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Derivability Conditions on
Rosser’'s Provability Predicates

TOSHIYASU ARAI*

Abstract This paper is complementary to a paper by Guaspari and Solo-
vay. Let Th(x) denote a L, provability predicate 3y0(y,x) for PRA (Pri-
mitive Recursive Arithmetic). We assume that formulas are in negation
normal form, and hence ——¢ is literally equal to ¢ for a formula ¢. The
symmetric form of Rosser’s provability predicate Th® for Th is defined by
ThR(x) : 3y[6(»,x) & Vz <y —6(z,~x)], where - denotes a function
such that ©" ¢ = "=¢ " with the Godel number "¢ of ¢. For a ‘canon-
ical’ provability predicate P for PRA, we construct ; formulas Th, and
Th; such that PRA proves vx, y[F(x > y) - (F(x) = F(y)], vx[G(x) —
G("G(x)™")], and vx[P(x) < Thy(x) « Thy(x)], where "¢ ' = "y =
"¢ -y, F(x) := ThY(x), and G(x) :< Th{(x).

Let PRA (Primitive Recursive Arithmetic) denote the theory obtainable from
PA (Peano Arithmetic formulated in a language containing function symbols for
all primitive recursive functions) by restricting induction axioms to quantifier-
free formulas. All results in this paper hold for any 1-consistent r.e. extension
of PRA, but for the sake of definiteness we state results only for PRA.

We will consider derivability conditions on the symmetric form of Rosser’s
provability predicates. Let P be a £{-formula, 3y60(y,x), with § quantifier-free.
P is said to be a provability predicate (for PRA) if P numerates the theorems of
PRA in PRA, i.e., P satisfies the following:

D1 Fo o FP(" o) for every formula ¢,

where F¢ means that ¢ is derivable in PRA and "¢ is the Godel number of ¢.
Then the so-called symmetric form of Rosser’s provability predicate PR for P
is defined by:

PR(x) :2 3y[0(3,x) AVUVZ < y(v = "X VX =0— =0(z,0))]
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where ~ is a primitive recursive function such that =" ¢ ' = "¢ for every
formula ¢. PR is a provability predicate, since PRA is 1-consistent. Obviously
Conpr, which is defined by Vformula x—[P®(x) A PR(+x)], is derivable in
PRA. Thus Go6del’s Second Incompleteness Theorem does not hold with this
provability predicate PR. Therefore PR does not satisfy both of the following

two derivability conditions D2 and D3: For every formula ¢ and ¢,
D2 FPR(To—y )= (PR(Te") = PR("YT))
D3 ‘_PR(FsD"l)_)PR(I'PR(FsD_I)‘!).

To state results simply we will assume that formulas in PRA are in negation
normal form, i.e., formulas are built up from atomic formulas and negated
atomic formulas by applying the propositional connectives A and v, and the
quantifiers v and 3. For a formula ¢, the formula —¢ is defined recursively as
follows: for atomic ¢, = (¢) (= ¢; (P AY) i@ "oV Y; T(p VYY) o
S A Y5 T (VXp) e Axe; 1 (3xe) & Vxp. Therefore — ¢ is literally
equal to ¢. For formulas ¢ and ¢, the formula —¢ v ¢ is denoted by ¢ — .

Now PR can be written simply as follows:

PR(x) :o P(x) < P(~x) (in Guaspari’s witness comparison notation)
1= 3y[0(y,x) AVZ <y 20(z,"x)].

Kreisel [4] asked if there was a canonical P, (cf. Kreisel [3] for ‘canonical’)
such that PR satisfies D2 or D3. In [1], Guaspari and Solovay partly answered
a modified version of Kreisel’s question. Let D4 denote the following derivability
condition (demonstrable L9-completeness):

D4 Fp—P(T¢')  for every L{-sentence ¢.

Then for any given provability predicate P satisfying D2 and D4, there exist 9
P, and P; such that P} (PY) does not satisfy D2 (D3), respectively, and both P,
and P; are demonstrably extensionally equal to P, i.e., there exist (Z9) o, ¥, and
o so that,

FPR(Te—¢™) > (PR("¢ ) » PR ("Y7))
KPR ("0™) = PR(TPR(T0 ™))
Fvformula x[ P(x) < P,(x) & P3(x)].

In this paper, we will give the following complements to Guaspari-Solovay’s
result: Let D2’, D3’, and D4’ denote the uniform version of D2, D3, and D4, re-
spectively:

D2’ kv formulas x,y[P(x - y) - P(x) > P(y)]
where — is a function such that
Co 'Y T =Tpoy” for formulas ¢ and y.

D3’ v formula x[P(x) = P("P(x) )]
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where "P(x) " denotes a term #(x) such that if the nth numeral 7 (= S...S0
with n applications of the successor function S) is substituted for the variable x
in #(x), then the value of the result #(#) is equal to "P(7) .

D4’ Fo(x) = P(Te(x)™) for every LY ¢.

Definition 1 Let Fml denote the set of formulas. A function V: Fml— {0,1}
is said to be a truth valuation if V satisfies the following conditions (1 for truth,
0 for falsehood):

(1) V(—¢) =1= V() for an atomic or existential formula ¢, i.e., a formula
of the form axy.

(2) V(eay) =min(V(e), V(¥)),
V(e vy) =max(V(e), V(¥)).

Definition 2 A formula ¢ is said to be a tautology if V(o) = 1 for any truth
valuation V.

Definition 3 A formula ¢ is said to be a fautological consequence of a set T’
of formulas if ¥'(¢) =1 for any truth valuation ¥ such that ¥ (y) = 1 for any
yer.

Definition 4 A set I of formulas is said to be satisfiable if there exists a truth
valuation V such that V(¢) =1 for any ¢ € T'.

Moreover, let Taut denote the following derivability condition:
Taut Fx is a tautology — P(x).

Note that if P satisfies D2’ and Taut, then P satisfies the following two condi-
tions:

(*)  FVfinite set of formulas T, ¥ formula x [x is a tautological consequence of
'->vyel(P(y)-P(x))]

(**) Faformula y[P(y) A P(-y)] — Vformula xP(x).

Then our result runs as follows: For any given provability predicate P satisfy-

ing D2, D4, and Taut, there exist ; Th, and Th; such that ThY (ThY) satisfies

D2’ [D3’], respectively, and both Th, and Th; are demonstrably extensionally
equal to P:

Fvformulas x, y[ThE (x = y) > Th¥ (x) > Th¥ (»))]
Fvformula x[ThY (x) - ThR("Th (%) ™))
bvformula x[ P(x) & Thy(x) © Th;(x)].

Therefore, to answer Kreisel’s original question some properties about the or-
der of theorems of PRA under a canonical proof predicate must be used.

Remarks.
(1) Clearly ThY (Th¥) does not satisfy D3 (D2).
(2) Jeroslow [2] showed that if a provability predicate P satisfies D3”:

D3”  FP(t)- P("P()T)
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for every closed term ¢ whose value is the Godel number of a formula, then
Godel’s Second Incompleteness Theorem holds with P:

Con, (= Vformula x—[P(x) A P(-x)]).

Th¥ shows that to have Godel’s Second Incompleteness Theorem with a prov-
ability predicate it is not sufficient that the predicate satisfies D3 (and the stronger
D3’); D3 is weaker than D3” since in D3 a closed term ¢ is restricted to a numeral.

Next we will set forth the constructions of Th, and Th;. We consider a prov-
ability predicate as an enumeration of theorems of PRA with infinite repetitions.
Without loss of generally we can assume that a provability predicate P is of the
form 3y(x = f(y)), for some primitive recursive function f, such that

Fvyaz > y[f(») is a formula A f(z) = f(»)].

To construct a provability predicate, i.e., an enumeration of theorems, we need
to arrange the order of theorems.

Example (Rosser sentences) Let us first give some definitions.

(1) A provability predicate is said to be standard if it satisfies D2 and D4.
(2) A sentence ¢ is said to be a Rosser sentence if for a standard P

oo P(T=p ) < P("e").

(3) Let o, and o_ be IY sentences. The pair (o, ,0_) is said to be a Rosser pair
if for a standard P

FP("0. ') o P(" 0. ),
F—(oyAn0_), and
Fo,va_oP("LT) (1 is a false formula, e.g., 0 = 1).

Then we have the following theorem (cf. the construction of nonequivalent
Rosser sentences in Guaspari-Solovay [1]):

Theorem. For a sentence ¢, ¢ is a Rosser sentence iff there exists a Rosser
pair {o4,0_) such that ¢ & o,.

Corollary For sentences ¢ and , if ¢ is a Rosser sentence and ¢ < y is deriv-
able, then y is also a Rosser sentence.

Proof of theorem.: (=) Assume that ¢ is a Rosser sentence with a standard P.
Define IY-sentences o, and o_ as

o= P(Tnp")<P(Te)
1= Y[y, e )AVZI=y -0(z,"¢ ')  with P=3)0(y,x);
o_:=oP(Te") < P(TeT)
1= 3z[0(z, 0 ) AVY <z —0(y, e ).
Claim {04+,0_) is a Rosser pair with P.

Proof of Claim: For readability we write Oy for P("¢ ). Then D1, D2, and
D4 can be written as;
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D1 o FOY
D2 FO(p—y) > Oe—- 0y
D4 Fo — O for ¢ ¢,
and we have
Fo « (O-¢ < Qo)
Fo, o
Fo_ o (e < Ony).
We now prove that o, < O-o0..

1) FO=-0,. — Ooy
o, — oy by D4.

On the other hand

O=64 A0y - O Aoy by p o0,
- Qe by the definition of o,
- Ooy,.

From these we get the assertion

2) FO=o_ - Oo_
—o_AlOe—o,
2 by p ooy

Hence by D1 and D2, O—o_ — O(Oe — ¢).
So by the formalized Lob’s Theorem we have:

(+) O—o_ - Oe.
From (+) and D4 we have

(a) O-oe_— 0O0¢
“o_ A - O=ep by the definition of o_
- O=-oy by ¢ 0 0,.

From this and (+) we have:

(b) O=0_A"0_— 0o,
-0, ANOp—>o_ by the definition of o_.

Hence we get the following by D1, D2, (a), and (b): O-o_ A —e_ - Oo_. On
the other hand, we have by D4 that o_ — Oo_. From these we get the assertion:

(3) FOo, » O-0, and FOo_ —» O-0._.

From (1), (2), and F— (04 A 0_) we have

Oo, —» O=o_ and Oo_ —» O=o,
- Oo_ - Oo,

= 0=y - O-o_.
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(<) Let (o, ,0_) be a Rosser pair with a standard P so that F¢ © 0. o
and o_ are of the forms 3x7, (x) and 3x7_(x) with quantifier-free 7, and 7_,
respectively. Let P be of the form 3y (x = f()) with a primitive recursive f. We
will define a primitive recursive function g and a Z9-formula Th so that:

® Th(x) := 3y(x=g(»));

e Th is demonstrably extensionally equal to P and hence Th is a standard
provability predicate;

¢ o is a Rosser sentence with Th, i.e., Fo © (Th("=¢ ') < Th("¢)).

Let * denote a number that is not the Godel number of any formula. Then de-
fine g by recursion, as follows:

(@ g(m) =f(m)if f(m)# "¢ and "¢ .
(b) If f(m) = "¢, then we put
Tap?, faxsmr . (x)vin<m(gn)="¢")
g(m) = .
*, otherwise.

(c) If f(m) = "¢, then we put
"o, ifIxsmr_(x)vin<m(g(n)="-p")
g(m) = .
*, otherwise.
Now note that the following hold by assumption:
F—(oypAo_)
FP("g ) e P(Tag Yo P("L ) oo, vo_.
Using these we can see what g looks like:

e If =P(" L"), then clearly vm (f(m) = g(m)).

e Suppose P("L7). Then g outputs formulas except ¢ and —¢ as f does.
Let m denote the smallest number such that 7, (m) v 7_(m). This m
exists because 0, v o_. Put ¢, 1= ¢, ¢_ ;= . Let n denote the num-
ber defined as follows:

n =min(n|3x(m < x < n and (f(x),f(n))
=TT ) (e Tl ).

This n exists because P(" L") and because every theorem occurs cofi-
nally for . If f(x) € ("¢, ", "o_"}, then

1) g(x) ==*,if x<m.
) If m=x<nand g, [o_] holds, then
F(x), iff(x)="e_", [Tes"]
g(x) = .
*, otherwise

respectively.

B) gx)=f(x),ifn=x.
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Thus we see that the following hold:
kv formula x[ P(x) < (Th(x))]
Fo < (Th(" - ') < Th("¢™)).

Let P be a provability predicate satisfying D2/, D4’, and Taut of the form
3y (x = f(y)) with a primitive recursive f. We will define primitive recursive func-
tions g and A, and put

Thy (x) := 3y (x = g(»))
Th; (x) 1= 3y(x = h(y))

so that Thy (ThY) satisfies D2’ (D3’), respectively, and both Th, and Th; are
demonstrably extensionally equal to P.

A construction of g Let Sat(n) denote a formula such that
FSat(n) « { "¢ ':3k < n("¢" = f(k))} is satisfiable.
Then g is defined as follows:
g(m) = f(m), if Sat(m).

Suppose that there exists an m such that —Sat(m), i.e., 3formula y[P(y) A
P(-y)]. Choose the minimal such m; so =Sat(m) A [Sat(m = 1) vm = 0]. Let
I" be the finite set of formulas {¢:3n < m( "¢ ' = f(n))}, and let V be a truth
valuation such that:

Vip) =1 forallp €T.
Let {0;};<., be an enumeration of all formulas. Then put
,_0,'1, lf V(G,) =1
*, if V(6;) =0

(where * is a number that is not the Godel number of any formula, i.e., * #
'_Oi—' for Vi < w).

g(m+2i) = {

r_|0,'_‘, if V(0,) =1
) if V(6;) =0.

Then clearly Th, is demonstrably extensionally equal to P.

g(m+2i+1)={

*

Assertion  Th¥ satisfies D2’ and Taut.
Proof: (i) Suppose that —3formula y[P(y) A P(-y)]. Then for some formula x
ThR(x) « Th(x) © P(x).

Hence the assertion is trivial by our assumption.
(ii) Suppose now that 3formula y[P(y) A P(—y)]. Let V be the truth valu-
ation mentioned above. Then we see easily the following: for any i

ThY("6,7) « V(6,) = 1.

From this we get the assertion.
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A construction of h. Here we assume that the coding of (formal) expressions
(i.e., finite sequences of alphabets) satisfies the following condition (Assump-
tion on coding):

ke, is a proper subexpression of e, = ("e; ' < ey ).

Then we have that Fvx(x < "x™), where "X is a term #(x) such that the value
of ¢(7) is equal to "7 "' for every n. Therefore for every formula ¥ (v) in which
a variable v occurs we have that Fvx(x < "¢ (x)"); in particular, F ¢ <
"U("¢ ") for every formula .

We will define 4 by using the primitive recursion theorem. For readability,
we write Th for Ths, i.e.,

Th(x) := 3y(x € h(y)),

where x € y means that y is (the code of) a finite set I' of numbers and x belongs

toT.

Definition 5

(1) x € f(m) := 3n < m(x = f(n)).

(2) contradictory at m := Iformula y(y = f(m) A =y € f(m)).

(3) For each formula x, we define a number Nx < x + 1 and a finite sequence
{x;}i<nyx Of formulas, as follows.

(3.1) xo:=x.

(3.2) Assume x; is defined. If for a formula y, x; is of the form "ThR®(y)™,
then x;,, is defined to be the formula y:x; = "Th®(%,,;) " > x;4,. Other-
wise put Nx :=1i+ 1.

In what follows, we argue in PRA.
Proposition 1 Vformula x Vi < Nx[Nx =i+ Nx; AVy < Nx;((x;); = Xi4j)].
Definition 6

(1) We say that bell 1 rings at m if m is the minimal m such that vn <
m —contradictory at n and

3formula x[ "~ ThR (%) = f(m) A =3i < N-x(=x); € f(m)].

(2) We say that bell 2 rings at m if m is the minimal m such that bell 1 has not
rung before m (i.e., Yvn < m —(bell 1 rings at n)) A contradictory at m.

(3) bell rings at m ;<> either bell 1 or 2 rings at m

(4) bell rings := 3m (bell rings at m).

Then we define 4 as follows: if Vi < m (bell does not ring at n), then put
h(m) := {f(m)}. In the following we assume that bell rings at m.

Case 1: Bell 1 rings at m. Let x be the formula such that
TaThR(x) " = f(m).
Then put
h(m) = {1 (5x); 1 i < N5x}.
Case 2: Bell 2 rings at m. Then put
h(m) = J(empty set).



ROSSER’S PROVABILITY PREDICATES 495

For m’ > m the definition of A (m’) is independent of which bell rings:
h(m+ 1) = {-y:yisaformulan "=ThR(y)" € f(m) A N=y > 1}.
Let {76, '}.<. denote the enumeration of all the formulas in increasing order:
Fvn,n’(n<n’ - "60," <70,7).

Then for each n, put
h(m+2+n)={"6,"}U{"ThR®(76,M)7}.

This completes the definition of A.

Lemma 1
(1) bell rings < 3formula y[P(y) A P(—y)]
(2) Yformula x [Th(x) & P(x)].

Proof: (1) Suppose bell 1 rings at m and x is the formula such that
T~ThR(x)" = f(m). Then by definition we have = (-x € f(m)) and x =
“1-1x € h(m). Therefore ThR (x) is true. By D4’ we have P("ThR®(x) ™). Thus
P(y) A P(+y), with y = "ThR(x) . The other case is easy.

(2) If bell does not ring, then vm (k(m) = { f(m)}). If bell rings, then by (1)
and (**), Vformula x P(x). By the definition of & we have Vformula x Th(x).

Lemma 2 Assume that bell rings at m, y is a formula, and "~ Th® (y)" €

f(m). Then

(1) Nay =1- 4y € f(m).

(2) Vi< Ny — 1[4y, € f(m)], i.e., Vi < Ny["=ThR(y;) " € f(m)]. In fact, if
n < m is a number such that "= Th®(»)" = f(n), then there exist n = ny >
ny >...> Ny, such that -y, = "~ ThR(3,) " = f(n;) for all i < Ny,
(y-1:="ThR(») ).

(3) " ThR(x)™ = f(m) A bell I rings at m - Vi < N-x(y # = (=x),).

@ ~(y €f(m)).

Proof: Let n < m be a number such that "= ThR(y)" = f(n).
(1) Since bell has not rung until n, we have

3 < N4y ((2y) € f(n)).

By the assumption that N-1y = 1 we have that <y € f(n).

(2) By induction on / using (1). Note that if i + 1 < Ny then y; =
"Th®(p;41) ", and so N4y, = 1.

(3) Assume that

T=ThR (%)™ = f(m) A bell 1 rings at m.

Suppose that y = = (-1x);, for some i < N-.x. From the hypothesis of the lemma
we have that (- y)j_e' f(m), for some j < N-y. But then by Proposition 1
(*); = (X);3; € f(m). This contradicts our assumption, Vi < N-x— ((-x); €
f(m)).

(4) By induction on y. Suppose y € f(m). Then by (2)

@ Vi< N5y — 1[4 (*p); € f(m)].
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(If Ny = 1, then (a) is trivial. Otherwise let z denote (-y);. Then
" ThR(z)" € f(m) and apply (2).) Since bell has not rung before m

vformula x— (x,~x € f(m)),
and so

(b) Vi < N4y — 1= [(*y); € f(m)].
Moreover, since y € f(m), = [~y € f(m)]; hence by (1)
(c) Noy>1.
Let z be the formula (<1y)n.,,—1- Then by (a) and (c)

TaThR(2) " = 2 (“)N.y—2 € F(m)
and

2= (Y)Noy1 S U< "TAThR (@) = =ay =y,
where u = (-y);. Hence by the induction hypothesis we get
(d) ~[(5P)Ny—1 € F(m)].
From (b) and (d) we have
vi < N4y-[(-y); € f(m)].
But then bell 1 would ring at n, which is a contradiction.
Finally, we have:

Proposition 2 ThR(y) -» ThR("ThR(») ™), for any formula y.
Proof: Assume that Th®(y). Then by D4’ and Lemma 1.2, Th(" Th®(y) ™).

Case 1: Bell does not ring. Then by Lemma 1, = Th(" =Th®(y) ). Hence the
assertion ThR("Th®(y)™) holds.

Case 2: Bell rings at m. Then there exists a k such that "= ThR(») " € h(k).
Let £ be the minimal such.

Case 2.1.: k> m + 1. Suppose that y is the nth formula "6, in the enumer-
ation {"0; ' };<.,, and let ny denote the number kK — m — 2. Then

FThR(y)" = rono-l
and
"ThR(y) " €h(m + 2+ n) (y="60,"
T, =y < "=ThR(y)" = "6, ',
therefore n < ny and ThR("Th®(y) ™).
Case2.2: k=m+ 1.
T-Th*(y)" € h(m + 1)
= {4x: xis a formulan "= ThR®(x)" € f(m) A N-x > 1}.

Let x be the formula "ThR®(y) . Then N-x = 1. Hence this is not the case.
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Case 2.3: k = m. Then bell 1 rings at m. Let x be the formula such that
T—ThR(x)" = f(m). Then

T-ThR(y)" € h(m) = (= (2x); : i < N*x)
and so
"ThR(y) ™" = (=x); for some i < N-x,
Y= ("X)i41.
Hence - [y € f(m)].

On the other hand, -y = = (-1x),;; € A(m). Therefore ~Th®(y). Hence
this is not the case.

Case 2.4: k < m. Then "= ThR(y)" € f(m). By Lemma 2.4, ~ [y € f(m)].

Next we show that -~ [y € h(m)]. If bell 2 rings, then the assertion is trivial.
Assume that bell 1 rings and let x be the formula such that "= Th®(x)” =
f(m). Then by Lemma 2.3, Vi < N-x(y # = (-x);). But A(m) = {2 (5x);:
i < N-x}. Therefore we get the assertion, - [y € h(m)]. Hence we have
—-3n < m[y € h(n)]. On the other hand, by our assumption that Th®(y) and
Lemma 2.1 we have N-y > 1. And so

Sy Eh(m+ 1) ={5y:yisaformulan "=ThR(y)" &€ f(m) A N-y > 1}.

Therefore we have =“ThR®(y). Hence this is not the case.
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