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A SHORT EQUATIONAL AXIOMATIZATION OF
MODULAR ORTHOLATTICES

BOLESEAW SOBOCINSKI

By definition, c¢f. e.g., [2], p. 52, a modular ortholattice is an
ortholattice satisfying the following formula:*

F1 labc):a,b,ceA.a<c .D.aunc)=(@ub)nc
In this note it will be proved that:
(A) Any algebraic system
A=(A4,u,n,t)

where U and N arve two binary opevations and * is a unavy opervation defined
on the carvier set A, is a modulay ovtholattice, if it satisfies the following
three mutually independent postulates:

A1 [abcd]:a, b,c,deA D . (@anb)yu@nc)u@dnd)=((cna)yud)na
A2 [abl:a,beA D.a=(bua)Na
A3 [abcl:a, b,ceA D.(aub)uc=au (b nct)?

Remark I: It is easy to prove that, in the field of any lattice formula, F1I is
inferentially equivalent to formula

B1 [abcl:a,b,ceA . D.@anb)Uf@nc)=(cna)udb)na
[Cf. A9 in section 2.2 below]
Concerning this equivalence, cf. [3], [4], and [5]. The shortest postulate-

system of modular lattices known up to now was obtained by J. Ri€an who
proved in [4] that any algebraic system which satisfies BI and

B2 [abcl:a, b,ceA .D.a=(cu(Ua)na

1. Throughout this paper A indicates an arbitrary but fixed carrier set. The
so-called closure axioms are assumed tacitly.

2. Of course, in this postulate-system, the operations U, N and 1 are not mutually
independent.
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is a modular lattice. It remains an open problem whether, in Rifan’s
axiom-system, B2 can be substituted by A2 given above. In section 2.2
below it will be shown that the axiom system {A9 (BI); A2} generates rather
a strong algebraic system although, probably, not a modular lattice.

Proof of (A):

1 Since in the field of any lattice {FI1} = {B1}, it is obvious that in the field
of any ortholattice {FI} = {49} = {AI}. Hence, clearly, the postulates AI,
A2, and A3 given in (A) are the theses of any modular ortholattice.

2 In this section it will be shown that axioms A1, A2, and A3 imply the
theses which are needed in order to prove that the system under investiga-
tion is a modular ortholattice. The deductions presented here will be
divided into three parts. In the first it will be established that {AI; A2; A3}
imply

A8 [abl:a,beA D.a=auU (bnbd)

and, therefore, also A9. In the second part it will be proved that the
system {A9; A2} is a latticoid in which, probably, the associative laws for U
and for N do not hold. (At least, I am unable to obtain them.) Finally, in
the third part, using the previously obtained results, it will be proved that
in the field of {41; A2; A3} the needed formula A23 holds.

2.1 Letus assume A1, A2, and A3. Then:

A4 acd):a,c,deA .D.a=(@ana)u@nc))udnd)
PR [acd]:Hp (1) .D.
a=((cnauayna=(ana)u(@anc)u(dnd)
[1; A2, b/c na; Al, b/a]
A5 [adl:a,deA D.an(dnd')=dndt
PR [ad]:Hp (1) .DO.
an@dndy) =((@na)u@na)u@dnd))n(@dnd) [1; A4, c/a]
=dndt [A2, a/dn d*, b/(@ana) U (ana)]
A6 [adl:a,deA D.a=(ana)uU(dndy)tn(dnd)t)t
PR [ad]:Hp (1) .O.
a=(@na)u(@n @nd-))) u@dn ds) [1; A4, ¢/d n a*]
=((@ana)u(dndy)) u(dndb) [45]
=(@anau(@nd)t n@nady)t)t [A3,a/ana, b/dnd* c/dn dt]
A7 adl:a,deA D.an ((dndY)r n(dnad)t)t = ((dndH)t n@dndh))t
PR [ad]:Hp (1) .D.
an ((dndyt n(dndb)t)t
=((@anau(@dndir n@naHY))n(dnd)t n@nash)t)t [1; A6]
= ((dndyt N (dn dh))*t [A2, a/((dn @)t N (dn dYY), b/ana)
A8 [abl:a,beA D.a=auU (bnbl)
PR [ab]:Hp (1) .D.
a=((@na)U@n ((dndH)* n BN dH)L) U (Bnbh)
[1; A4, ¢/((b N bYYE N (BN BLYY)L, d/b)
=(@na) U (BN dHYLNn BN BHHY U (BN b (A7, d/b]
=au (bn bt [A6, d/b]
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A9  [abclia,b,ceA D.@nb)U@nc)=((cnNa)ud)na
PR [abl:Hp (1) .D.
@nd)U@nc)=(@and)U@nc)) u@®dndt)
[1; A8, a/(@nb) U (@nc)]
=(cna)ud)na [41, d/b]

Thus, {A1; A2; A3} — {A9; AS}.
2.2 Now, let us assume only A9 and A2. Then:

A10 lacl:a, ceA D.a=@na)u@nc)
PR [ac]:Hp (1) .D.
a=(cna)Ua)na=@na)u@nc) [1; A2, b/c na; A9, b/a)
All [acl:a,ceA D.ana=@n@nc))uU@na)
PR [ac]:Hp (1) .D.
ana=(@na)U@nc))Nna=@n@nc))u(@na)
[1; AI0; A9, b/anc, c/a)]
Al2 [al:aeA D.aNa=an@na)
PR [a]:Hp (1) .O.
anNa=((ana)u@na)N@na)=an(@na)
[1;42,a/a na, b/ana; Al0, c/a)
Al3 [al:aeA .D.a=ana
PR [a]:Hp (1) .O.
a=(@na)U@na)=@n@na))U@na)=ana
[1; AI0, ¢/a; A12; All, c/a]
Al4 [al:aeA .D.a=aUa
PR [a]:Hp (1) .D.
a=(@ana)U@na)=ava [1; A10, c/a; A13; A13]
Al15 [abl:a, beA .D.a=aU (anbd)
PR [ab]:Hp (1) .D.
a=(@na)U@nd) =au(@nd) [1; A0, c/b; A13]
A16 [abl:a, beA D.anb=an (@anb)
PR [ab]:Hp (1) .DO.
anb=(@u@nd)n@nd=an(@and) [1; A2 a/anb, b/a; A15)
A17 [abl:a,be A .D.(anb)ua=(@udna
PR [ab]:Hp (1) .D.
(@andyua=@nd)U(@na)=((ana)udblna=(@UubNa
[1; A13; A9, c/a; A13]
A18 [abl:a,beA D.a=(@nb)ua
PR [ab]:Hp (1) .D.
a=ana=(@uU@nd)na=(@nau@nd)na [1;A13 Al5 A13]
=@an@nd)u@na) =@ndua [A9, b/anb, c/a; A16; A13]
b

A19 [abl:a,beA D.a=(aubna [A18; A17]
A20 [abl:a, beA .D.a=an(auUd)
PR [ab]:Hp (1) .D.

a=(@au@ub)na=((audb)nNa)U(aub)na
[1; A19, b/au b; A19]
=(@an(@aud)u@n(aud)=an(aubd)
[A9, b/au b, c/au b; Al4, a/an (au b)]
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A21 [abl:a,beA .D.aUb=bUa
PR [ab]:Hp (1) .O.
aub=(bua)na)u(Bua)Nbd)=((bN(BUa)Ua) N (bUa)
[1; A2; A18, a/b, b/a; A9, a/b U a, b/a, c/b)
=(bUaNBUa)=bUa [A20, a/b, b/a; A13, a/b U a]
A22 [abl:a,bed D.anb=bNna
PR [abd]:Hp (1) .O.
aNb=@Nd)U@nd)=((dbNa)Ub)Na=>bNa
[1; A14, a/an b; A9, ¢/b; A18, a/b, b/a]

Thus, since the theses A9 and A2 imply A14, A13, A15, A20, A21, and
A22, it is proved that system {A49; A2} is a latticoid in which, probably, the
associative laws for U and N do not hold.

2.3 Now, assume only A3, A21, and A22. Then:

A23 [abcl:a,b,ceA D. @ub)uc=(ctnd) ua
PR [abc]l:Hp (1) .O.
(@ub)Uc=au@*ne)r=@*nec)va=(ctnd) ua
[1; A3; A21, b/(b* N ch)L; A22, a/bt, b/ct]

Thus, it follows from sections 2.1, 2.2, and 2.3 that {AI; A2; A3} —
{423; A20; A8}

3 Since, on the basis of deductions presented in [6], L. Beran has proved
in [1] that any algebraic system which satisfies theses A23, A20, and A8 is
an ortholattice, it follows from Remark I and sections 1 and 2 that any
algebraic system which satisfies postulates A1, A2, and A3 is a modular
ortholattice.

4 The mutual independence of axioms AI, A2, and A3 is established by
using the following algebraic tables:®

Ula B nlae B x | xt
m1 ala a ala B a | B
Bla a B la B B | a
Ula B Nnla B x | xt
mz a|la a a |a «a ala
Bla a B la B B | a
Nla B vy x| «t
a|a a vy a |y
m3 Bla B vy Y
Yivr v v Yy | v

3. Concerning M1 and M2 cf. [3], pp. 385-386, and [5], p. 85. Table M3 is given in
[6], p. 143, as table M4.
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Namely:

(a) M1 verifies A2 and A3, but falsifies Al for a/B, b/a, c¢/a, and d/a:
@ ((Bha) U Bna) U(@anat) = (@ua) U (@nB)=auUp=a, (i) ((@an B)u
a)NB=(BUaNB=anp=_4.

(b) M2 verifies A1 and A3, but falsifies A2 for a/f and b/a: (i) B =8,
(i) @UB)NB=anp=a.

() M3 verifies AI and A2, but falsifies A3 for a/y, b/a, and c/a:
() yua)Ua=aUa=a,(ii)yU @ nat)=yU Uyt =yuyt=yUy=y.

5 It follows immediately from sections 3 and 4 that the proof of (A) is
complete.

Remark II: It seems to me that the open problem mentioned in Remark I is
rather difficult. We have to note that an addition of one of the associative
laws, i.e., either the formula:

P1 [abcl:a,b,ceA . D. (@ub)Uc=aU (bUc)
or the formula:
RI [abcl:a,b,ceA D.@ndb)nNc=an(®dnc)

as a new axiom to the system {A9; A2} generates a modular lattice.
Namely:

(@) Assume A9, A2, and P1. Then:

B2 [abcl:a,b,ceA D.a=(cUu(dua)na
PR [abdc]:Hp (1) .DO.
a=(cub)Ua)na=(cu@®ua)na [1;A42, b/cuUb; P1,a/c, c/a)

Thus, the addition of PI as a new axiom to {A49; A2} generates Ritan’s
postulate-system for modular lattices, ¢f. [4] and Remark I above.

(B) Assume A9, A2, and RI. Then, we have also A13 and A22, cf. section
2.2 above. Hence:

K1 [abcd):a,b,c,deA .D. (@and)nc)U(and =(dna)U(cnd)Na
PR [abcd]:Hp (1) .D.
(@and)necyuf@and =@n®nc))U@nad [1; RI]
=(dna)udne)na=({(dna)u(cnd))na
[A9, b/bnc, c/d; A22, a/b, b/c]
K2 [abl:a,beAd D.(@u®dnbd)Nnb=> [A2, a/b, b/a; A13, a/b]

Thus, the addition of RI as a new axiom to {A49; A2} generates Kolibiar’s
postulate-system for modular lattices, c¢f. [3] and [5], p. 81.

But, I am able neither to obtain PI1 or RI in the field of system
{A9; A2} nor to prove that these formulas are not the consequences of this
system.

Remark III: We have to note that, although, clearly, axiom AI is con-
structed in a rather mechanical way by combining formulas A9 and A8, A1
is an organic formula in the sense defined in [7], p. 60, point (c).
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