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MULTIPLE SOLUTIONS
FOR SCHRODINGER-POISSON SYSTEMS
WITH CRITICAL NONLOCAL TERM

ZuJj1 Guo

ABSTRACT. This paper is concerned with the existence of positive bound

state solutions for Schrédinger—Poisson systems with critical nonlocal term:
(P) —Au = BlulPu+ AQ(x)[ul?"?u in R3,
—A¢ = |ul® in R3.

Under certain assumptions on @ and A, we prove that (P) has multiple
positive bound state solutions by decomposition the Nehari manifold and
fine estimates.

1. Introduction and main results

In the last two decades the following Schrodinger—Poisson systems

—Au+V(z)u+ ¢u = |ul[?%u in R3,

(1.1)
—Ag¢ = g|ul? in R3,

have been intensively studied by a lot of researchers, due to the fact that solutions
(u(x), ¢(x)) of (1.1) correspond to standing wave solutions (e~**u(x), ¢(x)) of
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the time-dependent systems

i%’f — AU+ V(@) + 66— [B120, (t,7) € R* x R?,
_A¢:5|¢|27 (t,l') ER"I‘ XRS,

where 7 is the imaginary unit, RT™ = [0, +-00), V =V + A and ¢ takes value +1
or —1, depending whether the interaction between the particles is repulsive or
attractive. Systems of this type stem from many physical problems, especially
in quantum mechanics and semiconductor theory [7], [21], [24]. In particular,
(1.1) was introduced by Benci and Fortunato in [7] as a model describing stand-
ing waves for the nonlinear Schrédinger equations interacting with an unknown
electrostatic field. When the potential V is radially symmetric or even a positive
constant, many papers have been devoted to studying existence and multiplicity
of nontrivial solutions of (1.1) under various assumptions on the nonlinearities
(see e.g. [3], [4], [11], [15], [17], [26]). In such a case, one can search solutions in
the subspace of H!(R3) x D12(R3) which consists of radially symmetric func-
tions. In the case that the potential V is not radially symmetric, (1.1) was also
widely investigated (see e.g. [6], [10], [16], [27], [30], [32]).

Recently Schrodinger—Poisson systems with critical nonlocal term have been
paid much attention to. For example, in [5] Azzollini and Avenia had obtained
Brezis-Nirenberg type’s results of the system:

—Au+ M = qo|ul*u in B,
—A¢ = qlul® in B,,
u=¢=20 on 0B,.

In [23] Liu had studied periodic solutions of the system:

—Au+V(z)u — K(z)dlu]Pu = f(z,u) in R3,
—A¢ = K(x)|ul? in R3.

The existence, nonexistence and the multiplicity of positive radially symmetric
solutions to the system

—Au+u+ AluPPu = plulP~2u  in R3,
—A¢ = |ul® in R3,
were studied by variational methods in [19].

Partially motivated by the works of [5], [18], [19], [23], [27], we are concerned
with the following Schrodinger—Poisson system with critical nonlocal term:

—Au = ¢luPu+ AQ(x)|u|?%u in R3,

(P) .
—A¢ = |ul® in R3.
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Such a system is related to the well-known Choquard equation
—Au+V(x)u= Iy * [ulP)|ulP2u in RY,

which was introduced as an approximation to the Hartree—Fock theory of one
component plasma in [20]. Here, I,,: R3\ {0} — R denotes the Riesz potential,
1< a< Nandp>1. A quick and comprehensive understanding of Choquard
equation is available in [25]. The conditions of ) we may use in this paper are
as follows:

(Q1) Q € C(R3,R)N LS/ 6=(R3) for 1 < ¢ < 2;

(Q2) for some x¢ € R? we have Q(zg) > 0;

(Q3) for all z € R? we have Q(z) > 0.

Now let us state our main results:

THEOREM 1.1. Assume (Q1) and (Q,) hold. Then there exists a constant
8(2 — q)(2~9)/85(6-9)/4
(10 — q)O=D/8|Q% |6 —)

such that for all A\ € (0,\*) the problem (P) possesses a positive ground state

*

solution.

THEOREM 1.2. Assume (Q1)—(Q3) hold. Then the problem (P) possesses two
positive solutions if A € (0, q(12 — ¢)A*/20).

REMARK 1.3. Our conclusions have generalized the classical results of classi-
cal Schrédinger equation with combined concave and convex nonlinearities in [1]
to Schrodinger—Poisson systems with nonlocal critical term. Furthermore, we
improved those results because we can give a concrete estimate of \* and @
may change sign (see Theorem 1.1). On the other hand, we complete the re-
sults of [19], [27] in the sense that we study Schrédinger—Poisson systems with
a sublinear perturbation.

The paper is organized as follows. In Section 2, we describe the notations
and preliminaries. In Section 3, we give the proof of Theorem 1.1. In Section 4,
we give the proof of Theorem 1.2.

2. Notations and preliminaries

Throughout the paper we will use the following notations:
e B,.(z) denotes the open ball centered at z with the radius r and B¢(z)
the outer ball. In particular, B, := B,(0) and B¢ = B,(0)° if z = 0;
e the domain for an integral is R3 without special explanation and we

omit it;
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e let H be the usual Sobolev space D1'?(R?) endowed with its standard
scalar product and norm

(o = [ Fu-o Jull = ( [ |w|2)1/2;

e for any s € [1,+0o0], | - |s denotes the usual norm of the Lebesgue space
L*(R?);
e ut :=max{u,0} and v~ := min{u,0};

e S denotes the best constant of the embedding: D%2(R3) < LS(R3), i.e.

|Vul?

(Jur)

e C, C;, 1 € N are intrinsic positive constants which can change from line

S

to line;
e O(1) and o(1) denote the bounded and vanishing quantities as n — oo
or € — 0%, respectively.

First of all, for any fixed u € H, the second equation of (1.1) is a Poisson
equation which is uniquely solvable. Then the system can be reduced to a single
elliptic equation with a nonlocal term. The idea of this reduction method is
originally due to Benci and Fortunato [7] and now is a basic strategy of studying
the Schrodinger—Poisson system. For each w € H, define the linear operator
T,: H— R by

T.(v) = / |u|5v.
The Holder inequality and Sobolev inequality lead to
I Tu()] < lulglvls < S™H2ulgll

which implies that T, is continuous. Then by Riesz representation theorem [8]
it follows that for each v € H, there is a unique ¢, € H such that

~A¢ = [uf> inR?

and ¢, is continuous with respect to u. Moreover, by the Calderon—Zygmund
inequality [14, Theorem 9.9] and the Sobolev embedding theorem we see that ¢,
can be written as

(2.1) Pulz) =

1 ul®
1 [ ul(y) dy.
dm ) |z =yl

Hence, we can define the energy functional corresponding to the problem (P) as

1 1 = A
1) =5 [19uP = 55 [eutaP =2 [Q)llt, we

More properties of ¢, are summarized in the next lemma.
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LEMMA 2.1. For every u € H, we have the following conclusions:

(a) ¢u > 0;

(b) lléull® = /%IUIE’ < ST gullulg < 57O lull™;

(c) for anyt >0, ¢ty = t°¢u;

(d) if u, — u weakly in H and u, — u almost everywhere on R3, then
bu, — Gu i H;

(e) if u is radial, then ¢, is also radial.

PROOF. The proofs are easy to obtain by (2.1). O

The following Hardy—Littlewood—Sobolev inequality [20], [22], [25] is vital for
convolution.

LEMMA 2.2, Let0 < a< N, p,g>1andl <r <s<oo be such that

1+1_1+a 1 1 «
P q N’ s N’

-
(a) For any f € LP(RN) and g € LY(RY), one has

d dy < C(N, . ,
/RN /RN |z —y \N (N, a,p)|flL RN)|9\L (RNY-

(b) For any f € L"(RY), one has

1
e

< C(N,a,7m)|f
Ls(RN)

L7 (RN)-

In particular, in our case we have for all w € H

1 5 5 1/5
( [ e, dy> <59 [ v
AT Jrs w3 |z —yl

|buls < S ul3.

According to Lemma 2.2, we see I € C'(H). Hence, in order to solve equation (P)

and

we only need to find critical points of I and powerful variational methods can
be applied.

It is useful to note that a counterpart of the Brezis—Lieb lemma holds for
Riesz potential (see [18, Lemma 2.2] or [25]):

LEMMA 2.3. If u,, — u weakly in H, then going to a subsequence, if neces-
sary, we have:
20tun|® — |un —ul® — |ul® =0 in LY5(R?),

(2.2) Pup, — Pup—u — Pu — 0 in H,

/d)u" Un|5 - /d)unfu‘un - u|5 - /¢u|u|5 — 07
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and

(2.3) [ ..

By (c) of Lemma 2.1 it is easy to see that for each u # 0 we have . ligl I(tu) =
—+00

un|3un77 — /¢u|u|3un for anyn € CSO(RB).

—o00. Hence, we obtain

unelg I(u) = —c0.

It is useful to make use of well-known Nehari manifold:
N ={u e H\{0} : (I'(u),u) := N(u) =0}.
Adopting the method used in [27], [29], A can be decomposed to three mutually
disjoint parts:
Nt ={ueN|(N'(u),u) >0},
N ={ueN [ (N'(u),u) =0},
N™ ={ueN|(N'(u),u) < 0}.

In order to prove our main results, we introduce the following “limit problem”:

—Au = ¢luPu inR3

(Poc) .
—A¢ = |ul? in R3.

It is well known that the best embedding constant S is achieved at the function
31/4
T+ P72

(see [28]). Furthermore, U is a ground state solution of the equation:

U(-) =

(2.4) —Au = |u|*u inR3.
THEOREM 2.4. All positive solutions of (Ps) have the form
u(-)=¢(-) :51/2U(._E£> for some £ € R® and € > 0.
PROOF. Let u and ¢ be a pair of positive solution to (P ). Then we have
_A(u—¢) = (¢—wlul in RS,
Multiplying the equation by u — ¢, and integrating by part, we obtain
[0+ [ - oput =0

Whence, we can conclude u = ¢. Furthermore, u satisfies the equation (2.4).
Then, by standard argument, we can complete the proof. O
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3. Proof of Theorem 1.1
LEMMA 3.1. I is coercive on N .

PROOF. For any v € N, by the Holder and Sobolev inequalities we can

calculate
BN ) = 2 - (5 - 5 )A [ Q@)
> 2hl? - (3 - 75 ) 1@ ool
> 2 - (G = 1)@ ol

Hence, we draw the desired conclusion from 1 < ¢ < 2. Moreover, setting
D = (1/5¢)(2 — q)24+9/(a=2)(10 — ¢)?/(2=9) §-9/(2=9) then we have

(3.2) I|n(w) = —DNQ 66— > . O

LEMMA 3.2. There exists \* > 0 such that for each u € H with [ Qlu|? >0
and X € (0, \*) there exists a unique pair t* such that t*u € N*. Moreover, we

have

1/(10—q)
A2~ q) / Q) uf?

8 [ ulul

PROOF. Set h(t) = I(tu) for 0 <t < 4o00. Then we can compute

vy =l = [utuf =32 [ Qallut?) = tat0)

It is easy to see

0<tt <t*:= <t < 4o0.

geC? ¢"(t)<0 forte (0,+00) and tlir& g(t) = —oo = lim g(¥).

t——+oo

Hence, we only need to prove max ¢(t) > 0. But we can calculate
t€(0,400)

t) = g(t*
tegﬁ;)g() g(t*)

= [Jull* -

8/(10—
10—61<2—Q> 8 Q)As/uo—q)

2—q 8

(2—q)/(10—q) 8/(10—q)
x ( / ¢u|u|5) ( / Q(w)lu“)

10-¢/2-a\"""? o0 /e (2-a)/(10—q)
2l - 5o (B50) Ao (s o) e

_ 8/(10—q)
X (1QT 6/(6-q)S ™ *||u)|) !
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= |lul®(1 = (10 — q)(2 — q)\172)/(10-a)g=8/(10=q) \8/(10—q)

% S—(12—2q)/(10—q)|Q+|§;Eé0*;1)).
—q

Then we complete the proof if we set
8(2 — q)(2~9)/85(6-a)/4

(3.3) N = ~ .
(10 — q)10=D/8|Q* |5 /(6—q)

LEMMA 3.3. N9 =0 if XA € (0,\*).

PrOOF. If u € NV, then we have N(u) = 0 and (N’(u),u) = 0. Thus, we

can obtain

N
(10— g) / Q) u[?
and
(3.4) (2 - )llull® = (10 - g) / bulul’.

According to the Hardy—Littlewood—Sobolev inequality, Lemma 2.2 and (3.4) we

2—61>1/8 3
ul| > | — S3/4,
full > (222

Furthermore, by the Hélder inequality, Sobolev inequality and (3.3) we have
8ull? 8542 ||uf|*~9
~ (10 - q)|QTl6/6—g)|ul§ ~ (10 =)@ F|6/(6-q) —
LEMMA 3.4. NV is bounded in H.

can obtain

> A*. O

ProoF. By (I'(u),u) =0 and (N'(u),u) > 0 we can calculate

8lull* < (10 — Q)A/Q(JU)\UI‘] < (10 = @)S™2NQ 6/ (6l -

Hence, by 1 < g < 2, we obtain

10— g\ Ve 1/(2—q)
[Jull < (85q/2> M@ l6/6—q)] v, U

LEMMA 3.5. There exists 6 > 0 such that ||u]| > 6 for allu € N~

ProOOF. From u € N~ we have N(u) = 0 and (N'(u),u) < 0. Whence, we
can derive

2=l <10 -9 [ aulul”

Furthermore, by the Hardy-Littlewood—Sobolev inequality, Lemma 2.2 we see

2_g 1/8 )
. > — 3/4 .= 5.
(3.5) (= (10_q> S =4 O
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From Lemma 3.2 and (Q;)-(Qz) we see N+ # () if A € (0, \*). Hence, we can
consider ¢t := jl\I/ljf: I(u). By Lemma 3.1 it is easy to see ¢* > —oco. Furthermore,

we have the following estimates.

LEMMA 3.6. For all A € (0, \*) we have ¢ < 0 and ¢t < ¢~. Furthermore,
if A € (0,q\*/2) then we have ¢~ > 0.

PRrROOF. By (Q1) and (Q2) we can pick certain u € H such that

[a@ulr>o.

Then, by Lemma 3.2, there exists t+ > 0 such that tTu € N'. Hence, we have
I(tTu) < 0 from the proof of Lemma 3.2. As a consequence, we see ¢t < 0. On
the other hand, for each u € N, if [ Q(z)|u|? > 0, then by Lemma 3.2, we have

I(u) = max I(tu) > I(tTu)>c".
tH<t<+oo

Whereas, if [ Q(x)|u|? < 0 it is easy to see, for any A > 0,
2 1 1
I(u) = g”UHQ - (q - w))\/Q(m)u|q >0>ct.

Furthermore, if A € (0, ¢\*/2) then by (3.1) and (3.5) we can obtain the desired
result. O

LEMMA 3.7. If X € (0, \*) then there exists a sequence {u,} CNT (resp. N7)
such that:

(a) I(un) = c"(resp. ™) +o(1);
(b) I'(up) = o(1).
PROOF. By the well-known Ekeland variational principle [12] we see that
there exists a sequence {u,, } C N such that
(i) I(up) < ct +1/n;
(ii) for any v € N we have
1
1(0) = I(un) > — >l = unl
n
Now fix n. Let us consider the function F': R x H — R defined as

F(t,v) = 2] (un + 0) 2 — £1° / G ot + 0 — 19X / Q@) + ],

It is easy to see

F
F(1,0) = N(up) =0 and or

5 = (N"(upn), un) > 0.

(1,0
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Hence, by implicit function theorem there exist £, > 0 and a C! function t,
mapping from B :={u e H : ||Ju|| < &,} to R such that

(V' (un), &)

ta(0)=1, F(t,(v),v) =0 and <t;(0)a€>=—m'

As a consequence, we can assume t,(v)(u, +v) € NT. Then we can obtain
I(tn (0)(un +v)) = I(un) > —%Iltn(v)(un +v) = un.
Noting
ba(0) = 1 = £ (0) — £ (0) = /()1<t;(sv),v> ds,

since t,, € C! by reselecting a proper ¢, we can derive

[t () (un +v) = n ]l = |t (v) = Dun + tn(0)o]] < CA+ [[£,(0)D]IV]-
Whence, we obtain

I(t,(v)(un +v)) — I(uy) > f%(l + 1t (0)[D]|v]], for all v € Bg’.

On the other hand, by I € C' and t,, € C', we can calculate

B L dI(t,(sv)(uy, + sv))
I(t,(v)(un +v)) — I(uy) = /0 i ds

= /0 (I' (£, (50) (up, + sv)), (t,, (s0),v) (U, + 5V) + t,,(sv)v) ds
= (I'(up),v) + (tn(sv) — 1)/0 (I'(tn(sv) (up + sv)),v) ds

1
Jr/o I’ (tn(sv)(up, + sv)) — I'(uy),v) ds.

Hence, since t,, and I’ is continuous, I’ maps a bounded set into a bounded set
and {uy, }, is bounded we can obtain for certain €, > 0

C
I(tn(v)(up +v)) — I(un) < (I'(uy),v) + —||v||, for allve B .
n
Therefore, we can conclude for some ¢,, > 0
C
(I'(un)v) < L+t OD]oll, - for all v e H, o]l <en,

which means I'(u,) — 0 as n — +o0 if {¢/,(0)}, is bounded.
In the following we show {¢/,(0)},, is bounded. On one hand, by the bounded-
ness of {u,} and N’ mapping a bounded set into a bounded set we have

(N (un), )] < CE]I-



SCHRODINGER—-POISSON SYSTEMS WITH CRITICAL NONLOCAL TERM 505

On the other hand, we will claim lim inf [(N'(uy), u,)| > 0. Then we can con-

clude

/ [N (un)[[]€]
Vo < N un) 1SN~
[£: (0] < oo [V (), )]

At first, by ¢t < 0 and I(u,) = ¢* + o(1) it is easy to obtain liminf |Ju,| > 0.
n
Then, by contradiction, up to a subsequence we assume lim{(N’(u,),u,) = 0.
n
Arguing as the proof of Lemma 3.3 we can derive

9_ g\ /8
T) 34 —5 and A> A
10 — ¢

liminf ||u,| > (
n
However, we have assumed A € (0, A*), a contradiction. O

LEMMA 3.8. ¢T is attained on Nt if X € (0,\*). Furthermore, the prob-
lem (P) has a positive ground state solution.

PRrROOF. Now let {u,} C Nt be a (PS).+ sequence of I in Lemma 3.7. Then
{un} is bounded since I is coercive on A/ by Lemma 3.1. Therefore, going to
a subsequence if necessary we can assume

U, = u in H,
(3.6) up, —u in L (R?) for all 1 < s < 6,
Up — U a.e. on R3.

Hence, by (2.3), (3.6) and the definition of weak convergence we can derive
I'(u) = 0. Now we set v, = u,, — u. Then we see v, — 0 weakly in H. In the
following we prove v,, — 0 strongly in H. We observe that by (Q1) one can show

i [ Qlunl? = [ Qlul”

In fact, by the Holder inequality and boundedness of {u,} we have
J 1@t = 417] < Cllzqa) [ Jlunl” = ful"| + Cl@lzerc-oog-
R

For all € > 0, by Q € L%(6-P)(R3) we can choose certain R large enough such

that
€
ClQlLs/e-a(pe) < 3
Then, by (3.6), there exists N > 0 such that for all n > N we have

€
ClQle~n) [ llual? = fult] < 5.
Br
Hence, by the Brezis-Lieb Lemma (Lemma 2.3) we can conclude

1 1
¢t = 1)+ of1) = 3l = 15 [ Suiloal
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ol = [ 0.,

By Lemma 2.1 (b), we also have

[ ..

Therefore, we infer that either ||v,|| = o(1) or |lv,|| > S%/* + o(1). If the latter

occurs, we have

and

vn)® = o(1).

vnl® < STV, llloali < 576 oal®.

2
(3.7) = I(u) > = 58/2,

At first, we can claim u € N since we have obtained N(u) = 0 and we can obtain
u # 0 from (3.7) and Lemma 3.6. In the following we show v € N'*. By con-
tradiction, we assume (N'(u),u) < 0. By the Brezis—Lieb Lemma (Lemma 2.3)
again we can conclude that v,, satisfies

lonl? = / Go. [onl® + 0(1),
2~ )llonl? > (10— q) / Gu, [onl® + o(1).

Hence, we can get ||v,|| = o(1), a contradiction.

Now by u € N't, we have ¢ —I(u) < 0, a contradiction with (3.7). Therefore,
we conclude that u, — u strongly in H and w is a minimizer of ¢t on AT by
Lemma 3.3. At the same time, we see that u is a solution of (P). To obtain
a positive ground state solution of (P) we only need to note that I is even and

¢ = inf I(v) = inf I(v). O
veNT veN

REMARK 3.9. Let uy be a minimizer of ¢*. Then from the proof of Lemma 3.4
or (3.2), we can conclude ¢t — 0 and uy — 0 strongly in H as A — 0.

COROLLARY 3.10. We have ¢t < ¢™ if X € (0,\*).

PRrOOF. Note we have proved ¢t < ¢~ in Lemma 3.6. Arguing by contradic-
tion, we assume ¢t = ¢~. By Lemma 3.7 we can obtain a sequence {u, } C N~
such that I(u,) = ¢~ + o(1) and I'(u,) = o(1) as n — +oo. Repeating the
argument of Lemma 3.8 we see that there exists u € H such that I'(u) = 0.
Moreover, we have

loall = 0(1) or [lun|| > S** +o(1).

We can rule out the latter case by (3.7) and ¢t = ¢~. In fact, by Lemma 3.6
we see that for all u € H such that I'(u) = 0 we have I(u) > ¢*. Then, from
assumption ¢ = ¢, we see ¢~ —I(u) < 0, a contradiction with (3.7). Therefore,
we conclude u,, — w strongly in H as n — +o00. Since A € (0, \*) by Lemma 3.3
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we have u € N~ At last, by Lemma 3.2 we see that if [ Q(z)|u|? > 0 then there
exists tT > 0 such that tTu € N and

ct<Ittu) <I(u)=c =c".

If [Q(x)|ul? <0 we have proved ¢~ > 0 > ¢* in Lemma 3.6. In both cases we
derive a contradiction. O

4. Proof of Theorem 1.2

In order to find another solution of (P), it is a natural way to prove ¢~ is
attained. We have made great efforts without success because we can’t obtain
an effective estimate of ¢~. Here we adopt the strategy in [1] and [9]. We find
solution with the form wuy 4+ v, where u) is a positive ground state solution of (P)
which we have obtained in Theorem 1.1.

Above all, we need some regularity results about uy. Since u) satisfies the
equation

—Au = a(w)u+ f(a),
where a(z) = ¢y, ud(z) € L¥2(R3) and f(z) = Q(z)ul '(z) € L?O/C(q_l)(R?’),
then by the Brezis—Kato type estimates (see [13, Lemma 5.5]) we can obtain
uy € L (R3) for all s € [1,4+00). According to standard argument (see [13,

loc

Theorem 5.3] or [14]) we obtain uy € C.(R?) for some o € (0,1). Then, by

(Q3) and strong maximal principle ([14]), we see uy(z) > 0 for all z € R3.
By (Q1)—(Q2) and continuity of uy there exists p > 0 such that

0< %Q(mo) < Qz) < gQ(ﬂUo) and 0< %UA(CCO) <uyz(z) < ZUA(%)

for all z € Ba,(x0). Let n be a standard cut-off function supported in the closure
of the ball By, (). Then we consider the function
_— 31/4.1/2
41 =) 2U( ) =g (- .
( ) UE( ) 77( )E e 77( ) (52 4 | . *I0|2)1/2

It is easy to see that [ Q(z)|v:|? > 0. Thanks to the classical estimates due to
Brezis and Nirenberg [9], we have

(4.2) [ve]? = S*2+ O(e),  |oel§ = %2+ O(e%).

Moreover, we also have
O(e*/?) if s € [1,3),
(4.3) /Q(m)|vs|5 = 0(%?|1Inel) + O(¥/?) if s = 3,
O(37%/2) + O(e%/?)  if s =4,5.

Now we show

(4.4) /¢v5|v5\5 =532 4 0(e).
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On one hand, by (2.1), (4.1) and Theorem 2.4, it is easy to see

[outo < [ ou07 =52 < 592 +0(e),

On the other hand, from the Poisson equation —Ag¢,. = |v.|° and Cauchy’s
inequality we have

J1uel® = [ V6u-F00 < Suel® + ol = Sl + 5 [ outoel®

Hence, we get
[outode =2 [ oot = ol

By estimates (4.2) we derive
/¢M%P25W2—O@y
We also need to estimate [ ¢, u\vl.
LEMMA 4.1. For small € > 0 we have
(4.5) Cie'/? < /%uw;* < Coet/?
PROOF. On one hand, by (2.1) and (4.1) we can calculate
/¢ PR ux(@) (34 2p@) N\ 3Y4eV2(y) 5dxd
= [l (@ ) (@ o)

1
> C 1/2/ d /d /
- @ =y T PR P

ByjexBpe

1
> O 1/2/
=T e [ — v+ PP+ [y 252

:c&ﬂ/¢ﬂﬁzcéﬂw@=céﬂ

dx’ dy/

On the other hand, making similar argument, we have
1

P v} < 051/2/ dx’ dy’
/ ) Bay)oxBayye 17— YL+ [2/2)2(1+ [y [2)/2

4( Lyow)
§C€1/2/ U (IE )U (y)dfﬂldy/
R3xR3

|z’ — /|

< C61/2|U4|§/5 (by (a) of Lemma 2.2)
= Ce'/2, U

The following estimate is significantly important to obtain the compactness
of a (PS). sequence of I for ¢ < I(uy) + (2/5)5%/2.

LEMMA 4.2. There exists eg > 0 such that

sup I (ux + tve) < I(ux) + = S3/2 for all € € (0,¢0).
>0
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PrOOF. By (2.1) and direct computation we see that for all ¢ > 0

1 tv.)° tv.)°
e e s
4 R3 xR3 |33 - y|

:/%ui + IOt/(buAu‘f\vg + ..+ 10t9/¢vsu,\v§ +t10/¢v5v§
Z/Q%AUE,{ + IOt/qﬁuAu‘f\vs + lOtg/gbvsuAv?—i-tlo/(bUEv?

Then, by the equation of uy and convexity of the function x?, we can calculate

1 1 A
Hus -+ t02) = gl + 10l = 55 [ ursanc(in + 0007 = 2 [ Qalus +
2 th 9
émmgwm——/%et/mwv
A q q g—1
— 5 Q(x)[(ux + tve)? — ul — tquy ve]

t2 th
< I(U')\) + 5”“6”2 - TO /d)'l)evg - t9/¢vsu/\1}?'

For t € [0, +00) define

Mﬂ=4mw /%ﬂ—ﬂ/%mﬁ

It is easy to see h(0) = 0, h(t) > 0 for small ¢ and , ligl h(t) = —oo. Hence,
— 400
there exists t. > 0 such that h(t.) = max h(t). Moreover, by direct calculation,
t=>

we see that h’ only has one positive zero t. for € small enough.
Now we give a fine estimate of t.. Define a function on R* as

F(t,z,y,2) = t?z — t'0y — %2

By a direct calculation we have

oF
F(1,8%2,8%2 0)=0 and — = -85%/2 <.
ot 1(1,53/2,53/2 0)
Thus, by the implicit function theorem, we see that there exists a continuous
differentiable function t = t(x,y,2) in a neighbourhood of ($3/2,5%/2 0) such

that
F(t(z,y,2),x,y,2) =0, ¢(5%%,8%2 0)=1

and

1
1,-1,-1).

oOF OF OF
= 853/2( J

Vt‘ §3/2,53/2,0) = JF (8ac By B
ot

(53/2,52/2,0)
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Therefore, by Taylor’s expansion in a neighbourhood of (53/ 2 83/2 0), we have

1
t(x,yvz) =1+ W(lafl,fl) ! (xf 53/27y7 53/272 70)

+ 0(1)\/(1‘ — 53/2)2 4 (y — S3/2)2 4 22,

As a consequence, if we set

o=l = [Gupdt =9 [onut
then, by the estimates (4.2) and (4.5), we have
(4.6) te=1-0("?) +0(e"/?) =1+ 0(c'?).

On the other hand, by estimates (4.2) and (4.4) we can show that

2 th 5 2 54 5 e 2 3/2
sup Sl = 55 [ontoeP = 2oy [outnl) T =252+ 00

Furthermore, by (4.5) and (4.6) we can calculate

10
sup h(t) = h(t.) <sup — |UEH2 t /¢UE|’U5| —C’/(ﬁvsu,\v
>0

2 q3/2

gS +036 - 045

Thus we conclude, for small ¢,

sup I (ux + tve) < I(uy) + 53/2 O
>0

LEMMA 4.3. I possesses the geometry structure of mountain pass as long as
A € (0,q(12 — ¢)A*/20).

PROOF. Let § be the constant in Lemma 3.5 and note that if A = 0 then we

have
fugeo > 22200
Hence, for all A € (0,¢(12 — ¢)\*/20), we have
& q(12 — q)
A=Al :=by>0.
{Hu\l 5= 45921Q* |6 /(6—q) { 20 A

On one hand, since A € (0, \*) by Lemma 3.4 we see ||up|| < 6. Noting uy is
a minimizer of ¢* and ¢* < 0 we have I(uy) < 0.
On the other hand, we see . ligrn I(uy + tv.) = —oo. Hence, there exists an
— 400

element e = uy + tov. € H for some ¢y > 0 such that I(e) < 0 and |le| > 4d. O
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Now we can define mountain pass level

cmp = Inf sup I((t)),
Y€l tel0,1]

where I' = {v € C([0,1]; H) : v is a path connected uy and e in H}.
PROOF OF THEOREM 1.2. Applying the deformation lemma without (P.S),

condition([2], [31]) we see that there exists a (PS)
standard argument we see that {u,} is bounded in H. Then repeating the

emp Sequence {u,} of I. By
proof of Lemma 3.8 we see that there exists u € H satisfying formula (3.6) and
I'(u) = 0. Moreover, if u,, - u strongly in H then the inequality (3.7) holds, i.e.

Cmp — I(u) > 253/2.
Since u, is a ground state solution and I(uy) = ¢ < 0 we obtain
Cmp — L(un) > epmp — I(u) > %SS/Z.
However, making use of Lemma 4.2 we have
Cmp < I(uy) + 253/2.

Hence, we obtain a contradiction. Therefore, we conclude wu,, — u strongly in H.
Furthermore, by Lemma 4.3, we see that c¢,,, > by > 0. As a consequence, we
have u # 0 and u # uy. Hence, (P) has at least two solutions: one is a ground
state solution uy, the other is mountain pass solution u. To obtain a positive
mountain pass solution, we only need to consider the modified functional

1 1 A
I't(u) = §/|Vu|2— 1—0/¢u+|u+\5—g/Q(:c)|u+|q, u € H. a
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