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THE LIMIT CYCLES
OF A CLASS OF QUINTIC POLYNOMIAL VECTOR FIELDS

JAUME LLIBRE — TAYEB SALHI

ABSTRACT. Using the inverse integrating factor we study the limit cycles
of a class of polynomial vector fields of degree 5.

1. Introduction and statement of the main results

One of the main problems in the qualitative theory of differential equations
is the study of the limit cycles of planar differential systems and specially of the
planar polynomial differential systems, see for instance the book of Ye Yanqgian
et al. [17] dedicated only to study the limit cycles, mainly of the polynomial
differential systems of degree 2. The main interest for studying the limit cycles
of the planar polynomial differential systems is due to the 16-th Hilbert problem,
see for instance [13] and [15]. Many recent papers are also dedicated to the study
of the limit cycles, see for instance the papers [2]-[4], [7], [16] which are more
related with our present work.
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In this paper we shall study the limit cycles of a class of two—dimensional
autonomous polynomial differential systems of the form

i = P(z,y),

(L) J = Q).

where

P(x,y) = Az + 2aby + P3(x,y) + Ps(z,y),
Q(m,y) = —2abx + >‘y + Q3(xa y) + QS(xvy)a

and P3, @3, Ps and )5 are homogeneous polynomials of degree 3, 3, 5 and 5
respectively.

Probably the most difficult and, in general, unsolved problem for planar
differential systems is the determination of their limit cycles. We recall that
a limit cycle is an isolated periodic solution in the set of all periodic solutions of
system (1.1).

In 1996 Giacomini, Llibre and Viano [7] introduced a new method for study-
ing the existence and nonexistence of limit cycles of planar vector fields. This
method is based on the following result.

THEOREM 1.1. Let (1.1) be a C! differential system defined in the open
subset U of R2. Let V =V (x,y) be a C* solution of the linear partial differential
equation
ar "y
defined in U. If v is a limit cycle of the differential system (1.1), then v is
contained in ¥ = {(z,y) € U : V(x,y) = 0}.

ov ov oP  0Q\,,
(1.2) PaerQay—( >V-0,

For an easy proof of Theorem 1.1 see [16].

In fact the function V(x,y) is the inverse of an integrating factor of the
differential system (1.1). This function has also been used for studying the limit
cycles bifurcating from a center, Hamiltonian or not, see [8], [9], [10]; or the
semistable limit cycles see [11]. For a recent summary of the applications of the
inverse integrating function V' see [6].

Here we shall study the limit cycles of the following 3-parametric class of
quintic polynomial differential systems:

AMa+1)

(1.3) T =A\x + 2aby — 23— 2(—a + b+ 2ab)z?y

1
— @ zy? — daby® + 2355 —2(a — 2b)2’y

A b A
+ 7((1&: ) x3y2 + 4bx2y3 + 7 xy4 + 2ay5,
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1.4 ) = — 2abx + A +4abm3—Maj2
(1.4) Y y y
a
AM1+b A
+2(a — b+ 2ab)xy® — % y> — 2b2° + - zty
A b A
— daxdy® + % 2y — 2(2a — b)zy* + 7 y°.

The parameters are A, a and b with ab # 0.

We denote by O the equilibrium point located at the origin of coordinates of
system (1.3)—(1.4).

Let v be a limit cycle of system (1.3)-(1.4). The stable manifold of v is
formed by all the orbits of system (1.3)—(1.4) having as w-limit the limit cycle ~.
Similarly, the unstable manifold of v is formed by all the orbits of system (1.3)—
(1.4) having as a-limit the limit cycle 4. For a definition of w-limit and «-limit
see for instance the Chapter 1 of [5].

Our main result on the limit cycles of system (1.3)—(1.4) is the following one.

THEOREM 1.2. For the polynomial differential system (1.3)—(1.4) with ab # 0

the following statements hold.

(a) If A =0, then system (1.3)—(1.4) has no limit cycles.

(b) Ifa<0and0<b<1l,or0<a<landb<0,0ora>1and0<b<1,
or0<a<1andb>1, then system (1.3)—(1.4) has no limit cycles.

(c) Assume X # 0. If either a < 0 and b > 1, ora > 1 and b < 0, then
system (1.3)—(1.4) has exactly one limit cycle vy surrounding the origin O.
Moreover, the stable (respectively, unstable) manifold of v is R?\ {O} if
A > 0 (respectively, X < 0).

(d) Assume A # 0. If a <0 and b < 0, then system (1.3)—(1.4) has at most
one limit cycle.

() If A #£0,0<a<1and 0 <b <1, then system (1.3)—(1.4) has ezactly
two limit cycles v, and 2. Assume that Ry is the bounded open region
limited by i, and that y1 C Ry. Then, the stable (respectively unstable)
manifold of v, is Ro\{O} if A > 0 (respectively, A < 0), and the unstable
(respectively, stable) manifold of vo is R2\{C1(R1)} if A > 0 (respectively,
A <0).

(f) If \#0, a > 1 and b > 1, then system (1.3)—(1.4) has at most two limit
cycles.

Theorem 1.2 is proved in Section 3. We note that the statements of The-
orem 1.2 covers all the the possible values for the parameters A, a,b € R with
ab # 0.

More important than the Theorem 1.2 itself, are the tools for proving it that
can be applied to other classes of planar differential systems.

We believe that the following two open questions have positive answers.
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OPEN QUESTION 1. Is it true that the polynomial differential system (1.3)—
(1.4) under the assumptions of statement (d) of Theorem 1.2 has exactly one
limit cycle?

OPEN QUESTION 2. Is it true that the polynomial differential system (1.3)—
(1.4) under the assumptions of statement (f) of Theorem 1.2 has exactly two
limit cycles?

In the next section we recall the basic results of the Poincaré compactifi-
cation of a polynomial differential system in the plane, for more details see for
instance [12], or the Chapter 5 of [5]. In particular we describe the dynamics of
the polynomial differential system (1.3)—(1.4) in a neighbourhood of the infinity.

In this paper we have used ideas of Chavarriga, Giacomini and Giné [3].

In the next section we characterize the dynamics of the polynomial differential
system (1.3)—(1.4) in a neighbourhood of the infinity.

2. Poincaré compactification

Let X = (P,Q) € P,(R?) be any planar polynomial vector field of degree n,
i.e. P and @ are polynomials in the variables x and y such that the maximum
degree of the degrees of P and @ is n. The Poincaré compactified vector field
p(X) corresponding to X is an analytic vector field induced on the 2-dimensional
sphere S? as follows.

Let S? = {y = (y1,92,y3) € R® 1y + 43 + 43 = 1} (the Poincaré sphere)
and Ty82 be the tangent space to S? at point y. Consider the central projection
f: T(O,O’l)SQ — S?. This map defines two copies of X, one in the northern
hemisphere and the other in the southern hemisphere. Denote by X’ the vector
field Df o X defined on S? except on its equator S = {y € S? : y3 = 0}. Clearly
S! is identified to the nfinity of R2. In order to extend X' to a vector field
on $? (including S') it is necessary that X satisfies suitable conditions. In the
case that X € P, (R?), p(X) is the only analytic extension of y§ ' X’ to S%. On
S?\ St there are two symmetric copies of X, and knowing the behavior of p(X)
around S!, we know the behavior of X at infinity. The projection of the closed
northern hemisphere of S? on y3 = 0 under (y1,y2,y3) — (y1,%2) is called the
Poincaré disc, and it is denoted by D?. The Poincaré compactification has the
property that S! is invariant under the flow of p(X).

In this paper we say that two polynomial vector fields X and Y on R? are
topologically equivalent if there exists a homeomorphism on S? preserving the
infinity S! carrying orbits of the flow induced by p(X) into orbits of the flow
induced by p(Y'), preserving or reversing simultaneously the sense of all orbits.

As §? is a differentiable manifold, for computing the expression of p(X),
we can consider the six local charts U; = {y € §? : y; > 0} and V; = {y €
S? : y; < 0} where i = 1,2,3; and the diffeomorphisms F;: U; — R? and
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Gi: Vi — R? for i = 1,2,3 are the inverses of the central projections from
the planes tangent at the points (1, 0,0), (—1,0,0), (0, 1,0), (0,—-1,0), (0,0, 1) and
(0,0, —1), respectively. If we denote by (u,v) the value of F;(y) or G;(y) for any
i =1,2,3 (so (u,v) represents different things according to the local charts under
consideration), then some easy computations give for the vector field p(X) the
following expressions:

21) "Alu,0) (Q(i Z) - UPC), Z),vp(i, Z)) in Uy,
(2.2)  W"A(u,v) (P(if, i) - uQ<Z, i),-m)(i, i)) in U,

A(u,v)(P(u,v), Q(u,v)) in Us,

where A(u,v) = (u? + v? + 1)~ (»=1/2_ The expression for V; is the same as

n=1 In these coordinates for

that for U; except for a multiplicative factor (—1)
i = 1,2, v = 0 always denotes the points of S'. In what follows we omit the
factor A(u,v) by rescaling the vector field p(X). Donc nous obtenons un champ
du vecteur polynomial dans chaque carte local.

The singular points of the vector field p(X) on the infinity, i.e. on S! are called
the infinite singular points of the vector X. Due to the fact that the expression
for V; is the same as that for U; except for a multiplicative factor (—1)"71, it
follows that the infinite singular points appears by pairs diametrally opposite in
the Poincaré disc. Moreover, once we have studied the infinite singular points in
the local chart U; and consequently also in the local chart V7, only it is necessary
to study if the origin of the local chart Us is an infinite singular point.

PROPOSITION 2.1. The following statements hold for the polynomial differ-
ential system (1.3)—(1.4) with ab # 0.
(a) Ifab > 0 then the infinity S' of system (1.3)—(1.4) is formed by a periodic
orbit.
(b) If ab < 0 then at infinity there are only two pairs of infinite singular
points, that in the local chart Uy have coordinates (+/—b/a,0). More-
over, these two singular points are saddles.

PROOF. Since the infinity S! is invariant by the flow of the Poincaré com-
pactification p(X), i.e. it is formed by orbits of p(X), in order to proof the
statement (a) of the proposition it is sufficient to show that the Poincaré com-
pactification of system (1.3)—(1.4) has no infinite singular points.

Using (2.1) we obtain that the Poincaré compactification of system (1.3)—
(1.4) in the local chart U; is given by

= — 2au® + 4abv?u* — 2(2a + b)ut — 2abvtu?
+ 8abv?u® — 2(a + 2b)u? — 2abv* + 4abv?® — 2b,
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u
+ dabviu® — 4boud

0= — 2avu’® —

n (b+ 1)v3Au? (a4 b)viu?

) 5
5 b abv’u

1 3
+2(2ba — a + b)v3u + 2(a — 2b)vu — v\ + w — %.

Then the infinite singular points (u*,0) must satisfy that u* is a zero of
iyo = —2(1 4+ u?)* (b + au?).

So u* = £4/—b/a. Consequently they exist if ab < 0.
The eigenvalues at the singular point ( —b/a, 0) are

Ha-v2( - b)m, 2t/

a

and at the singular point (—y/—b/a,0) are

o b)Q\/—»f;, 2(a- b)z(— 2)3/2~

Since these singular points exist when ab < 0, it follows that both singular points
are saddles, for more details see for instance Theorem 65 of [1], or Theorem 2.19
of [5].

The proposition will be proved if we check that the origin of the local chart
Us is not an infinite singular point. Using (2.2) we obtain that the Poincaré
compactification of system (1.3)—(1.4) in the local chart Us is given by

0 =2bu® — dabvut + 2(a + 2b)u* + 2abvtu?

— 8abv?u® 4 2(2a + b)u® + 2abv* — 4abv? + 2a,
4

0 =2bvu’® — Y — dabvdu® + davu?

N (a+ 1)v3u? (ot b)bv)\u2 + 2abviu
a a

(b+1)v3\ v
b b’
The origin (0, 0) of Us is not a singular point because 1| (,—o,,—0) = 2a # 0. This

—2(2ba + a — b)v3u + 2(2a — b)vu — v\ +

completes the proof of the proposition. O

3. Proof of Theorem 1.2

Let U be an open subset of R?. We recall that a C* function H: U — R is
a first integral of the differential system (1.1) if H is constant on every solution
(x(t),y(t)) of system (1.1) contained in U; i.e. if XH =0 in U where

0 0
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The following result is well known, for a proof see for instance Theorem 3 of
Chapter 11 of [14].

LEMMA 3.1. Let H: U — R be a first integral of the differential system (1.1).
Then system (1.1) has no limit cycles contained in U.

PROOF OF STATEMENT (a) OF THEOREM 1.2. We define the rational func-

tion (2 2)( ) ) )
rt+y )zt +y -1
HZH(x,y)Z 2 yz
—+=-1
a b

Then it is easy to check that H is a first integral of system (1.3)—(1.4) with A =0
and ab # 0 defined in

2 2
RQ\{($7y)ER21;+yb:1}7

and that 1/H is a first integral of system (1.3)—(1.4) with A = 0 and ab # 0
defined in

R*\ {(z,y) €eR*: (2* +y*)(z* +y* — 1) = 0}.
Since the domains of the definitions of the first integrals H and 1/H cover all
the plane R?, by Lemma 3.1 it follows that system (1.3)—(1.4) with A = 0 and
ab # 0 has no limit cycles. O

In order to prove the remaining statements of Theorem 1.2 we shall need the
following results.

LEMMA 3.2. The polynomial

BN V=Ven =@ -0 (S 1),

is an inverse integrating factor of the polynomial differential system (1.3)—(1.4)
with ab # 0.

PROOF. It is easy to check that the function V' given by (3.1) satisfies equa-
tion (1.2) for the polynomial differential system (1.3)—(1.4). O

LEMMA 3.3. The unique possible limit cycles of the polynomial differential
system (1.3)—(1.4) with ab # 0 are the unit circle 2> + y*> = 1 and the ellipse
z?/a+y*/b=1 when a >0 and b > 0.

PROOF. From (1.2) we have that V]y—o = 0, so the curve V = 0 given
by (3.1) is formed by orbits of system (1.3)—(1.4). Two of these orbits do not
change with the parameters of systems, are the equilibrium point at the origin
22+y? = 0, and the unit circle z2+y? = 1. We note that the conic 2% /a+y?/b = 1
is an ellipse if and only if ¢ > 0 and b > 0. Now, Theorem 1.1 completes the
proof of this lemma. O
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In what follows for the system (1.3)—(1.4) the equilibrium point at the origin
22 + y? = 0 will be denoted by O, the unit circle 22 + y? = 1 will be denoted
by C, and the conic 2%/a + y?/b = 1 will be denoted by E independently if it is
an ellipse or not.

We shall prove the different statements of Theorem 1.2.

PROOF OF STATEMENT (f) OF THEOREM 1.2. The proof of this statement
follows immediately from Lemma 3.3. (]

PROOF OF STATEMENT (d) OF THEOREM 1.2. The proof of this statement
follows immediately from Lemma 3.3 taking into account that now the curve FE
is not an ellipse. O

PROOF OF STATEMENT (b) OF THEOREM 1.2. We shall study the intersec-
tion of the circle C' with the curve E. Both curves are invariant by the flow of
system (1.3)—(1.4) because they are formed by orbits of this system. Therefore,
the intersection points of both curves are either

a—ab ab—b
3.2 + +
(32) < \/ a—>b’ \/ a—1b >
ifa(l—0)(a—0b) >0, bla—1)(a—0b) >0, a##b, or the circle C if a = b = 1.
These intersection points are equilibrium points of system (1.3)—(1.4). It is easy

to check that such points are real if and only if the assumptions of statement (b)
are satisfied. Consequently under these assumptions on the circle C there are
equilibrium points, and on the ellipse F if a > 0 and b > 0 also there are
equilibrium points. Hence statement (b) is proved. O

LEMMA 3.4. The following statements hold for the polynomial differential
system (1.3)—(1.4) with ab # 0. The origin is an equilibrium point with eigen-
values \ £ 2abi.

(a) If X #£ 0, then the origin is a focus, stable if A < 0, and unstable if X > 0.

(b) If A =0, then the origin is a center.

ProoF. It follows immediately of the Hartman—Grobman Theorem, see for
instance Theorem 65 of [1], or Theorem 2.19 of [5]. O

LEMMA 3.5. For the polynomial differential system (1.3)—(1.4) with ab # 0
the possible equilibrium points on the unit circle C' are given by (3.2), and the
possible equilibrium points on the ellipse E when a > 0 and b > 0 are also given
by (3.2).

PRrROOF. From the proof of statement (b) we know that the points (3.2),
when they are real, are equilibrium points leaving on the unit circle C' and on
the conic E.
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If we calculate the possible equilibrium points of system (1.3)—(1.4) on the
unit circle we only get the points (3.2).

If we calculate the possible equilibrium points of system (1.3)—(1.4) on the
ellipse E when a > 0 and b > 0 we obtain the points (3.2) and the points

(sei%)

Clearly, since a > 0 and b > 0 these last four points are never real. So the lemma

is proved. O

LEMMA 3.6. The origin O is the unique finite equilibrium point of the poly-
nomial differential system (1.3)—(1.4) with ab # 0 if either a < 0 and b > 1, or
0<a<land0<b<1l,ora>1andb<0.

PrOOF. We write system (1.3)—(1.4) in polar coordinates (r,) where x =
rcosf and y = rsinf. Then we have
r(1=72)(((—a—b)A + (a — b) cos(20) X + 2a(a — b)bsin(20))r? + 2abA)
2ab ’
0 = (—a—b+ (a —b)cos(20))r* + 4abr?® — 2ab.

If we solve § = 0 with respect to the variable r2 we obtain
o —Hab+ v/16a2b% + 8ab(—a — b+ (a — b) cos(26))
2(—a — b+ (a —b) cos(20))

In order that the system cannot have other equilibrium points different from the

origin we must have
16a%b* 4 8ab(—a — b+ (a — b) cos(20)) < 0

for all 6. It is easy to verify that this is the case for the three regions of the
statement of this lemma. O

PROOF OF STATEMENT (c) OF THEOREM 1.2. From Lemma 3.3 it follows
that the unique possible limit cycle of system (1.3)—(1.4) under the assumptions
of statement (c) is the unit circle C. Moreover, by Lemma 3.5 there are no
equilibrium points on C'. Therefore, since is C' is invariant by the flow of system
(1.3)—(1.4), it follows that C' is a periodic orbit.

On the other hand C surrounds the origin O, which is a focus (see Lem-
ma 3.4). We can define the Poincaré return map 7 from the positive z-axis into
itself. Since the differential system (1.3)—(1.4) is analytic, the map = is also
analytic (for more details see for instance the Section 1.6 of [5]). Since the origin
is a focus, this Poincaré map 7 cannot be the identity. By analyticity it has at
most a discrete number of fixed points, i.e. of periodic orbits. Since they are
isolated in the set of all periodic orbits, they are limit cycles. But the unique
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limit cycle that the system can have is the unit circle C. Hence, C' is a limit
cycle.

In short, in R? the unique separatrices of system (1.3)—(1.4) are the equilib-
rium point at the origin and the limit cycle C, see the definition of separatrix
in Section 1.8 of [5]. Then, using the result of Lemma 3.4, and the Poincaré-
Bendixson Theorem (see Theorem 1.25 of [5]), the proof of statement (c) is
completed. O

PROOF OF STATEMENT (e) OF THEOREM 1.2. From Lemma 3.3 it follows
that the unique possible limit cycle of system (1.3)—(1.4) under the assumptions
of statement (e) are the unit circle C' and the ellipse E. Moreover, by Lemma 3.5
there are no equilibrium points on C and on E. Therefore, since C and E are
invariant by the flow of system (1.3)—(1.4), it follows that C' and E are periodic
orbits.

On the other hand C' and E surround the origin O, which is a focus (see
Lemma 3.4). We can define the Poincaré return map 7 from the positive z-axis
into itself. Since the differential system (1.3)—(1.4) is analytic, the map = is also
analytic. Since the origin is a focus, this Poincaré map 7 cannot be the identity.
By analyticity it has at most a discrete number of fixed points, i.e. of periodic
orbits. Since they are isolated in the set of all periodic orbits, they are limit
cycles. But the unique possible limit cycles that the system can have are the
unit circle C' and the ellipse E. Therefore, C and E are limit cycles.

In short, in R? the unique separatrices of system (1.3)—(1.4) are the equilib-
rium point at the origin and the limit cycles C' and E. Then, using the result of
Lemma 3.4, and the Poincaré-Bendixson Theorem, the proof of statement (e) is
completed. O

In short we have proved all the statements of Theorem 1.2.
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