in HP (see [1],
[2], and [3], for instance). In[2], J. G. Caughran and A. L. Shields have raised the
problem of finding conditions on the singular measure p sufficient to insure that
S'(z; 1) € HP for some p > 0. Is it possible that S'(z; 1) € H!/2 ? Does there exist
a singular inner function S(z; i) such that S'(z; 1) € HP and the distribution func-
tion of p is continuous? Theorems 1 and 4 of this paper give conditions on p suffi-
cient to insure that S'(z; 1) belongs to HP or N, and they answer the latter question
in the affirmative. Theorem 2 shows that in case S'(z; 1) € H1/2 the support o(S)
of 1 must be perfect and may not be a Carleson set. Recall that a Carleson set is a
closed subset of T that has measure zero and whose complement is the union of open

arcs of lengths €,,, where 2 €n log 1/e, < . Finally, we use Theorem 4 to give an
example of a singular inner function whose derivative is in HP (p < 1/4) and whose
support is a perfect non-Carleson set.
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THEOREM 1. Let S(z; 1) be a singulayr inner function with support o(S), and
suppose the complement of 0(S) in T is the union of avcs of lengths €,

(1) If o(S) is a Carleson set, then S'(z; 1) € N.
(2) f 0<k <1 and {e,} € £k, then S'(z; ) € HP, where p = (1 - kK)/2.

2eit .

Proof. Let f(z) = - S(—i-t—(?-—-szdu(elt). Then, since S'(z; u) = S(z; ) (z),
eit - z

S' € N if and only if f € N, and if f € HP, then S'(z; ) € HP. Let

d(6) = dist (ei?, o(9)).

For r > 1/2 and eit € o(8),

leit_ rei9|2 _>_ %d(e)z’

since 1+r?2 - 2r cos(6 - t) 2%(2 - 2 cos(8 - t)). Consequently, |f(rei?)| < d(((;)z

for some constant ¢ independent of r and 8. It is easily verified that

2m ®

S logt ———df <= ifandonlyif X £nlog L < .

0 d(g) n=1 n

Also,
0
27
S (1)2pde < o ifandonlyif 27 gl™®P < and 0<p<1/2.

da(e

n=1

Thus, if {e_} € €%, then 8'(z; p) € H{1-K)/2  and the proof is complete.

Remavrk. M1nor modifications of the argument above show that in case o(S) is a
Carleson set, S(®)(z; 1) € N for all n. Incase {e_} € ¢k, S(n)z; u) € HP, where

1-
P01+ 1 .

COROLLARY. Let f be analytic in U, with f' € H!. Then all devivatives of the
singular innev factov of f ave functions of bounded charactewstzc.

Proof. It is shown in [3, Theorem 1] that o(S) is a Carleson set.

THEOREM 2. Suppose S(z; 1) is a singular inner function with S'(z; p) € HL/2,
Then o(S) is not a Cavleson set and is perfect.

Proof. If o(S) is a Carleson set, then, by a result of Caughran [1, see the re-
mark following Theorem 1], S'/S € HL/2 | But the function f(z) = S'(z; 1£)/S(z; i) has
the anti-derivative

F(z) = —58 +Zd u(eit) .

elt

By a result of Hardy and Littlewood [5, p. 415, Theorem 33, ' e HP (0<p < 1)
implies F € H(1 -P)/P. Consequently, F(z) e H. Since i is singular,

lim, F(relf) is pure imaginary almost everywhere This is a contradiction,
since
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F(z) = F(elt)dt

1 SZ” 1- |z]?

o it - 2|2

whenever F € H! (see [5, pp. 33-34]).
For the second part, write 4 = p; + u,, where p; is the point mass measure at

.9 06
an isolated point e 0 of ¢(S) and Ko = p| o(s) - {e’ 0}. Then

S(z; 1) = 8(z; 1) S(z;5 1yp),
and consequently

S'(z; 1) = S(z; 1) 8'(z, up) +8'(z; 1y)Slz; uy)

i6
The first term is bounded in a small neighborhood of ' 0, and |S(z; pt,)| = 1 in
this neighborhood. If S'(z; i) € H1/2 then the function

|8'(z; 1)) =——C e
4 1 lelgo—zlz

would be in L!/2 a contradiction. Thus, 0(S) must be perfect.

It follows from Theorems 1 and 2 that if ¢(S) satisfies the condition {e‘.n} € ¢k
for all k > 0, then S'(z; 1) € HP (p < 1/2), but S'(z; u) ¢ H!/2  Cantor sets satisfy-
ing this condition are easily constructed (use intervals of length proportional to n-n,
for example). In case o(S) is the classical middle-third Cantor set translated to T,
1- (log;)/(log 3 _ 0.1845...

then Theorem 1 gives the relation S'(z; ) € HP for p <

The following theorem shows that no restrictions on g are needed in order that
S'(z; n) € BP (p < 1/2):

THEOREM 3. S'(z; ) € B? forall p < 1/2.

pail . 2 it 2 S 1-r? it
Proof. |S'(rel ’“)|SS |eit_rei9|2d“(el)-<-1-r2 Tleit-zlzd“(el)'

Since the function defined by the integral is positive and harmonic, it follows that

2m
S |s'(rei?; p)| do < c/(1 - r), where c is a constant independent of r. The re-
0

1
sult now follows, since S (1 - r)1/P-34r is finite if and only if p < 1/2.
0

We conjecture that it is impossible for S'(z;/u) to belong to B1/2 and since
H1/2 c B1/2 it is impossible that SY(z; ) € H1/2,

The following theorem gives a criterion that makes use not only of ¢ (S), but of
U as well.

THEOREM 4. Lel pu be a singulay Borvel measuve on T, and define
at) = u({eif: 0 < 0 <t}). Suppose wa(t) has constant value ¢, on the complemen-
tary intevval of length ¢, , and that {c,c,} € 2K for some k < 1/4. Then
S'(z; ) € HP jor all p < 1/4. Moveover, S'(z; 1) can not belong to the class HL/2 .
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Proof. As in Theorem 1, it is sufficient to prove that f(z) € P , where
2eit .
f(z) = - S——— dp(e't) .
(elt _ Z)Z
it
Fix z with |z] <1, and let g(t) = Z—Et—e—)—z' Then, by partial integration,
elt - z

_ -2u(T)
f(e) = +2 X a(t)g'(t)dt .

Suppose T - (a(S) U {1}) = U:10=1 {eit: a, <t<b,}, and a(t)=c, on (a,, by).
Since

by, , , i(a_+b_)
b 2 _ n''n
S a(g'Ddt = ¢ (e ™ - M) —ETE
an (e - 2)"(e'"n - 2)
it follows that
o0
[t(z)| < L > +My 2 cpen — 21 _ 2
|1 - z| n=1 le'n - z|% |e'®n - 3|

where M; and M, are constants independent of z.

Now {cn,&n} € £P for all p >k, since (cnsn)k_>_ (cn&,)P for che, < 1. One
can now easily complete the proof by using the Cauchy-Schwarz inequality together
with the elementary facts that

(1) if 0<p<1and %, y >0, then (x+y)P <xP +yP,

( ) I I 2T 1 2n 1

2) if B =1,then5 ——_——————dtgj‘ ———dt = A4, where A
[relt - p| 2P it - plap N

denotes a constant independent of 8 and finite for p < 1/4.

For the second part, if S' € H!/2 | then f(eit) € L1/2 since |S| =1 a.e. on T.
Since f € HP for p < 1/4, this is sufficient to imply that £ € H1/2 . A contradiction
follows exactly as in Theorem 2.

Example. The following is an example of a singular inner function S for which
o(S) is perfect and is not a Carleson set, while S' € HP for p < 1/4. On [0, 27], let
{(an, b_)} be a sequence of intervals converging to 0 with b, ; <a, and b, - a,
proportional to 1/n(log n)2. Then

o0

Z) (bn_ an)Ingg—}-a—)- = oo

n=2

On [0, 27], construct a perfect set E of measure zero by removing intervals I, of

lengths 6, satisfying the condition Z)n 1 6k <o for k> 1/5. For n> 1, let E, be
the copy of this set in [b,, a,-1]- On [a,, n] define a(t) =n-5. On [bl , 27}, de-
fine a(t) = 1. Finally, on [b,, a,_;], define a(t) = B,(t), where By(t) is a continuous,
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singular, nondecreasing function such that B,(by,) = n-2, Bulay_1) =(n - 1)-°, and
the support of the corresponding measure is E,,. If u is the resulting measure on
T and S(z; 1) is the corresponding inner function, then o(S) is perfect and is not a
Carleson set, and

27 (e e )< <\ 2 Gﬁ)( 27 n'5k> + 20 n % (log n)-2K + (27 - a))¥;
n=1

n=1 n=1 n=2

the right-hand side is finite for k > 1/5. Hence, Theorem 4 implies that
S'(z; ) € HP for p < 1/4 and also that S'(z; u) is not in the class H!/2.

Two unpublished results of Caughran and Shields should be mentloned First,
when o(S) is a Carleson set, the derivatives S(n)(z, 1) are in the class Nt (see [4
pages 25-28]). It follows that S() e HP if and only if the radial limit function
S(n)(eit) € LP. Second, if S is a singular function, then S'/S is not in the class
B1/2 . Note that the proof of Theorem 3 shows that S'/S isin BP for all p < 1/2.
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