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A DOUBLE-ITERATION PROPERTY OF
BOOLEAN FUNCTIONS

CARL LYNGHOLM AND WOLFGANG YOURGRAU

It is the object of this paper to furnish a proof of a theorem

[ ) =f((f(=))),

which is derivable from the fundamental equation for the expansion of a
Boolean function of one variable:

fE=(Mnx)u(fOn=.1

From this proposition we may obtain a simple method for rewriting an
iterative Boolean function in terms of a non-iterative Boolean function
and also for proving the equivalence of two such functions of one variable.

LEMMA 1. fUM))=10)uf ).

PROOF. Using the above fundamental theorem and substituting f (I) for
x, we have

fUD) = (D) nfD)) YO nTD)
=f(D U (O n ) [by x N x = «]
=(f(DHUfO)A (U@

[sincex u(y nz)=(x Uy) N (x U 2)]
=(f(HDuf)nl [by x ux=1]
=f (1) u (0. [since x N 1 =x]

LEMMA 2. () =7 [(0).
PROOF. Substituting f (0) for x, we have
1GO)=( ) A[0)u(©0)nT(0)  [by the fundamental theorem]
=(f()NfOHUO [by x n'% = 0]
={(DnfQ). [since x U 0 = x]
Again applying the fundamental theorem, we can now arrive at equivalent

expressions for { (f (f(0))) and f (f (f (1))).
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LEMMA 3. f () =f((D))).
PROOF. It follows from Lemma I that
fEEMN=1{{ DU f))
=(fMn(fDUfO))u(fO N I)U]©)))

[by the fundamental theorem]

=f(UOATDUTO))) [by x N (x Uy) =l
=D UG OAFMDATWO) [since x Uy =F A3
=f (D) Uf(0) A T (D N [O0))) [by ¥ = x]
= (D) U ©0) AT O) A TTD)) [byxny=ynxl

=f (MU O)A TO))A (D)

[sincexn(y nz)=(xny)n 2]

=f(DUOAFD) [by x N % = 0]

=f(Huo [by x n0=0]

=f(I). [since x U0 = x]
LEMMA 4. 10) =/ (f(0))).

PROOF. According to Lemma 2,

fUEO)N) =1 (D) [(0))
=(f ()N D [0)))u (O n (DN [(0)))

[by the fundamental theorem]

=(({ (D )N O (1)N[(0)))

[sincexn (y nz)=(x Nny) Nzl

= (AU O AN [O))) las x N x = «]

= (DA TO) V(O NTDUTO)) [byxny=T07
= (DA OV O NG DUTO)) [since ¥ = x]
=N fOHVEONFOUID)) byxuy=yuxl
=(f ()N [(0) U () A OV (f(0) n[(D)))

[sincexn(yu 2z)=(xNy)u (x N 2)]

=(f () f(0)V (0 ()N [(D) [by x N % = 0]
=(f ()N fO)U(f©0)N[(D)) [since x U 0 = x]
=(f(0)N /(1)U (f(0)n [ (D) lbyxny=ynxl
=fO) N V]D) [byxnyua=Exny uinz)
=f0)n1 [since x U x = 1]
=1 (0). [by x N 1=x]

We are now able to prove the double-iteration theorem by means of the
fundamental theorem and Lemmas 3 and 4.
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THEOREM. Let [ denote a Boolean function of one variable. Then
for all x

(1 [ )= [ (f(x))).
PROOF. Ve have already stated Boole’s fundamental theorem:
[ @)= (1) nx)u(f0)nx).
We can thus infer that for another function, g,
g (x)=(g (1) nx) U (g (0)NX).

Hence, if / (1) = g (1), and f (0) = g (0), then [ (x) = (g (1) Nx) U (g (0) N x)
=g (x). Let

[ (f(x))) =g ().
Now, we have demonstrated above that

f(D=1( (D))
and that f ) =f(f(f0))).

We may therefore conclude that
fE =M Nnx)u((f(©O)n% [by F. T. and Lemmas 3 and 4]
=[(f(f (x))).2 [by F. T.]

This result can be generalized to & variables by using a simple con-
struction. We shall, for the purpose of lucidity, adopt the following defi-
nitions:

() TGN = a7 f ().
B) P Gpay )= g Gy xp Xy (g By e X
/(xl’xZ"'xk)’xi+1"‘xk)’xi+1"'xk)' li=1...4]

Invoking (1) and (3) we have, on iteration with respect to x7p,

(4) [y %y oo oxg) =[] (g0 %5 o 02 %)
Further, iterating with respect to x,, we get
(5) 13 G 5y )= ()3 (g xy e v xp)

Repeating this process & times, we obtain
(6) (o UDD R =G WDt
Hence, by the law of transitivity our corollary of the theorem reads:

7 fOpxy oo oxg) =G (D) I gy %y e v xp).>



114 CARL LYNGHOLM and WOLFGANG YOURGRAU

Although the method here applied can hardly claim elegance, the formal
deducibility of the double-iteration property immediately suggests an anal-
ogous theorem for certain n-valued algebras.

NOTES

[11 G. BOOLE, An Investigation of the Laws of Thought . . . , Dover (New
York), p. 72. The theorem in the original version reads

f(x)=f(1)x+f(0)(I-x).

[2] . A referee has kindly drawn our attention to the following proof:
f(x)=ax+bx. f(f (x)) = a (ax + bx) + b (ax + bx) = (a + b) x + abx.
FUF)))=a((a+ b) x+ abx) + b (abx + (a + b) %) = ax + abx +
abx = ax + bx = [ (x),

where "ab” = "a N b” and “a + b” = "a U b”.

[3] We very much appreciate a personal communication by W. V. Quine in
which he suggests the following simplification of our proof:

/i=d//(w1’ N ,Wk,/(wl, P ,Wk,f(wly e e ey Wk,x)))-
=d/F(F(F(x)))-

Taking x variously and applying Boole’s law of development several times,
he arrives at F(F(F(x))) = F(x). However, his result, which appears in our
notation as an intermediary step, viz. f? (g, %y« oo xp) =fi(x], x5 o -0 %)
for all i, is not the same as (7) above.
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