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SINGLE AXIOMS FOR ATOMISTIC AND ATOMLESS MEREOLOGY

ROBERT E. CLAY

It is part of the folk-lore of the subject, that LeSniewski’s mereology
is neutral with respect to the existence of atoms. It has long been known
that one could have a system of atomless mereology by adding the following
axiom or its equivalent to any mereological axiom system.

[A]:AeA .D.[3B].Bepr(A).

Similarly one could have a system of atomistic (completely atomic)
mereology by adding

[A]::Ae A .2 [3B] .. Beel(4):[C]:Ceel(B) .D. C = B.
If we define the name ‘‘atm’’ by
[B] -~ Beatm .=: Be B:[C]:Ceel(B) .D. C=B

this simplifies to

[A]l:AeA .DO.[3B].Beel(4).Beatm.
Rickey, cf. [4], p. 90, introduced the functor “at’’ defined by

[AB]:Beat(A) .=. Beel(A).Beatm
which further reduces the characteristic axiom of atomistic mereology to

[A]:AeA .D.[3B].Beat(4).

Using Rickey’s functor ‘‘at’’ Sobocinski axiomatized atomistic mereology in
[4]. Lejewski gave the first single axioms for atomistic and atomless
mereology in [2]. In this paper we shall give shorter single axioms for
both systems,

Lejewski’s single axiom for atomistic mereology is

L1 [AB]:x Agat(B) .=::BgB::[CDa)::[E]~ EeC .=: [F|:Feat(E).
=.[3G].Feat(G).Gea . Deat(B) .Bea 2. at(A)e A. Acat(C).

This contains ten occurrences of €. We shall show that the shorter (nine
occurrences of g) proposition
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Cl [AB]=Aeat(B) .=:: BeB::[CDal::[E]~ EeC .= [F]:Feat(E).
=. [3G].Feat(G).Gea - Deat(B). Bea »D. at(A) g at(C)

is also a single axiom for atomistic mereology.

In LI it is easy to derive that if A is an atom of something then A is
identical with at(4). In C1I it is easy to derive that if A is an atom of
something then at(4) is an individual, but the difficulty arises in proving
that that individual is in fact the individual, A.

We begin with LI and derive C1.

L2 [AB]:Acat(B) .D. BeB [L1]
L3 [B]:BeB .D.[3D].Deat(B) [L1, by contradiction]
DL [Aa]:AeKl(a) .=: AcA:[F]:Feat(A) .=.[3G].Feat(G).Gea
L4 [ABal~ Bea:[F]:Feat(4) .=.[3G].Feat(G).Gea :D. Ac A
PR [ABa].. Hp(2) :2.
[3D].
3. Decat(B). [L3; 1]
4. Deat(A). [2; 3; 1]
AcA [L2; 4]
L5 [Ba]::Bta .2: [A]:AeKl(a) .=: [F]:Feat(4) .=. [3G].Feat(G).
Gea [DL; L4]
L6 [ABal:Aeat(B).Bea .0, at(4d)eA .Aeat(Kl(a)) [L1, c/Kl(a); L5]
L7 [Ba]l:Bea .2.Kl(a)eKl(@)
PR [Ba]:Hp(1) .2
[3D].
2. Deat(B). [L3; 1]
3. Deat(Kl@)). [L6; 2; 1]
Kli@) e Kl(a) [L2; 3]
L8 [AB]:Aeat(B) .D. at(A)cA
PR [AB]:Hp(1) .D.
2. BeB. [L2; 1]
at(d)eA [L6; 1; 2]
L9 [A]l:AcA .D. AeKI(A) [DL]
L10 [AC]:at(A)eat(C) .D. at(A)eA.Acat(C)
PR [AC]- Hp(l).D
2. at(A)eat(4). [1]
3. AcA. (L2 2]
4,  at(at(4)) s at(A). [L8, A/at(A); B/A; 2]
5. at(at(A)) = at(A4): [4; 2]
6. [F]:Feat(4) .=. Feat(at(4)): [5]
7. [F]:Feat(at(4)) .=.[3G].Feat(G). Geat(4): [2]
8. [F]:Feat(A) .=.[3G].Feat(G).Geat(4): [6; 7]
9. AeKl(at(4)). [DL; 3; 8]
10. at(4) e Ki(at(A)). [L9; 2]
11.  Kl(at(4)) eKl(at(4)) . [L7; 2]
12. at(4) = [10; 9; 11]
13. at(A)eA. [12]
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14, Acgat(C). [1;12]

at(A)eA.Acat(C) [13; 14]

L11 [AC]:at(4)eat(C) .=. at(A)eA.Acat(C) [L10]

L1z [=cCI] [L1; L11]
Next we derive LI from C1I.

C2 [AB]:Agat(B) .D. BeB [c1]

Cc3 |[B]:BeB .D.[3D].Deat(B) [c1]

DC [Aa):AeKl(a) =: AeA:[F]:Feat(4d) .=.[3G].Feat(G).Gea
C4 [ABal~Bea:[F]:Feat(d) .=.[3G].Feat(G).Gea :D. AcA [C3; C2]
C5 [Bal::Bea .2~ [A]l~AeKl(a) .=: [F]: Feat(4) .=. [3G]. Feat(G).Gea

[DC; c4]
C6 [ABa]:Asgat(B). Bea .D.at(A) e at(Kl(a)) [c1, c/Kl(a); C5)
€7 [Bal:Bea .2. Kl(@) eKl(a) [cs; C3; c2]
Note: For proofs of C4 and C7 see L4 and L7,
C8 [AB]:Agat(B) .D. at(4) ¢ at(4)
PR [AB]:Hp(1) .D.
2. BeB. [cz; 1]
3. at(4)  at(KI(B)) . [ce; 15 2]
at(A) & at(A) [3]
C9 [A]:AeA .D. AeKI(A) [DC]
C10 [A]:at(at(4)) = at(4) .D. at(4) = A
PR [A].~Hp(1) .O:
2. [F]:Feat(4) .=. Feat(at(4)): [1]
3. at(A)eat(A). [1]
4, [F]:Feat(at(4)) .=. [3G].Feat(G).Geat(4): [3]
5. [F]:Feat(4) .=. [3G].Feat(G).Geat(A): [2; 4]
6. AgA. [L2; 3]
7. AeKl(at(4)). [Dc; 6; 5]
8. at(4)eKl(at(4)). [cy; 3]
9. Kl(at(A)) e Kl(at(4)). [c7; 3]
at(4) = A [8;7; 9]
C11 [AC]:at(A)eat(C) .D. at(A)eA.Aecat(C)
PR [AB]:Hp(1) .D.
2. at(A)eat(4). [1]
3. at(at(4)) eat(at(4)). [cs, A/at(4), B/C;1]
4. at(at(at(4))) eat(Kl(at(4))).  [C6, A/at(at(A)), B/at(4), a/at(A); 3; 2]
5.  Kl(at(4)) e Kl{at(A)) . [c7; 2]
6. at(4)eKl(at(4)). [co; 2]
7.  at(A) = Ki(at(4)). [5; 6]
8. at(at(at(4))) eat(at(4)). [4; 7]
9. at(at(at(4))) = at(at(4)) . [8; 3]
10.  at(at(4)) = at(4) . [C10; A/at(A); 9]
11, at(4)=A. [c10; 10]
12. at(A)eA. [11]
13. Aceat(C). [1;11]

at(A)e A.Aeat(C) [12; 13]
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C12 [AC]:at(4)eat(C) .=. at(4)cA.Acat(C) [c1i1]
C13 (=1LI) [c1; ci12]

Since the only definition used, namely that of ¢‘KI’’, is the same in both
derivations, the two systems are interderivable. Therefore, C1 is a single
axiom for atomistic mereology.

We now turn to atomless mereology. Lejewski gave the following
single axiom for atomless mereology in [2]:

[AB]# Aept(B) .= BeB. ~<Bspt AN [CDa) i [E]l = EeC .=:: [F]~
Fea .D: EeF .v. Fept(E)::[F]:Fept(E) .DO.[3GH].Gea.Hept(F).
Hepr(G)::Dept(B). Baa..D Aept(C).

This axiom uses part, ‘“pt’’, as primitive and has fourteen occurrences of
€.

The new axiom, namely,

E1 [AB]::Acex(B) .=x[f]=[Cal::Cef(a) .=~ CeC~[D]- Deex(C) .=:
[E].Eea.D.Dsex(E) 1D [Fl::Ae F.ov.Be F.va[3b]Aeb.v.Beb:
[d]:Fed .o, ~(f(b)ef(a))

uses exterior, ‘‘ex’’, as primitive. It is shorter (twelve occurrences
of €), but it has the added complexity of requiring quantification over a
semantical category of functors in addition to quantification over names.
E] is a modification of the shortest known single axiom for mereology,
which is due to Lejewski [1] and appears as X1 in the following axiom
system for atomless mereology.

X1 [AB]:iAcgex(B) .=x[f]=[Cal::Cef(a) .=~ CeC:[D]:. Deex(C) .=:
[E1:Eea .D. De ex(E) 1D [Fl::[30]~Aeb.v.Beb:[d]: Fed .D.
~(f(b) e f(d))

Dx2 [AB)~Acel(B) .=: AcA.BeB:[D]:Deex(B) .D. Deex(A)

X15 [A]:AeA D.[3F].Feel(d).~{AcF)

This rather curious numbering is designed to facilitate the second half
of the proof of the equivalence of the two systems.

First we shall derive X1, DX2, and X15 from E1.

E2  [A].~(Acex(4)) [[a] . ~(Aea)]
E3 [A]:Aeex(4) .=. Acex(4) [Xx1[5]. ~(AEb)]
E4 [A].~{(Acex(4)) [E2; E3]

DE1 [Aa]::AeKl(a) .= ~[D]~ Deex(4) .=: [E]: Eca .D. Degex(E)

E5 [fl=[Cal::Ce fla ).E CsC .[D]~ Deex(C) .=: [E]:Eca .D.
Deex(E)::D. f o

PR [f]=Hp(1) ::D:

2. [Cal:Cefla) =. CeKl(a): [DpEI; 1]

3. [@]. f(@)°Kl(a) . (2]
foKl [3]
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[AB]=Acex(B) =::[F]::AeF.v.BeF .v>.[3b]Aeb.v.Beb:

[d]:Fed .o, ~(KI(b) eKI(d)) [E1; DE1; E5)
[AB]: ~(Acex(B)) .=:: [IF]::~(AeF).~(BeF)~[b].Acb.vBeb:
D.[3d].Fed.KI(b) eKl(d) [E6]

[A]=[3F) s ~AeF):[b]:Aeb .. [3d].Fed.KI®)eKId)
[E7, B/A; E4]

[Aa]:Aca .D. Kl(a) eKl(a)
[Aa]:Hp(1) .2
[3d].

Kl(a) eKl(d) . [E8, b/a; 1]
Kl(a) eKl(a) [2]
[AB] -~ Acel(B) .=: AcA.BeB:[D]:Deex(B) .DO. Deex(4)
[ACDa]:AeKl(a) .Dea.Ceex(4) .D. Ceex(D)
[ACDa] .. Hp(3) .D:
[E]:Eca .D. Ceex(E): [DEI; 1; 3]
Ceex(D). [4; 2]
[ADa):AeKl(a).Dea .D. Deel(A)
[ADa] ~ Hp(2) .D:

[C]:Ceex(A) .D. Ceex(D): [E10; 15 2]
Deel(A) [DE2; 25 1; 3]
[A]:AcA .D. AcKI(A) [DEI]

[AB]~AcA.BeB:[D]:Deex(A) .=. Deex(B):D. A= B
[AB] - Hp(3) :2.

AeKl@A). [E12; 1]
BeKI(A). [DE1; 2; 3]
K1(4) eKI(4) . [E9; 1]
A=B [4; 5; 6]

[AB):Acel(B).Beel(d) .. A=B
[AB] . Hp(2) .o:

[D]:Deex(B) .D. Deex(A): [DE2; 1]
[D]: Deex(4) .D. Deex(B): [DE2; 2]
[D]:Deex(A) .=. Deex(B): [3; 4]
A=B [E13; 1; 2; 5]
[A]:AgA D.[3F].Feel(A).~Ae F)
[A]: Hp(1) .D.
[3Fd].
~AeF).
Fed. [Es; 1]
KI(A4) eKl(d) .
AeKli(d). [E12; 1; 4]
Ecel(4). [E11; 5; 3]
[3F].Feel(A).~AcF) [6; 2]

[DFGa] ~.[E):Eca .O. Deex(E):Fea.Geel(F) :2: [E]:Eca UG .

D. Deex(E)

[DFGa) - Hp(3) :D:

Deex(F). [1; 2]
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Deex(G): [DE2; 3; 4]
[E]l:Eea UG .D. Deex(E): [1; 55 3]
[FGa):Fea.Geel(F) .D. Kl(a)°Kl(@ U G) [DE1; E16]

[AF]~AeA:[b]:Aeb .DO. [3d].Fed.KI(d) eKI(d) :D. Feel(4)
[AF] .. Hp(2) :2.

[34].
Fgd. .
Ki(A) eKl(d) . (2;1]
AeKI@d) . [E12; 1; 4]
Feel(A) [E11; 5; 3]

[ABF)::AcA.BeB:[blAeb.v.Beb :D.[3d].Fed.KI(b) eKl@)::D
[3G)::~Ae@ . ~(BeG) . [b]Aeb.v. Beb :D.[3d].Ged.
KI(d) £ KI(d)

[ABF]:: Hp(3) ::2::

Feel(4). [E18; 1; 3]
F eel(B) - [E18; 3; 2]
[3G]~
Geel(F).
~FeG) } [£15; 4]
AgG.w.BeG:D:A=G.v.B=G~ (6]
AeG.v.Be G :D.Feel(G) - [8; 4; 5]
AgeG.w.BeG:D.F=G-~ [E14; 9; 6]
~Ag G.v. BeG) .. [10; 7]

[6]~Aeb.v.Beb :D.[3d].Fed.KI®)eKI(dU G)~. [3;6; E17]
[6]~Aeb.v.Beb :D.[3d].GedU G.KI(B) eKI(dU G) . [12;6]

[6]~Aeb.v.Beb :D.[3d].Ged.KI(D) eKl(d) - [13]
[3G]:: <AeG) .~BeG)~.[b]Aeb.v.Beb :D. [3d].Ged.
K1(d) e KI(d) [11; 14]

[AB)x:~(AgA).Be B .D::[3G]:: ~{AeG).~BeG) ~[b]~Ach.
v.Beb :2.[3d].Ged.KI(b)eKl(d)
[AB]:: Hp(2) .D::

[3G]::
féeal(g)" [E15; 2]
~AEG) . [1]
[8]~Aeb.v.Beb :D. Beb.KI()eKI(b) . [E9; 1]

[b]~Aeb.v.Beb:D. GebU G.KID)eKI(bU G~ [6; E17; 3]
[3G]:: ~AeG).~(BeG):.[bl+Aeb.v. Beb :D.[3d].

Ged.KI(b) eKI(d) [5; 4; 7]
[AB]::~{AcA).~(BeB) D ~AcA).~BeA)~[blAeb.v.Beb:D.
AeA . KI(D) eKI(A) [Ontology]

[AB]=[3F]:.[b]~Aeb.v.Beb :D.[3d].Fed.KI(b) eKI(d) ::=:: [3F]::
~AeF)y.~(BeF)~[b]l~Acb.v.Beb :D.[3d]. Fed.KI(d) eKI(d)

[E19; E20; E20; E21]
[AB] = ~(Aeex(B)) .=:: [3F]~[bl~Aeb.v.Beb :D.[3d].Fed.
KI(d) £ K1(d) [E7; E22]
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E24 [ABlwAcex(B) .=::[F]~[3b]~Aeb.v.Beb:[d]:Fed .D.
~(K1(b) eKI(d)) [E23]
E25 (=XI) [E24; E5)

E25, DE2, E15 are X1, DX2, X15 respectively. Therefore atomless
mereology is derivable from E1.

Next we derive EI from X1, DX2 X15. The proof closely parallels the
one we have just completed. Let X2 through X25 be identical to E2 through
E25 with the following modifications:

X6 [AB]::Acex(B) .=~ [F]~[3b]~Aeb.v.Beb:[d]:Fed .D.
~(KI1(d) e KI(@))

X7 [AB)::~(Acex(B)) .=~ [3F]:~.[b]l~Aeb.v.Beb :D.[3d].Fed.
KI1(b) eKl(d)

x8 [A]l«[3F]:[b]:4eb .D.[3d]. Fed.KI(b) eKl(d)

X23 [AB]w~(Acex(B)) .=:: [3F]::~(AcF).~(BeF)=[b]l~.Aeb.v.Beb:D.
[3d]. Fed.KI() e KI(d)

X24 [AB]wAcex(B) .=:[F]::AeF .v.BeF .v~[3b]Aeb.v.Beb:[d]:
Fed .D. ~(KI(b) eKI(@))

X25 (= EI).

Replacement of E theses by the corresponding X theses yields proofs
of X2 through X25 except for X15 which is an axiom and so has no need of
proof. The definitions used in both systems are identical so EI is derivable
from atomless mereology and the two systems are interderivable. There-
fore E1 is a single axiom for atomless mereology.
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