SOME REMARKS ON SET THEORY III

by
Paul Erd8s

This paper continues the treatment of some problems which were
discussed in two unnumbered earlier communications [1], [2] of the same
title.

1. ON A PROBLEM OF TURAN. Suppose that with every real num-
ber x there is associated a set S(x) of real numbers, called the picture
of x, and subject to the restriction that x is not contained in S(x). A pair
of points x and y is then called independent provided neither point is con-
tained in the picture of the other; a set E is called independent if each
pair of points in E 1is independent.

In an oral communication, P. Turdn asked whether the hypothesis
that each of the pictures S(x) is finite implies the existence of an infinite
independent set. Grunwald [5] showed that the answer isin the affirmative.
Lédzar [7] proved that there exists an independent set of power c. Fodor
[3]. [4] pointed out that LAzdr's proof gives a stronger result: if no point

x is a limit point of its picture S(x), there exists an independent set E

with E = c (throughout this paper, the symbol E denotes the cardinal num-
ber of E).

The remainder of this section deals with other hypotheses on the
pictures S(x), and with the question whether or not these hypotheses imply
the existence of independent sets of certain cardinalities.

THEOREM 1. The hypothesis S(x) < ¢ does not imply the existence

of an independent pair.

\

Let Q. be the least ordinal of power c. We arrange the real num-
bers in a transfinite sequence

EXO; le PO ,Xé, ...%(f( Qc),

and for x =x_  Wwe define
S(x): {X:B l,ﬁ( al.

The example proves the theorem.
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THEOREM 2. The hypothesis that each picture S(x) is not every-

where dense does not imply the existence of an independent pair.

To prove this proposition, it is sufficient to consider the case where
S(0) is empty, while for x #0 the picture S(x) consists of the openin-
terval (—le , |x|) together with the point -x. The same example proves

the following result:

THEOREM 3. The hypothesis that each picture S(x) is not every—

where dense and has finite measure does not imply the existence ofan in-

dependent pair.

I conjecture that if 'S(x) is not everywhere dense and the measure of
S(x) is bounded, there exists an independent pair, probably even an 1nf1n1te
independent set. Also, that if S(x) is not everywhere dense and has meas-
ure less than 1/2, there exists an independent pair of points in the interval

[0, 1].

THEOREM 4. If, for each x, S(x) < c and S(‘x) isnot everywhere

dense, there ex1sts an 1ndependent pair, but not necessarily an independ-

‘ent tr121et.

.. To prave the first part of the theorem, let M be any countable,
dense set, and let M' be the union of the pictures of the points in M. By

the theorem of J. Kgnig (see, for example, p.6 of [9]), M'< c, since M
is the union.of countably many sets.of power less than c. Let z be any
point in the complement of M'. Because the picture S(z) isnot every-
where dense, its complement contains a point x in M, and the points x
and z constitute an independent pair.

The following example shows that the hypothesis of the theorem does
not imply the existence of an independent triplet. Let the set of real num-
bers be well-ordered according to type Q., and for each x. let S(x) be
the set 6f numbers y which precede x in the well-ordering and = which
satisfy the following additional condition:

if x<1, then y <1,

if -1<x<1, then y > -1,

if 1<x, then |y|>1
Clearly, no independent triplet exists.

We turn next to the hypothesis that no point is a two-sided limit point
of its picture. That this hypothesis does not imply the existence of an in-
dependent pair is seenfrom the example given in connection with Theorems
2 and 3.
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THEOREM 5. If no point is a two-sided limit point of its picture, and

the power of S(x) is less than c for each x, then there exists an infinite

independent set, but not necessarily a non-denumerable independent set.

In the proof, we can assume without loss of generality that there
exist ¢ points x such that x is not limit point of S(x) from the right.
Moreover, by Kgnig's theorem we can assume that there exists a positive
constant p and a set I of ¢ points x with the property that S(x) has no
points in the interval (x, x + p); furthermore, the set I can be assumed
to have diameter less than p. Let x] in I be a condensation point of I
from the left. Since the power of S(x)]) is less than c¢, there exists a
point x2 in I which does not lie in S(x;) and which is a condensation
point of I from the left. By mathematical induction, there exists a de-
creasing sequence {xj} in I such that each point x; lies in the comple-
ment of S(Xj) for 3 =1,2, ..., 1-1. Because of the properties of the
set I, each point xj also lies in the complement of S(Xj) for j> 1. In
other words, the set {Xi} is independent.

It remains to show that the hypothesis of the theorem does not imply
the existence of an uncountable independent set. We well-order the real
numbers and define S(x) to consist of all numbers less than x whichpre-
cede x inthe well-ordering. If the set {Zay} (213 < %< ...) is indepen-

dent, then zq7 >2q2> ... .  Since cvery monotonic sequence of real

numbers is at most denumerable, every independent set is at most denum-
erable, under our definition of S(x).

THEOREM 6. If the picture of every x is nowhere dense, there
exists a denumerable independent set.

On the one hand, I am unable to establish a stronger conclusion, even
under the additional assumption that S(x) is denumerable and that

ZHO :Hl;

on the other hand, I do not know of an example which shows that the theorem
cannot be improved.

Let S-1(x) denote the set of points in whose picture x occurs. Let
M be any set of the second category. We will first prove the preliminary
assertion that there exists a point x such that the set M - S"l(z) is also
of the second category (here the symbol A-B denotes the set of points
which belong to A but not to B). If the assertion is false, let {zj} be any
set which is dense in M. Since each set M - S'l(zi) is of the first cat-

egory and ©

n s7lz) D M- O [M-s-1(z)] .

i=1
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the set N S'l(zi) is not empty, that is, it contains at least one point y.
By construction, the picture S(y) contains each of the points zj.It follows
that the picture S(y) cannot be nowhere dense, contrary tothehypothesis
of the theorem. This prdves our preliminary assertion.

We now prove our theorem. Let Mj] be any set of the second cat-
egory, and x] a point in M] such that M] - S'l(xl) is also of the second
category. Since S(x)) is nowhere dense, the set

Mz = Mj - S(Xl) - 5-1(x;)

is also of the .second category. Moreover, each pair composed of X1
and a point. in M2 is independent. Let x2 be a point in M, such that.
M2 - S-1(x2) is of the second category, and let

M3 = M - S(x2) - 57 1(x2)

Clearly, the-construction can be continued indefinitely, and the set s(xi}
thus obtained is independent.

2. ON DISSECTIONS OF THE REAL-NUMBER CONTINUUM.
Sierpinski [8] constructed two disjoint sets A and B whose union is the
set of all real numbers, and which have the additional property thatevery
translation of A intersects B in a set of power less than c¢. The latter
property can be described thus: for every real number =z, the equation
x -y =2z has fewer than ¢ solutions with x in A and y in B.

THEOREM 7. There exist two sets Aj(i =1,2) whose union is the

set of all real numbers, and such that each of the sets A; has the proper-

ty that for every real z the equation

x+y =2z(x, yin Aj)

has fewer than c¢ solutions.

To prove this theorem, let {a_ }(a< Q.) be a Hamel basis [6].
Let the number

n
z = Z Yk 3ay (4, <dp<... & ; yi rational; n =n,)
k=1

belong to Ay if Y, >0, to Ap if v, <0. Then, if z =x+ y and x and
y belong to the same set Aj, no a, with &> &, can occur in the
representation of either x or y, and therefore there exist fewer than ¢
choices for x and y. This proves the theorem. It is easily seen thatour
sets A] and A also have the Sigrpiﬁski property. '

In an oral communication, P. Lax proved that if
i) AjV A, is the set of all real numbers,
ii) A, =A, = c,
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iii) m is a cardinal less than c,

then there exists a translation of A) which intersects A2 in a set whose
power is at least m (see [1], p. 646). Analogously we canprove thatunder
Lax's conditions there exists a number z such that, for a suitable choice
of i, the equation z =x+ y has at least m solutions with x and y both
in Aj;. In fact, we shall prove a slightly stronger result: ‘

THEOREM 8. If

iiil) m is a cardinal less than c,

iv) for every z the equation z=x+y has fewer 'than

m solutions with x and y both in A},

then for some z the equation z =x+ y has c¢ solutions with 'x and vy

both in Aj.

LEMMA. Let m<n be two infinite cardinal numbers, let —S——= n,

and let (S, }1(1 £a<Qp ) be a collection of n subsets of S, eachof car-

dinality less than M. Then there exists a subcollection

{Sap} (1 <k <qy)

of n subsets whose union is a proper subset of S.

To prove the lemma, we need to show that there exists a point x in
S and a collection of n sets Sg 3 ( 1<k<{ly)none of which contains x.
Suppose that such an x does not exist. Then to every x in S therecor-
responds a set P(x) of ordinals & < (Qp, with I_)_(;)_ < n, and such that
x belongs to S, whenever o does not belong to P(x).

Two cases arise. If n is not the union of m or fewer smaller car-
dinals, let {xr}(1< r < Q) be an arbitrary collection of elements of S.
Since the union of the sets P(xry) has cardinality less than n, there exists
an ordinal B (1<j3< Q4 ) which is not contained in this union. But this
implies that xr isin Sg for 1<r< {1m , contrary to the hypothesis

that s=5 < m.

We proceed to the second case. If n is the union of m orfewer
cardinals, let ®i}(1< i< Q) be an increasing sequence of cardi-
nals whose limit is n.. For each index i, let s(i) be composed of the
points x for which the cardinality of P(x) does not exceed nj. Clearly,
U s(i) = S; also, since mZ = m, there exists an i for which (i) has
power greater than m. Let S*¥ be a subset of S(i), with cardinality m. If
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x is in S*, then the power of P(x) is at most nj; because m-nj < n,
there again exists an ordinal B(1 < B8 < Q) such that B is not con-
tained in P(x) for any x in S*. But this implies that SIBDS*, contrary
to the hypothesis that S,B has power less than m. The proof of the lemma

is complete.

‘Before we go on with the proof of the theorem, some digressions on
the lemma are appropriate. The proof of the lemma really depended on the
following fact:

Let m<n, §=n, Se €S for 1< a < @, , and =_S—"(;L<1r1 for
each a . Then there exists a cardinal p<n and a subcollection of m

sets Sgy (1 <k< f1,,), each of power at most p.

AN

If we assume the generalized continuum hypothesis 2
we can strengthen the lemma as follows:

k+1

Let m<n be two infinite cardinal numbers; let S=n, and let
{3 (1< a< Ny) be a collection of n subsets of S, each of power

less than m. Then there exists a subcollection éSa,k} (1<k< Qy) of n

of these subsets such that the complement relative to S of their wunion

has power n.

We well-order the elements ag (1 < @ <) of S. With each §,
we associate the element of at least index which is not contained in itand
which does not correspond to any S, with 8 < a . There may be some
points of S which are not associated with any set Sa ; but the set of these
points has power at most m; we now suppose that these points are deleted
from S. The remaining set S* clearly has the power n, since with each
set Sgthere is associated a point of S*; that is, with each x in S* there

is associated an Say »x notin Sq 4 Sa, < m. A pair of points x

and y of S* is independent provided x$Sa y and yéSa x- By aprevious

result of mine (see Theorem V, pp. 133-137 of [2] ), there exists an in-
dependent set S** of power n. Let {S, k} (1 <k <Qp ) bethe collection

of sets S, associated with points x in S%**. The union of the comple-
ments of the sets Sy ) contains S**; therefore it has power n, and the
‘modified version of our lemma is extablished.

We now return to the theorem. Suppose that for every real number t
the equation t = x+ y has fewer than m solutions (m < c¢) with x and y
in A). If the power of A) is less than ¢, then for every t the equation
t =x+y clearly has c solutions with x and y in A2, and the theo-
rem holds. We may therefore assume that the power of A] is c.

Let Aj(t) denote the set of real numbers x in Aj for which either
t-x orl-t-x isin A]. Clearly, Al(t) has power less than m, since
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by assumption there exist fewer than m solutions of the equation t =x+y
with x andy in A]. Since T can run through the set of all realnumbers,
we thus obtain c sets Aj(t) in Aj. And since Aj(t) has power less than
m and Aj] has power ¢, our lemma implies the existence of a z in A)
and a set {t,B} (1< B8 < Q) of real numbers such that z is not in
A(t B ) for 1< B <Q¢. Butthis means that, for each g ’tﬁ -z and
1 - t,B -z are in A2. We conclude that the equation

1 -2z =u + v
has c¢ solutions with

u=tg -z € A,
v:l—tﬁ-zéAz.

This proves the theorem.
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