INVESTIGATIONS ON A COMPREHENSION AXIOM WITHOUT NEGATION
IN THE DEFINING PROPOSITIONAL FUNCTIONS

TH. SKOLEM

Introduction

In the paper ‘‘Bemerkungen zum Komprehensionsaxiom’’ in Zeitschr. f.
math. Logik und Grundl.d. Math., Bd 3 (1957), p. 1-17, I showed that antinom-
ies of the same kind as Russell’s could be avoided in set theory, if this was
based on a certain logic, due to Lukasiewicz, with infinitely many truth val-
ues. Indeed I proved the existence of domains such that the axiom of com-
prehension was satisfied for elementary propositional functions ¢, that is ¢
being built from atomic propositions u € v by use of conjunction, disjunction,
implication and negation only. Later I proved the same for a certain 3-valued
logic as shown in a paper which will appear in Math. Scand. Here I shall
show in §1 and §2 that the same is true even for ordinary 2-valued logic,
provided that only conjunction and disjunction are allowed in %. In §3 I prove
that also the axiom of extensionality is valid for the domains constructed in
§1 and §2. 1 call the ¢ constructed in this way positive propositions, ab-
breviated p. pr. The words ‘‘atomic propositions’’ are abbreviated to at. pr.

The two truth values can be 0 (false) and 1 (true). In the sequel I write
the conjunction of A and B as 4 A B and their disjunction as A'v B. Further
A (x) for all x is written N\ x4 (x) and 4 (x) for some x is written V.x4 (x).

Now the p. pr. can be defined inductively as follows.

The truth constants 0 and I are p. pr.

2. Everyat. pr. x €y is a p. pr. Here x and y are free variables.
3. If A and B are p. pr., so ate A A B and A v B. The latter have the free

and bound variables occurring in 4 and B.

4. If A(x,xy,..,x,)is a p.pr. with x,x;,..,x, as free variables N xA

(%,%y ,..,%y)and V xA(x,xy,..,x, )are p. pr. with x as bound vari-
able, xy ,..,xpn still as free variables, while the eventually occurring
bound variables in A(x, x,,..,x, ) remain bound inthe latter expressions.
If a set y is such that

Nx ((xey)=Ux,xq,..,%, )
is true, where x,x,, . . , x, are the set variables in the p.pr. U, then y

is a set function of %, , . X
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Then the p. pr. are constructed by use of the rules 1) through 4). Of
course we may use in our proofs the whole first order predicate calculus al-
though I don’t formalize the proofs in the sequel. I write 4 = B instead of
A <> B (equivalence) and A =B instead of A = B (implication).

gl1.

Let a p. pr. be called elementary if it can be constructed from the at. pr.

by use of 1), 2), 3) alone so that quantifiers are not used. I shall then prove
that a set theory with the axiom

(1) VyAx (x€y=¢(x)), (Axiom of comprehension)
where ¢ denotes an arbitrary elementary p. pr., together with the axiom

2) Nx(x€y=x€z) = Nu(y€u =zeur) (Axiom of extensionality)
is consistent. Such a rudimentary set theory is of course not at all sufficient
for the development of mathematics. However this consistency proof shows
that the usual deduction of Russell’s antimony and similar ones is impossible
when the ¢ in the axiom of comprehension is a p. pr. Indeed I shall give two
different proofs.

A preliminary remark for the first proof is the following: Let & (p) where

p is a propositional variable, be an elementary expression, that is built up
from p by use of /\, conjunction and V/ disjunction alone. Then either
0 or I is a fix-value for §. This means that the equation

p=§(p)
will be satisfied if either 0 or I is inserted instead of p. Indeed, & (p) is
either 0 or I or p, every function of p being either = 0, =1 or = p. In the
first case 0 is a fix-point, in the second ] and in the third both 0 and 1.

We consider a domain D of individuals. For an arbitrary non negative
number n let x,%4,...,%, denote individuals and let U(x,x¢,... »%, ) be
any elementary p. pr. built up from the diverse atomic propositions u € v,
where u and v are among %,%; ,...,%xp. Then the validity of the elementary

axiom of comprehension in D means that
B) VyAx(xey =U(x,%y,...,%p)

is true. I shall show that it is possible to construct a domain D of individ-
uals together with a determination of the truth values of u € v for the diverse
pairs u, v in D such that (3) is satisfied.

In order to da this we have to enumerate the functions [. Let us write
them in the form
U, (x,x4,. "”‘g(n))
letting g(n ) denote the number of actually occurring variables apart from x in

the nth propositional function U, U, is then built up from 0, I and the at. pr.

x € x,x € Xy ,Xs € x, where r and s run through 1,2,..,g(n). We need not
take into account at. pr. x, € xg because each of them is in every case either

0 or 1. It is clear that such an enumeration is possible. To begin with U,

(x) may be the truth constant 0, U, (x) the constant I and Uy (x) the prop-
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ositional function x € x so that g(0) = g(I) = g(2)=0. Further U3 (x,x,)

might be the propositional function x € x, so that g(3) = ] etc. We then con-
struct individuals as follows. Let f,(x,,... ’xg(n)) be just an expression

corresponding to Up(x,xq,... ’xg(n))‘ Then, starting with the symbols O,
V, W as the first individuals we let the expression we get from f (x,,...,
xg(n)) as often as earlier constructed individuals are inserted instead of xy,
e Tgln) be a new individual. Our domain D shall consist of just the indi-
viduals generated in this way by use of all the f,(xy,... ’xg(n))' In the spec-
ial cases n =0, 1,2 when g(n)= 0 we may use the expressions fn( ) with an

empty parenthesis identifying them with O,V W respectively.

I introduce the notion height of individuals. The individuals O, V, W
shall have the height 0, and if % is the maximum of the heights of x,, ..

xg(n),then the heighe of f (x,,. .. ’xg(n)) shall be h + 1. In the case gn)=
0, the height shall be 0.

Now the truth values of u € v for the diverse pairs u, v of the individuals
in D shall be successively determined.

First x € O shall be false for all x or in other words (x € 0) = 0. Similarly
(x eV)=1and x € W = x €x for all x. Since there is no other iindividual
than O, V, W of height 0, we have already determined u € v for all individuals
of height 0 if we choose for example W € W= ]. Let us assume that we have
already succeeded in determining the relation € for all pairs u, v, where u

and v are of height = 4, in such a way that if y = fn(x, youe )), then for

x

X g(n
all x of height = } the truth value of x € y is that of Un(x,x, ooy xg(n))' As
the reader easily verifies this is correct for A = 0, so that we may use com-
plete induction. Let first x still be of height = £k, whereas y is of height
h+1, say y = fo(x,,... » Xg(n) ) all x, here being of height = h. Now U,
(x,%49 , .- ’xg(n)) is built from 0, I and at. pr. x € x, x € x,, %, € x, by conjunc-
tion and disjunction. In virtue of the hypothesis of induction the truth values
of all these at. pr. are already determined. Then the value of U,(x,xy,.--,

xg(n)) is_known for all x of height = h and we choose this as the truth value

of x € y. Thus the validity of (3) is extended to all pairs x, ¥, where x is of
height =k, y of height = h 4+ I. Now let x be of height A + 1. Then I shall
show, again by induction, that the value of x €z for every z of height = h + 1
can be preliminarily determined so as a function f(z, p), where p is x € x, that
the equation (3) is valid. Since (x €0)=0, xeV =1, xe W=x€ x, we al-
ready have such a determination for the z of height 0. Let us assume that this
determination has been carried out up to the heightk of z, where k¥ =k, and

let us then consider x € z, z of height £ + 1, z = fm(x, ye e

’xg(m))' In U,

X,Xq9 50, X ) we have the at. pr. x € x, x € x, x_ € x. According to the
1 g(m) %5 Xg 8

hypothesis of induction every x € x, is a known function f(xr, p), while the
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%g € x have already known values because of the first part of this proof since
all x¢ have heights = h. Then Um(x,x, yhe ’xg(m)) will be a known function

f(z,p) and putting x € z = f(z,p), the validity of (3) will be extended to z of
height & 4+ I. Hence by induction we have x € z = f(z,p) in accordance with
(3) for all z of height = h + 1.

Hitherto we have only determined the x € z as functions of x € x. Now
we determine their values so. We have in particular p = x € x = f(x,p). In
virtue of an above remark the equation p = f{x,p) has a fixpoint. Taking for
x € x this value, we obtain by inserting it in the diverse f(z,p) for the z of
height = h + I the values of the diverse x € z. Thus we have obtained a
continuation of the determination of € to all x and y of heights = A 4 ] such
that (3) is valid.

"This proves by induction that we can determine € so that the elementary
axiom of comprehension is satisfied in our domain D.

§2.

There is however also another way of proving the existence of domains
for which the axiom of comprehension is valid for elementary p. pr. This way
will be more elucidating as it also shows the non-existence of finite domains
with this property. First I shall prove the following theorem:

In_order that the elementary axiom of comprehension be valid in a domain
it is necessary and sufficient that six special cases of this axiom are valid,
namely:

1) There is in the domain an individual O such that (x € O) = 0 for all x in
the domain.
2) There is in the domain an individual W such that (x € W) = (x € x) for all x
in the domain.
3) There is in the domain an individual V such that (x € V) = I for all x in
the domain.
4) For arbitrary individuals a and b there is an individual ¢ such that for all
x x€a A xeb=x€c.
5) For arbitrary a and b there is an individual d such that for all x
x€aV x€eb=x€d
6) For arbitrary a there is an individual b such that for all x
a€x =x €b.

Proof. The necessity is clear so that we have only to prove that the validity
of 1) through G) is sufficient. Let U(x,x, ,... ,xn) be an arbitrary elementary

p- pr- It can be written as a conjunction of disjunctions between terms of the
formx € x, x€ x, x € x, Let these disjunctions be Dyfort=1,2,.., m say.

Then each D, is a disjunction of terms each of which is either x € x or of the
form x €' x. or x; € x. In virtue of 6) we may replace every term x € x by a

term ¥ € x¢. Then the modified expression Dt only contains terms of the

forms x € x and x € x.. According to 2) and 5) there exists an individual y such



INVESTIGATIONS ON A COMPREHENSION AXIOM 17

that for all x _
X €y, = Dt = Dt’

Finally there is in virtue of 4) an element y such that for all x
x€y=xey,/\x€y2/\ ,,,,,, /\xeym.

That is for all individuals x in the domain
x€y=Dy ADp A.... ADp=Ux,%1,...,%,).

Thus our theorem is proved.

Now let D be a domain in which the elementary axiom of comprehension
is valid. Then D has the properties 1) through 6). In the first instance we
have the individuals O, W, V. Since 0 and 1 are different truth values, the
individuals O and V must be different. Further W % O because Ve W=VeV
= ]and W # V because O € W = O € 0 =0. As to the value of W € W it can
be either 0 or I. Let us first assume W€ W = 1. For the three elements O,
W, V we then have the following table of values for the relation € :

€ 8] 14 Vv

0
Wl o |1 |1
v

Now an element A, shall exist such that O € x = x €4, for all x. Then
one gets 0 €4, =0€0=0,Wed;, =0eW=0,Ved, =0€eV =1, A4,€A4,
=0€4,=0
beside§, according to the definitions of O, W, V,

A,€e0=0,4,€eW=4,€4, =0,4,¢ V=1
Thus we see that Ay must be different from O, W, V and we get the €-table
for the 4 individuals O, 4, W, V

Further an individual B, must exist such that for all x V'€ x = x € B;. Again
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By is$+0,A;,W, V. Indeed

O€B, = Ve0=0,4,€B,=Ved;=1,WeB,=VeW=1,VeB, =V
GV—-—],B'GB': VeB =1, B,€0=0,B,€A1=O€B1=O, B,GW =
B,€B,=1.

So far we have proved that our domain must contain at least 5 elements O, 4,,

W, B,,V with the € -values for their pairs given by the table

This can be continued indefinitely. The next step is to take into account
the existence of an element A, with the property 4; € x = x € A for all x. 4,
is again different from O, A, W, By, V. Indeed we now get the table

€ 0 A] Az 14 B, Vv

olo0 |0 ]o0 0 0 1

Then an individual B, must exist so that B; € x = x € B, for all x. Again

B, turns out to be different from O, 4,, A5, W, B;, V. One obtains the €-table
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Blo 0o ]o |1 |1 |1 |1

By |0 | 0|1 1 1 1 1

Since this procedure can be continued into infinity we obtain theresult
that no finite domain with W € W = ] exists satisfying the elementary axiom
of comprehension. On the other hand it is easily seen that the infinite domain
constructed by the infimite process, consisting of the elements O, 4,, 4.,

.,W,...,B2,B;, V has the properties 1) through 6) so that it satisfies the
’

elementary axiom of comprehension. Its € -table is

€10 |A4,| 42145 ... .. Wl..... B3 |B2|B,|V
ololololo]|.....10}|..... olo|oll
Ajlolololo]..... ol ..... olol1 |1
d0o0lo0flolo]..... 10 ----. ol1 |11
A;lolololo |- --- ol -+ {1 (1|1
Viojlololo]|..... 1] ... 111|111
Bslojolo|o]|..... I ..... 11|11
ByJolo|lo|1]|..... 1| ..... 10111
Bylojo) 111 ]..... 1) ... 101171
Vio| 1| 1{1]|..... 1] ... 1|1 (1]|1
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One observes that the sets O, 4, ,...,V are linearly ordered by inclusion
0S4, 4, <. W...B, SB, <.

A simple conclusion of this is that the domain has the properties 4) and
5). Indeed when set 4 is contained in another set B, then B is their union
and A their intersection. Further, the domain has also the property 6) be-
cause one notices that in the above table every horizontal row is equaltoa
vertical one. In virtue of the above theorem the axiom of comprehension for
elementary p. pr. is generally valid in the domain.

All this was based on the assumption that W € W = ]. Let us now assume
WeW = 0. Then the € -table for O, W,V is '

e O W |V
0,0} 01
0] 0|1
0 111

Now an element B, shall exist such that V€ x = x'¢ B, for all x. One finds
OQB, .—.O,WEB, =1, VGB' =1, B, GB' = Vfo =1,By€ W= B,EB,
= ], so that for O, W, B,,V we get the € -table

e |0 W | B, |V
0 0 0 0 1
wiol| ol 1|1
Blo| 1] 1|1
viop 111

Furcher an element 4; shall exist such that O€x = x € 4, for all x. It is seen
that
O€dy=0, WeA; =0,Byed,=0,Ved, =1. A, ed; =0€4,=0.

Hence we get the € -table

e| O |4, |W | B |V
o100 (0] 0|1
4,10 00|11 |1
Wiol|ol|ol|l T
Biltolo| 1)1 1
vioj| 11|11
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Here we may take into account an element B, such that B; € x = x € B, etc.

The reader will easily convince himself that this again leads to an infinite

process. The table we obtain after introduction of 4,,...,4,,B,,...,B,

is just the same as that obtained in the first process except that W € W now
is 0, not 1. Therefore we see that also if W € W = 0, there is no finite do-
main satisfying the elementary axiom of comprehension. Thus the non-exis-
tence of a finite domain of this kind is proved completely. On the other hand
the infinite process yields an infinite domain with the same € -table as the
infinite domain above, only with the difference that W € W now is 0. It is
seen just as before that the elementary axiom of comprehension is valid also
for this latter domain.

The existence of more complicated domains satisfying the elementary
axiom of comprehension will be proved elsewhere.

§3.

The successively performed definition of the relation € carried out in
§1 is not unique because sometimes both 0 and 1 are fixpoints for a p. pr.
of p = x € x. However the procedure of successive determination of € can
be made unique for example by making the convention that if 0 is a fixpoint,
it shall be taken as the value of x € x, so that ] is only chosen when I, but
not 0, is a fixpoint. Of course one can make many different choices, but let
us assume that we have in some way made the determination of € unique.
Then I shall prove that the axiom of extensionality is valid for our domain D.
That this axiom is fulfilled for the domains D obtained in §2 is evident.

Let us assume that x and £ have the property /\ w(ue x = u €£). Then
Iassertthat xex = € € €.

Proof. Let first x be 0. Then (x € x) = 0 and (£ € x) = 0, whence £ € x =
£ € £= 0. Similarly if £ = O. Then let

x=f;t(xl""’xg(n)) ’ ngv(x"""’fg(v))

so that for arbitrary u
uwex=U (u%, ”"’xg(n))) , ueé = UV(u’x"""xg(v) ).

Here U, (u,xy,..., xg(n)) is a p. pr. of u € u with coefficients which are p. pr.
of the other atomic propositions in U, u € x,, x; € u. Similarly for U,. Now
these coefficients must be such that both functions coincide, that is that U,
and U;, must be the same function of u € u Otherwise, either for ue u = 0 or
for u € u = 1, which both are realized for some u, U, and Uy would have diff-
erent truthvalues so that we got u € x # u € £ contrary to our supposition.
Hence we may write
uex=Fueu , uef =Fueu),
whence

xex=F(xex) , Eeb=F(&€é).
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Because of the assumed unique choice of fixpoints we obtain x € x = § € £.

Further, since we have x € O = £ € 0, namely both = 0, that means x € v
=€ €y for all v of height 0. Now let us assume that we have x € v =& € v for

all v of height =h and let us compare x € y with £ €y, y being of height h + 1.
Then y has the form

y=fr'l(x’,...,xg(n))
where x,,..., Xgfn) ALe all of height =h. Further for all x and all ¢
xey=U (x,%, ""’xg(n)) , fey= U, (&x, ""’xg(n))
Here U, (x)resp. U, (€) is a p. pr. built up from the atomic propositions x € x,
X € x,, X5 €'x, rESP. Eef e Xps Xg €&, r and s running through 1,2,..., g(n).

According to a result above x € x = ¢ € £ and according to the hypothesis of
induction every x € x = fe x, while x € x = x € £ in virtue of the assumption

we made that x and € contain just the same elements. Hence xey =¢§ €.
Thus we have proved the truth of the axiom of extensionality.
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