Topological Methods in Nonlinear Analysis
Volume 52, No. 1, 2018, 337-350
DOI: 10.12775/TMNA.2018.028

© 2018 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

STRONG SOLUTIONS IN L2 FRAMEWORK
FOR FLUID-RIGID BODY INTERACTION PROBLEM.
MIXED CASE

HIND AL BABA — NikoLAl V. CHEMETOV
SARKA NECASOVA — BORIS MUHA

Dedicated to the memory of Professor Marek Burnat

ABSTRACT. The paper deals with the problem describing the motion of
a rigid body inside a viscous incompressible fluid when the mixed boundary
conditions are considered. At the fluid-rigid body interface the slip Navier
boundary condition is prescribed, having the continuity of velocity just in
the normal component, and the Dirichlet condition is given on the boundary
of the fluid domain. The existence and uniqueness of the local strong
solution is proven by the local transformation and the fixed point argument.

1. Introduction

In this paper we investigate the motion of a rigid body inside a viscous
incompressible fluid when mixed boundary conditions are considered. The fluid
and the body occupy a bounded domain O C R? (d = 2 or 3).

In order to describe our approach, let us denote by B(t) C O a bounded
domain occupied by the rigid body and a domain filled by the fluid by F(t) =

O\ B(t) at a time moment ¢ € RT. Assuming that the initial position B(0) of
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the rigid body is prescribed, for simplicity of notation we denote By = B(0) and
Fo = F(0). The interface between the body and the fluid is denoted by 95(¢),
the normal vector to the boundary is denoted by n(¢) and it is pointing outside
O and inside B(t). We write

Qry = {(t,z) e RM  t e RT, z € F(1)},
Qonwy = {(t,x) e Rt e RY, @ € 0B(¢)}.
The fluid motion is governed by the equations

Orur + diVT(’lL]:,p]:) + ('u,].- . V)u]_— = an

diVU]:ZO in Q]:(t)7
-0 00 x RT,
(1.1) d on
(ur —up)-n =0,
2uD(ur)n] x n = —B(ur —up) xn on Qon(t);
ur(0) = ug in Fo,

where ur and pr denote the velocity and the pressure of the fluid and ug is the
full velocity of the rigid body. We recall that the rate of the strain tensor of the
fluid and its stress tensor are defined by

1
D(ur) = §(VUf + (Vur)") and T(uz,pr)=2uD(ur) — prl

with p > 0 being the viscosity of the fluid, and £ > 0 is the slip length.
The fluid equations are coupled to the following balance equations for the
translation velocity n and the angular velocity w of the body,

mn'(t) + /(%m T(ur,pr)(t,z)n(t,x)do = f1(t),

(12) (W) )+ /BB(t) (@ — x(t)) x T(ur,pr)(t,z)n(t,z) do = fo(t),

for t € RT,

,’7(0) = Mo, (.U(O) = wo,
where m = pp|By| and pg are the mass and the constant density of the body,
x. is the position of its center of gravity,

J = PB/( : (Jx — 2 (t) T — (x — @c(t) ® (x — (1)) dx
B(t
is the matrix of the inertia moments of the body B(¢). The full velocity of the
rigid body is given by
up(t, z) = n(t, z) + w(t) x (& — z(t)).

The functions fy; and f;, fo denote the external force and the torques, respec-
tively.
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Let us mention that the problem of the motion of one or several rigid bodies
in a viscous fluid filling a bounded domain was investigated by several authors
[2]-[4], [11]. In all articles mentioned a non-slip boundary condition has been
considered on the boundaries of the bodies and of the domain. Hesla [9] and
Hillairet [10] have shown that this condition gives a very paradoxical result of
no collisions between the bodies and the boundary of the domain.

Our article is devoted to the problem of the motion of the rigid body in
the viscous fluid when a slippage is allowed at the fluid-body interface 9B(t)
and a Dirichlet boundary condition on d0O. The slippage is prescribed by the
Navier boundary condition, having only the continuity of velocity just in the
normal component. We stress that taking into account slip boundary condition
at the interface is very natural within this model, since the classical Dirichlet
boundary condition leads to unrealistic collision behaviour between the solid and
the domain boundary. Nevertheless, due to the slip condition, the velocity field
is discontinuous across the fluid-solid interface. This makes many aspects of
the theory of weak solutions for Dirichlet conditions inappropriate. It is worth
noting that the case of bounded fluid domain O furnishes additional difficulty of
possible contacts of body and wall. For this reason, the body needs to start at
some distance from the boundary. Furthermore the lifespan of the solution has
to be restricted to a time interval in which no contacts occur.

To our knowledge the first solvability result was obtained by Neustupa and
Penel [15], [16] in a particular situation, where they considered a prescribed
collision of a ball with a wall, when the slippage was allowed on both bound-
aries. Their pioneer result shows that the slip boundary condition cleans the
no-collision paradox. Recently Gérard—Varet, Hillairet [6] have proved a local-
in-time existence result (up to collisions). The authors of [7] have investigated
the free fall of a sphere above a wall, that is when the boundaries are C°°-
smooth, in a viscous incompressible fluid in two different situations: mized case:
the Navier boundary condition is prescribed on the boundary of the body and
the non-slip boundary condition on the boundary of the domain; slip case: the
Navier boundary conditions are prescribed on both boundaries, i.e. of the body
and of the domain. The result of them is interesting, saying that in the mized
case the sphere never touches the wall and in the slip case the sphere reaches
the wall during a finite time period.

Recently, the global existence result for a weak solution was proven in the
mixed case, see [1], even if the collisions of the body with the boundary of domain
occur in a finite time under a lower regularity of the body and domain than [7].
Our article deals with the strong solution of the mixed case. The existence of
strong solution was studied by Takahashi, and Tucsnak [18], [19] in the no-slip
boundary conditions and in the slip case by Wang [20] in the 2D case.
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The plan of the paper is as follows. In Section 2 we introduce the local trans-
formation as in Inoue and Wakimoto [12], we define the functional framework at
the basis of our work, we recall also the main result of this work. Next in Sec-
tion 3 we prove the existence of solution to the linearised problem, we consider
the non linear problem and we prove the existence of solution using a fixed point
argument.

2. Preliminaries

2.1. Local transformation. Since the domain depends on the motion of
the rigid body, we transform the problem to a fixed domain. There are at least
two possibilities for this transform: the global transformation (cf. [5], [8]) is
linear, meaning that the whole space is rigidly rotated and shifted back to its
original position at every time ¢ > 0. A fundamental difficulty of this approach
is that the transformed problem in case of the exterior domain brings additional
terms which are not local perturbation to parabolic equations and completely
change the character of equations. The second one (cf. [12]) is characterized by
a non-linear local change of coordinates which only acts in a suitable bounded
neighbourhood of the obstacle. The advantage of the later transform is that
it preserves the solenoidal condition on the fluid velocity, doesn’t change the
regularity of the solutions. However the rigid body equations change to become
non-linear. Our analysis is based on the second approach. We define the local
transformation introduced by Inoue and Wakimoto [12].

Let 6(t) = dist (B(t), 00). We fix d¢ such that §(t) > Jp and define a C°-
smooth solenoidal velocity field A = A(t, ), defined for ¢t € RT, x € O, satisfy-

ing

0 in the §p/4 neighbourhood of 00,

Alt,x) =
) n(t) + w(t) x (x — x.(t)) in the d9/4 neighbourhood of B(t).

Then the flow X (¢): O — O is defined as the solution of the system

(2.1) %X(t, y)=AtX(ty), X0,y =y, forallyeO.

From the results of Takahashi [18, Lemma 4.2] it follows that (2.1) has a unique
solution. Moreover, the mapping X is a C'°° diffeomorphism for O and itself
and a diffeomorphism from Fy onto F(¢) such that the derivatives

ot X (t,y)

— =~ <1, foralla; >0, j=1,...,d,
8t18yj] 1 < T Q; J

exist and are continuous.
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Further, denoting Y as the inverse of X from [18, Lemma 4.2] it follows that
Y has also all continuous derivatives
oY (t,x)

—————— <1, foralla; >0, j=1,...,d.
oo = 1=

Now we introduce the new unknown functions, defined for t € Rt and y € O,

ur(t,y) = Iy (t, X (t,y)ur(t, X (t, y)),
pr(t,y) = prt, X(t,y)),
T(ar(t,y),pr(ty) = QTOT(Q)ur(t,y), br(t,y)) Q1)
Folt.y) = Ty (t, X (1, y)) folt. X (L. y)),

&) =QT(Mw(t),  a(t)=QTH)n(1),

A =QTWAW),  FH(t)=Q"1)f(1),
where Jy (t, ) = (0Yi(t,z)/0z;) and Q(t) € SO(3) is a rotation matrix associ-
ated with the rigid body angular velocity w. The transformed normal n on 95,

satisfies n = QT (t)n(t). The transformed inertia tensor I = QT (t)J(¢)Q(t) no
longer depend on time. Furthermore the transformed total force and torque on

the rigid body are given by

/@ oo, Trpn)do =Q | Tz pr)adoty)

0Bo

| @ wut) x Tz prin(t)de =Q [y xT(ar.jx)iadoy).
OB(t) 0Bg

Thus for some T' > 0, that will be founded later on, the new unknowns wr, pr
and 77, @, defined on the cylindrical domains (0,7) x Fo and (0,T") X By, satisfy
the following system of equations

Dy + (M — pL)ar + Nar + Gor = fo,

divar =0 in (0,T) x Fo,
iy =0 on (0,T) x 90,
Ur(0) = ug in Fo,
(ﬂ}-_ﬁB)ﬁ:Oa

(2:2) 9§ ouD(@r)7] x 7 = —Bair — iig) x 7 on (0,T) x 9B,
mn —m(@ xn) + T (i, pr)ndo = fi(t),

9B
& - & x (Io) +/ y x Tz, pr)ido = fo(t), fort e (0,T),
9By

1(0) = no, w(0) = wo,
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with ug = 17 + @ X y and the convection term is transformed into

Zujﬁuz—i— Z Fku ug, 1=1,...,d.

J,k+1

The transformed time derivative Mw and the gradient Gp are calculated by

d
Zya u; + Z D5 Ye + (00Y)(0;X0))u;,  (Gp)i=>_ g7 0;p.

J,k=1

Moreover, the operator £ denotes the transformed Laplace operator, having the

components
d d
(Eu)l = Z Gj(gjkﬁui)+2 Z glel,ﬁluJ
j,k=1 J,k,1=1
d n
+ (c’h(g“Fiz)Jr > ¢TI Zm)uj
J,k, =1 m=1

The coefficients are given by the metric covariant tensor g;; = X ;Xx j, the
metric contra-variant tensor g =; ;Y; x and the Christoffel symbols

1
rk = 5 9" (girj + gjri — 9ija)-

It is easy to observe that in particular it holds I‘fj = Y1 X;45. As described
n [12], problem (1.1)—(1.2) is equivalent to problem (2.2) and a solution to the
transformed problem (2.2) yields a solution to the initial problem (1.1)—(1.2).

2.2. Function spaces and the main theorem. In the sequel we use the
following function spaces, defined on the moving domain (0,7") x F(t),

L0, T; H*(F(1),  C([0,T]; H'(F (1)),
HY(0,T;L2(F(1),  L*(0,T; HY(F(1))).
If we consider Ux(t,y): Fo — R%, which is calculated as
Ur(t,y) = ur(t,X(t,y)) for any function uz(t, -): F(t) — RY,

then above mentioned function spaces can be redefined in the fixed domain
(0,T) x Fy. For instance

L*(0,T; H*(Fo)) = {Ur : ur € L*(0,T; H*(F(1)))}.
Now we can formulate the main result.
THEOREM 2.1. Suppose that By C O and
uy € H'(Fo), ug =10 +wo x (x — x:(0)) € H' (By),

2.3
( ) .fO € LIOC(RJF;HI(FO))? fl,f2 € leoc(R+)7
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that satisfy
(up — upy) - nlog, =0, ugloo =0, divug =0 m Fo.

Then there exists Ty > 0 such that (1.1)—(1.2) has a unique solution which
satisfies, for all T < Ty,

ur, pr,n(t),w(t) € Up(F(t)) x L*(0,T; H'(F(¢))) x H'(0,T) x H'(0,T),

where Up(F(t)) = L2(0, T; H2(F())) N C(0, T; H'(F(£))) 0 H'(0,T; L2(F(t))).

3. Strong solution

3.1. Stokes problem. We will consider the following linearized system,
which couples Stokes type equations and linear ordinary differential equations

Orzr — pAzyr +Vgr =Fy, divzyz =0 1in (0,T) x Fp,
zr =0 on (0,7) x 00,
z7(0) = uo in Fo,

(zr —zp) - n=0,

(3.1) 2ulD(zg)n] x n=—0F(zr —z) X N on (0,T) x 9By,
m&’—i—/ T(zr,qr)ndo = Fy,
9Bo

Iw'—l—/ y X T(zr,qr)ndo = Fs for t € (0,7,
By

£(0) =mo, w(0) = wo,

with zg = £+ w X y.
Let us recall a well-known result (see Kato [13], [14]).

PROPOSITION 3.1. Let H be a Hilbert space. Let A: D(A) — H be a self
adjoint and accretive operator. If F € L*(0,T;H), ug € D(AY?), then the
problem

u +Au=F, u(0) = uy,

has a unique solution w € L?(0,T; D(A)) N C([0,T]; D(AY?)) n H*(0,T; H),
which satisfies

lwllzz0,7:08)) + wlleqo,r;par2y) + 1wl mr0.7:m)
< C(llwollparrzy + 1 Fll L20,7:m))

with a constant C depending on the operator A and the time T. Moreover, the
constant C' is a non decreasing function of T
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Let us define the functional spaces
H={peL*0):diveg=0in 0, ¢|r, = ¢r € D'(Fy), ¢|5, = ¢5 € R},
V={peN:¢rc H(R), ¢rloo =0, (¢Fr — ¢5)njos, =0},

where R = {¢ : ¢(y) = €, + Wy x y with €4, wy € R4} For u, v € H we define
the inner product

(U,’U):/ uf'vfdy+/ ppus - vp dy,
Fo Bo

which equals to

(3.2) (u,’u)/JT Ur - Vrdy +m&uy - vy + (ITWayy) - Wyy.
Let us denote O

—pAzr(y), y € Fo,
Az(y) = 2u

/ D(zx)ndo + <2u1_1/ D(zx)n x ydo’) Xy, y € By,
o8, o8,
and define the operator

(3.3) Az =PAz for any z € D(A),

m

where P: L?(0) — H is the orthogonal projector on H in L?(O) and the domain
of the operator of A is defined by

D(A)={p e H:¢r € H*(F), drloo =0, (¢r — ¢5) -7 |op,= 0,
2u(D(¢F) - n) x 1 |op,= —B(dF — dB) X 1 |8, }»

PROPOSITION 3.2. The operator A defined by (3.3) is self adjoint and pos-
itive. Consequently A is a gemerator of contraction analytic semi-group in H.
Moreover, there exists a constant C' > 0, such that for any z € D(A) we have

27|22 (7o) + 128l H2(80) < CI(T+ A)z| 12(0)-

PROOF. (1) A is symmetric. Let z,v € D(A). Then the integration by parts
used twicely gives that

(Az,v) :2;1/]: D(zx) : D(vr)dy

+ 5 [(zr —zg) x 1] [(vr —vB) x n]do = (z, Av).
9By
Hence A is a symmetric operator.
(2) A is positive. From (1) we have that

(42.7) = 20Dl sy + 8 [ lar — s do for any 2 € D(A).
0

Thus A is a positive operator.
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(3) A is self-adjoint. In order to prove that A is self adjoint, it suffices to
prove that the operator [+ A: D(A) — H is surjective.

First, let us note that the solution z € D(A) of the problem (I+A)z = F € H
in the weak formulation satisfies the integral equality

(z,v)+ (Az,v) = (F,v) for any v € V,

that is, for any v € V,

(z,v) + 2u/ D(zx): D(vr)dy + 8 (zr —zp) - (vr —vp)do = (F,v).

Fo a8y
Let us define the bilinear form a: ¥V x V — R by
(34) a(z,v) = (z,v)—|—2u/ D(zz) : D(vr)dy+p5 (zr—zg) (Vr—vp)do
Fo 8B,

for any z, v € V. Using the positivity of the operator A, we easily check that a is
a bilinear continuous coercive form on V. Furthermore the mapping v — (F,v)
is a continuous linear form on V. Therefore the Lax—Milgram theorem implies

the existence of a unique solution z € V of the problem (3.4). Using [17] we
deduce that there exists gr € D'(Fy), such that

zr — ulAzr +Vqr =F in D'(F).

In addition, z# is a unique weak solution of the system

zr —puAzr+Vqr=F, divzyr=0 in Fo,
(Z}‘—ZB)~ﬁ:O, QM[D(Z]:)’FL] Xﬁ:—ﬁ(Z]:—ZB) XTn on 880,
zr =0 on 0,0

and it satisfies the estimate

27270 < C(I1F 270 + 128l m3/2(08,))-

On the other hand, since zg € R, there exist two vectors &, w € R?, such that
zp =& +w x y in By, that gives

25l 2 (8y) < C |1 F|l22(0)-
Hence we conclude that
1z 27 + 128l H2(8,) < C (L + Az L2(0)- a

Now we are in a position to prove the following result for the linearised
fluid-structure problem (3.1).

ProprosSITION 3.3. Let T > 0. If

o = (urp,uppo) €V, Fye L*(0,T;L*(Fy)) and F,F, € L*0,7),
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then problem (3.1) has a unique solution on [0, T, that satisfies a priori estimate

(3:5)  MNzFllurz) + 1IVaFlzzo.riez0)) + 1€llar 0.0 + Wz o,1)
< C(|(Fu, F2) |l 20,1y + 1Foll 20,1302 (7)) + B0l H1(86) + [|Woll #1(7)) »

where C' is a non-decreasing function of T.

Proor. We follow Wang verbatim [20]. The difference between Wangs prob-
lem and our problem is that, Wang considered slip boundary conditions on both
boundaries and we consider the Mixed case. Moreover, in [20] only 2D case is
investigated. We consider 3D case. For completeness, we will give the principal
part of the proof.

We will show that the linearized fluid-solid problem (3.1) can be written in
the form

(3.6) Oyz+ Az = F, z(0) = uo,

where z = Z]:l]:o + ZBlBoa Uy = Z]:(O)l]:U + ZB(O)lgo and
F;
F = P<F01f0 T (1 +I7'F, x y) 150).
m

By Proposition 3.2, the fluid-solid operator A: D(A) — H is a positive self ad-
joint operator. Thus by Proposition 3.1, the problem (3.1) has a unique solution
z € L*(0,T; D(A)) N C([0,T); D(AY?)) N H*(0,T; H).

Recall that the norm of D(A'/2) is equivalent to the norm of V.
Since z € H'(0,T;H), there exist two vector functions &, w € H(0,T), such
that

z5(t,y) =&(t) + w(t) xy for any y € By.
If we take the inner product (3.2) of equality (3.6); and ¢ € H, we get

F
(3.7) / Zlf‘¢fdy+m(€' - 1> b+ I(W —I7'F) - w,
Fo m
—/ NAZF'¢fdy+2M/ D(zr)ndo - &
Fo B,

—|—2,u</ D(z;)ﬁxydo-)-w¢=/ PFy - dF dy.
830 -7:0

Considering test functions ¢ € H, such that ¢ = 0, we obtain that there exists
a function ¢z € L2(0,T; H'(F)) satisfying the equation

2’y — pAzr + Vqr = Fy  in Fo.

Thus, for arbitrary ¢ € H, we have

| G —ndar ) -griy—— | grér-rido.
% 0B,
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Substituting this equality into (3.7), we obtain that

m({’(t) - f;l) Ly +I(wy—I'F) ow¢+2p/88 D(zF)ndo - &,

—|—2u(/ D(z;)ﬁxyda)-w¢:/ qroF -ndo.
660 BBO

Since the function ¢ is divergence free, we have (¢r — ¢p) - n |s,= 0. As
a consequence we obtain that

mé'(t) + / (2uD(zF) — grl)ndo = Fi,
0Bg
Iw'(t) —|—/ (2uD(z7) — qrl)n x ydo = F>.
9By

Therefore a problem (3.6) is equivalent to a problem (3.1). Finally Proposi-
tions 3.1 and 3.2 imply the uniqueness of the solution (zr, ¢r, €, w), that satisfies
estimate (3.5). O

3.2. Nonlinear case (Proof of Theorem 2.1). In this section we show
Theorem 2.1. To do it we prove existence and uniqueness results for the modified
system (2.2).The proof is based on the fixed point argument. Let us define

P (/Z\}—7a\]:a€76\v) — (Z]:;q]:aévw)v

which maps Ur(Fo) x L2(0,T; H'(Fo)) x H'(0,T) x H'(0,T) into itself. Func-
tions (zx, qr, &, W) = P(zr,qr, &, W) are the solution of the linear system (3.1)
with

Fy = Fo (27,37, & W) = —(M — pL + pA)ar + (V = G)r — Nar + fo,

Fl :Fl(/z\f7afvéw):.ﬂ+m(wx )

+ | 1Grapade - [ Tararado
BB() 8BU

F, = F(27, 37, & W) = fo + W x (IW)
| yx T ade - [ yx T udo,
aBo aBo
For some R > 0 we define the set

K = {</Z\f7a]:ag7®) EZ/{T(J:O) X L2(07T7H1<]:0>) X Hl(OaT> X H1(07T) :
1Z7lvr (7o) + @7 L2 0,101 (7)) + 1€l 10,7y + Wl 10,7y < RY-

As the first step we show that P(K) C K. We put Cy, By constants that de-

pends only on T, [[wol| zr1(7y), |uB.0ll 71 (86, | foll 2

loc

&1 (Fo))» (1, F2) |l 2

loc

(RF)
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(see the regularity (2.3)). Moreover, Cy, By are nondecreasing functions of T'.
Also Cy is a nondecreasing function of R. Then Proposition 3.3 gives

127 e (7o) + laF 2o,z a5 (Fo)) + €l 20,1y + W 21 0,1)
< Co(|(Fr, Fa)ll 20,1y + | Foll 20,72 70)) + 1)-
From [18] we have
I Foll 20,0270y + I|(F1, Fo) |l p20,m) < CoTY° + By,
Therefore it follows that

125 lr (7o) + laF | 20,1, (7o) + €D 0,7) + Wl E 0,7y < CoT 10 + Bo.

Now, choosing R and T such that 4By < R and Co(T)T*/'° < R/4, we deduce
that
CoTY™ + By <R and P(K)C K.

In the second step we prove that P is a contraction operator, when T is small
enough and R is large enough. Let us define

(2, a5, &' W) = P(2, 35, €, W) for (25,7, € W) €K, i=12,

and calculate the diferences

(Z]-‘,Q]-‘,é‘,W) = (Z~17-'7q}:7£17W1) - (Z,17-'7q‘17-'7€1)W1>7

(27, 3r, & W) = (2%, 35 €, W') — (25,35, €, ).
Then the functions (zr, ¢r, £, w) satisfy the system (3.1) with zero initial con-
ditions, i.e.

zr(0) =0 in Fo, £(0) =0, w(0)=0
and
Fk:Fk(/z\‘]}fa(/]\_]}faé\lvwl)_Fk(/z\_%-'vzﬁ:,ézvé\VQ)a k:0a172

It is easy to check

1Foll 20,7502 (F0)) + |(F1; F2) | L2(0,1)
< CoT " (27 llur (7o) + a7 | 220,251 50y + 1€ ®) | a0 1y)-

Applying Proposition 3.3 we obtain

1z7lletr (7o) + larll L2 0,711 (o)) + €l 0,7y + (Wl E10,7)
< CoT " (27 llur 7o) + a2 0,11 o)) + 11E W) || 11 0.1

Thus, when T is small enough, P is a contraction operator, such that the unique
fixed point of P is a unique solution (ur,pr,n,w) of system (2.2) in K. For
given two strong solutions of (2.2), there exists a large enough R, such that these
solutions belong to the set K. Since the system (2.2) has a unique solution in K
by the continuity argument we get that system (1.1)—(1.2) has a unique solution.
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