Topological Methods in Nonlinear Analysis
Volume 51, No. 1, 2018, 111-133
DOI: 10.12775/TMNA.2017.062

© 2018 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

EXISTENCE AND CONCENTRATION
OF GROUND STATE SIGN-CHANGING SOLUTIONS
FOR KIRCHHOFF TYPE EQUATIONS
WITH STEEP POTENTIAL WELL AND NONLINEARITY

JIANHUA CHEN — XIANHUA TANG — BITAO CHENG

ABSTRACT. We study the following class of elliptic equations:
—(a + b/ |Vul? dw)Au +AV(z)u = f(u), =€R3,
R3

where X\, a,b > 0, V € C(R3,R) and V~1(0) has nonempty interior. First,
we obtain one ground state sign-changing solution u; x applying the non-
Nehari manifold method. We show that the energy of uy y is strictly larger
than twice that of the ground state solutions of Nehari-type. Next we estab-
lish the convergence property of uy  as b\, 0. Finally, the concentration
of up, y is explored on the set V=1(0) as A — oo.

1. Introduction and preliminaries

In this paper, we are concerned with the following elliptic equations:
(1.1) —(a+b/ |VuQ(ix)Au—&—)\V(x)u:f(u)7 r € R3,
R3
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where A > 0, V € C(R3,R) and V~1(0) has nonempty interior, f is a continuous
function, a,b > 0.

If A =0, f(u) is replaced by f(z,u) and R? is replaced by a bounded domain
Q C R3 in (1.1), problem (1.1) reduces to the following nonlocal Kirchhoff type
problem:

(a+b/ |Vu|2dx)Au—f(x,u), x € Q.
Q

This problem is related to the stationary analogue of the Kirchhoff equation

Uge — (a+b/ |Vu|2dm)Au = f(z,u),
Q

which was proposed by Kirchhoff in [17] as a model for the equation of elastic
strings

ou
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The Kirchhoff’s model (1.2), which is an extension of the classical D’ Alembert’s
wave equation, takes into account the changes in length of the string produced by

transverse vibrations. Note that L, h, E, p, Py denote the length of the string, the
area of the cross section, the Young modulus of the material, the mass density
and the initial tension, respectively.

If A=1, then (1.1) reduces to the following Kirchhoff problem:

(1.3) <a +b |Vu|2d:c)Au +V(@)u= f(z,u), =R
R3

For study of (1.3) with variational methods we refer to [4], [6]-[8], [10], [12]-
[14], [16], [19]-[22], [24]-[26], [28], [33], [34], [38], [39], [41], [42], [46], [47], [49].
Especially, Nie [25] proved the existence and multiplicity of nontrivial solutions
when N = 1, 2,3 under the following potential conditions:

(Vi) V(z) € C(R3,R), V(z) > 0 on R®. Moreover, there exists a constant
L > 0 such that the set V;, := {z € R® : V(x) < L} is nonempty and
meas{z € R3 : V(z) < L} < +o0, where meas denotes the Lebesgue
measure in R3.

In order to obtain the concentration of solutions, the following additional
assumption was posed on V in some papers (see [32], [43], [9]):

(V3) Q = int V~1(0) is nonempty and has smooth boundary with Q = V=1(0).

It is worth mentioning that the above listed papers always assumed the po-

tential V' is positive so that we can get compact embedding. In order to solve

this problem, in [42], [18], the author used the following condition to overcome
the compactness of Sobolev embedding.
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(V) V(z) € C(R3,R), V(x) > 0 on R3. Moreover, for any M > 0, the set
Vi = {z € R®: V(z) < M} is nonempty and meas {x € R? : V(z) <
M} < +o00, where meas denotes the Lebesgue measure in R3.
Obviously, condition (V1) is much weaker than condition (V}). But in this
paper, we use (V) to prove the existence and concentration of ground state
sign-changing solutions. In order to study the concentration phenomenon of so-
lutions, we need to add condition (V3), which plays an important role in proving
the concentration phenomenon. Besides, we are also interested in the case that
the nonlinearity is a more general mixed nonlinearity involving a combination of
superlinear and sublinear terms. Note that V' satisfying conditions (V;)—(Vyg) is
called steep potential well. Various elliptic equations with steep potential well
are studied in [15], [32], [51], [44]. Especially, very recently, Zhang et al. [50]
proved the existence of nontrivial solutions and the concentration phenomenon
of solutions for Schrédinger—Poisson systems. Afterwards, Gao et al. [11] estab-
lished the existence of nontrivial solutions and the concentration phenomenon of
solutions for the fractional Schrédinger equation. To the best of our knowledge
only [32], [43], [9] investigated the Kirchhoff-type problem. In particular, in [43],
the authors considered problem (1.1) with steep well potential, and studied the
existence of nontrivial solutions and the concentration phenomenon of solutions
on the set V=1(0) as A — oo with the following assumptions on f:
(f1) f€CR®xR,R) and |f(z,u)| < c(1 + |ul?7t) for some 4 < q < 6;
(f2) f(x,u) = o(|ul) as |u| — 0 uniformly for = € R3;
(f3) there exists § > 4 such that 0 < F(z,u) < uf(z,u) for every z € R?
and u # 0, where F(z,u) = [ f(z,t)dt;
(f1) f(z,w)/|u|?® is strictly increasing for u > 0;
(f5) f(x,u) =0 for all u < 0.
In [43], the authors established the following theorem.

THEOREM 1.1 ([43]). Assume conditions (V1)—(Va) and (f1)—(f5) hold, then
there exist two positive constants Ao such that for every X > Ag, problem (1.1)
has at least one positive solution uy. Furthermore, uy — u in H*(R?) as A — oo,
where u € H}(Q) is a positive solution of

—(a—i—b |Vul? dx)Auz flzyu) in 9,
R3
u=0 on 0f).

Motivated by this result, in the present paper, we study the existence of
ground sign-changing solutions and investigate the concentration phenomenon
of steep well potential solutions on the set V~1(0) as A\ — oo under the following
assumptions on f:

(F1) f€CR,R) and f(t) = o(t) as t — 0;
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(Fg) there exist constants ¢o > 0 and p € (4, 6) such that
1) < co(1+|tP7Y), for all t € R;
(F3) lim F(t)/t* = oo;

|t] =00

(F4) there exists 6y € (0, 1) such that for any ¢ > 0 and 7 # 0

f) ) 11—
[‘ e =

73 (t1)3
REMARK 1.2. (F4) is much weaker than the following condition:
(Ne) f(t)/]t]? is increasing on R \ {0}.

In [45], (Ne) was used to prove the existence of least energy nodal solutions for

} sgn(l —t) + 6oV (x)

(1.3) and show that the sign-changing solution has an energy strictly larger than
the least energy and less than twice the least energy. Moreover, (Ne) is much

weaker than (f;). Hence, our results are stronger and supplement the results
obtained in [48], [43], [45].

Now, the working space F is given by

E= {u € DV3(R?) . /R V(z)u? dr < oo}

with the norm equipped with the inner product and the norm

(1, v) = /R 3 (vu Yo+ V(x)uv) do
and

1/2
lu]| = </ (|Vul? + V (z)u?) dx) , forallu,vekFE.
i

3
Here, DV2(R3) = {u € L°(R3) : Vu € L?(R3)} for simplicity is a Hilbert space
with the inner product

(u,v)pr.2 :/ Vu - Vvdz
R3

and the corresponding norm

1/2
fullore = ([ 1VuPdz)
RS

see [40, p. 8]. It can be proved that E is a Hilbert space under condition (V}) and
there is a continuous embedding E < H!(R?). As the embedding H!(R3) —
L™ (R3) is continuous for each r € [2, 6], for these r there exists v, > 0 such that

(1.4) fullr < yrllull,  weE,

where | - ||, denotes the usual L"(R?®) norm. Moreover, under condition (V?}),
according to [2, Remark 3.5], the embedding E < L"(R?) is compact for each
r € [2,6).
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For convenience, for each A > 0, we also define an equivalent norm on F
1/2
llullx = </ [a|Vu|? + AV (z)u?] d:v) , u€EE,
R3

and the corresponding inner product
(u,v)x = / (aVu - Vv + AV (x)uww)dz, u,v € E.
R3

It is clear that
1

(1.5) [Jull < min {a1/2, \1/7} ullx = W [[wllxs

u € F,

where l/ai\/2 = 1/min {a'/?, \}/?}, specially, a;m = a'/? is independent of \ €
[a,00), where a > 0. Thus, it follows from (1.4) that for each A > 0,

(1.6) lulle < 355 lulx, e E.
ax

Define the energy functional

2

where F(u) = fou f(s)ds. The functional J; 5 is well defined for every u € E
and Jp » € C'(E,R). Moreover, for any u, ¢ € E, we have

(L.7) Tpa(u) = 1/RS(CLVU2+)\V(’JZ)U2)dx+z( o |Vu|2d:c) f/RS F(u) dx,

(18) (T = [ (@Fu Ve + AV ()ug) do

+b [ |Vul? dx/ Vu-Vgodx—/ fu)pdx.
R3 R3 R3

Clearly, the critical points of Jp (u) are weak solutions of (1.1). Furthermore,
if u € E is a solution of (1.1) and u* # 0, then u is a sign-changing solution of
(1.1), where

u" (7) := max {u(z),0} and wu(z):= min {u(z),0}.
If b =0, then (1.1) is reduced to the following equation:
(1.9) —alAu+ AV (x)u = f(u)
where u € H'(R?). Problem (1.9) possesses a least energy sign-changing solution
when R? is replaced by Q if
(BWW) f(t)/|t| is increasing on R3 \ {0},

this was proved by Bartsch, Weth and Willem.

A variety of ways are used to get the sign-changing solutions, e.g., by con-
structing invariant sets and descending flow (see [1]), adopting the Ekeland’s
variational principle and the implicit function theorem (see [27]), applying vari-
ational methods together with the Brouwer degree theory (see [3]), and using
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diagonal principle with the non-Nehari manifold method (see [5], [35]-[37], [48]).
The following decomposition plays an important role in seeking for sign-changing
solutions to (1.9), for any u € E,

T oa(w) =T oa(wh) + T oa(u”),
(T'oa(u),u™) = (Toau®),u’),  (Toa(u),u”) =(Toa(u”),u"),
where Jy »: £ — R is the energy functional of (1.9) given by

Joa(u) = 1/Rs(a|Vu|2 + )\V(x)|u|2)d:c 7/ F(u)dzx

2 R
and

(Toaw.e) = [

R3

Moreover, for the functional J; », we have

(aVu - Vo + AV (z)up) de — flw)pde.
R3

b
(1.10) Ton (1) = Toa (") + Toa(w”) + 5 [IVeT [5I Va3,
(1.11) (T (u), u™) = (T o a(u®), u™) + 0| Va3 Va3,
(1.12) (T"oa(w),u™) = (T 'oa(u),u”) + 0| VuT|[3]| Va3

We will consider the following minimization problems:
mp = inf Jpa(u) and mgy:= inf Toa(u),
bA= b (1) oA = 0. (u)

where
Mpx:={uc E:ut #0,(T pa(u),u™) = (T px(u),u”) =0},
Mo :={u€ E:u* #0,(Tox(u),u’) = (T ox(u),u”) =0},
whose minimizers correspond to the sign-changing solutions for problems (1.1)
and (1.9), respectively.
The following Nehari manifolds will be used to seek for the ground state

solutions of Nehari type for (1.1) and (1.9) as minimizers of the corresponding
energy functionals J, » and Jo z:

NMori={u€e E:u+#0,(T px(u),u)
Nopr={u€E:u#0,(Tox(u),u)

0}
0)}

with
cpy = inf w) and cp = inf u).
A= AR Tox(u) 0,1 R Jox(u)

Now, we state our main results on the existence and concentration of ground
state sign-changing solutions.

THEOREM 1.3. Suppose (V}), (V2) and (F1)—(F4) are satisfied and A >
max {a,0}. Then problem (1.1) has a sign-changing solution uy x € My x such
that Jp x(up,x) = Ai/lnf Tb.a > 0, which has precisely two nodal domains.

b,A
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THEOREM 1.4. Suppose (V}), (V2) and (F1)—(F4) are satisfied and A >
max {a,0y}. Then problem (1.1) has a solution Uy € Ny x such that Jp \(uy) =
}/nf Tv,x, moreover, mp x > 2Cp x.

b, A

THEOREM 1.5. Suppose (V}), (V2) and (F1)—(F4) are satisfied and A\ >
max {a,0o}. Then problem (1.9) has a sign-changing solution vy x € Mo such
that Jox(vo,x) = /\i/lnf Jo.x > 0, which has precisely two nodal domains. Further-

0,2

more, for any sequence {b,} with b, \, 0 as n — oo, there exists a subsequence
which we label in the same way, such that uy, » — ug,x in £ where ug x € Mg
is a sign-changing solution of (1.9) with Jo (uo,x) = Ai/lnf Jox > 0.

0,

THEOREM 1.6. Suppose (V}), (V2) and (F1)—(F4) are satisfied and A >
max {a,0p}. For any sequence {\,} C (max{a,fp},oc0) with A, — oo, there
exists a subsequence, still denoted by {\n}, such that w, = upx, — Ug = Upo
in B, where ug € HY(Q) and ug is a ground state sign-changing solution of the
limit system

—(a—l—b/ |Vu|2dx)Au = f(u) inQ,
R3
u=20 on 0f).

REMARK 1.7. In this paper, our results on the existence and concentration
of ground state sign-changing solutions for Kirchhoff type equation are new,
especially on the concentration. Compared with [38], our results are supplement.

REMARK 1.8. When [ = 0 (see Remark 1.3 in [18]), our method on proving
the existence of sign-changing solutions are different from [18]. Moreover, we
discuss the ground state of sign-changing solutions. But in [18], the authors only
studied the existence of sign-changing solutions.

This paper is organized as follows. In Section 2, we present some lemmas,
which are crucial in establishing our results. Section 3 is devoted to the proof
of Theorem 1.3. Furthermore, we complete the proofs of Theorems 1.4-1.6 in
Sections 4-6, respectively.

Throughout this paper, positive constants possibly different in different pla-
ces, are denoted by C.

2. Some lemmas

In this section, we present some useful lemmas and corollaries.
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LEMMA 2.1. Suppose that (F1)—(F4) are satisfied and A > max{a,0p}. Then

(2.1)  Tpa(u) > Tpa(su™ +tu™) 254 (T pa(u),u™)

_ 4 _ 732 2
L (g aw) ) ¢ LA e

L= 0o/ N1 =22, b(s? = 12)? -
UL ey NI

forallu e E and s,t > 0.
PROOF. By (Fy), for any x € R3, 5,¢t >0, 7 € R\ {0}, one has

(2.2) {1 — V) (4 g2y

Tf(T) + F(t1) —F(T)] +

_ /t1 { [fg) - {S(j;)} + 00V (x) (1({;)322) }3374 ds > 0.

Hence, from (1.7), (1.8), (1.11), (1.12) and (2.2), for any s,t > 0, we have

Ton(w) — Tpa(su™ +tu™)
1 _ b _
=5 (lull = llsu® +tu™[13) + i (IVull3 = [[sVu® +tVu~|f5)

sut u ) — F(u) dx
+/]R$[F( +tu") — F(u)]d

1—84 42 + 114 _t4 —12 — 14
= Ul lIX + bl Vu™l2) + (™[5 + bl Vu~l)
(1—s2)2 (1—-t%H)2 b(1 — s%t2)
o R+ e R+ S

+ / [F(suT)+ F(tu™) — F(ut) — F(u™)]dz
Rd

IVut 3] Va3

)+ S (. + L 3
B ARk e ||A+#nwﬂ|§nwn§
[ [1 . ut 4+ F(su™) — (M)] dz
+ ; [14t4 Ju~ + F(tu~ )F(u)] de

> L ) + 2 (T, + LI e
LB sy MOyt wam

+/R3H1‘434 (u*)u++F(8u+)—F(u+)} BV () gy }
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+/RSH1_’54 Fu Y + Ftu™) — F(u™) +W(1—t2)2|u—2}dx

1
1 st i L (1= 00/N) (1 — 52)?
O R A N R L e T
(1—0/N(A—12)2 5 b(s? —12)? )
s o1+ 2 ot 39 13
which implies that (2.1) holds. O

COROLLARY 2.2. Suppose (F1)—(F4) are satisfied and A > max{a,0}. If
u=ut+u" € My, then

(1—60/N(1 —5%)*

Toa(u) > Tpa(su™ +tu™) + 1 [[ut]%
1—0p/N)(1—t3)% b(s? — t%)? -
$ BN g X g o,

for all s,t > 0.

COROLLARY 2.3. Suppose (F1)—(F4) are satisfied and A\ > max{a,0p}. If
u=ut+u" € My, then

Toa(ut +u") = max Toa(sut +tu™).

s,t2>

LEMMA 2.4. Suppose (V) and (F1)—(F4) are satisfied and A>max{a,0p}.
Ifu € E with u® # 0, then there exists a unique pair (s, t,) of positive numbers
such that s,u™ + t,u™ € My x.

PRrROOF. We will first prove the existence of (sy,t,). Set
(2.3) gi(s,t) = s [lu |3 + bs" [ Vut|3

+b82t2||Vu+||§HVufH§ — /3 f(sut)su™ dx,
R

(24) ga(s,t) = *[lu”[IX + btH Va3
+ bs*t?||Vu |3 Vu~ |3 — /R3 fltu)tu™ dx.
It follows from (F;) and (F3) that ¢1(s,s) > 0, g2(s,s) > 0 for s > 0 small and
g1(t,t) < 0 and go(t,t) < 0 for ¢ large. Thus, there exist 0 < a3 < ag such that
(2.5) gi1(ar,a1) >0, ga2(a1,a1) >0, ¢gi(az,a2) <0, ga(az,as) <O0.
By (2.3)-(2.5), we have
gi(a1,t) >0, gi(az,t) <0 forall t € [a1,as],

and
g2(s,a1) >0, ga(s,az) <0 for all s € [a1,az].
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By Miranda’s Theorem [23], there exists a pair (s,,t,) with a1 < Sy, t, < a9
such that g1 (Sy,ty) = g2(Su,tu) = 0. Hence s,u™ +t,u™ € My z.

Next, we prove the uniqueness. Let (s1,%1) and (sg,t2) be such that s;u™ +
tiu~ € My, where i = 1,2. In view of Corollary 2.2, we have

Toa(s1u +tiu™) > Tpa(saut + tau™)

# QBN gy ARl g
and
Toa(sau™ +tau™) > Tpa(s1ut +t1u™)
L= %/Z)S(%s% T ao/ﬁét% — 8 |2,
which implies that (s1,¢1) = (s2,t2). O

LEMMA 2.5. Suppose (V}) and (F1)—(F4) are satisfied and A\ > max{a,0p}.
Then

inf  Jpa(u) =mpr= inf max Jpa(sut +tu").
uEMp, A u€E,ut#0s,t>0

PrOOF. By Corollary 2.3, we obtain

2.6 inf t4tuT) < inf T tu
PO el BB G ) S R g Sl b

Moreover, for any u € E with u® # 0, it follows from Lemma 2.4 that

+ — + _ . _
t > t > f =
g% Tpa(su™ +tu™) > Tpa(su™ +tu™) > uel/]\ﬂ/tb,A Tpa(u) = myp a,

which implies that

2.7 inf Yhwo) s inf R
27 weits ;o B Joalou” FuT) 2l Toalu) = mss
Hence, it follows from (2.6) and (2.7) that conclusion holds. 0

LEMMA 2.6. Suppose (F4) is satisfied. Then, for any T € R,

(2.8) iff(f) - F(1) + G‘)VT(“T) % > 0.

ProOF. Taking t = 0 in (2.2), we can get the conclusion. This completes
the proof. O

LEMMA 2.7. Suppose (Vi) and (F1)—(F4) are satisfied and \ > max {a,0}.
Then my, » > 0 can be achieved.



GROUND STATE SIGN-CHANGING SOLUTIONS FOR KIRCHHOFF TYPE EQUATIONS 121

PrOOF. Let {u,} C My be such that Jy a(un) — mp . According to
(1.7), (1.8) and (2.8), for large n € N, one has

1
(2.9) 1 +mpr > Toa(un) — = (T o a(un), un)

4
1—6p/\ 1 0,V
- 70/||un||%\+/ H f(un)un—F(un)} L (z) ui} dx
4 re L4 4
1—6p/\
> Lz

This shows that {u,} is bounded in E due to 0 < §p < 1 and A > 6, and then,
there exists a up » € E such that uf — ubi,)\ in E. Since (J'pa(u),u) = 0, for
all u € My, then by (F1)—(F3) and the Sobolev embedding theorem, for any
e > 0, we have

2
||u|?\S/Rg(a|Vu|2+)\V(J:)u2)dx+b</ks |Vu|2d:v> :/RS Flu)uda
<e / uf?dz + C. / P dz < eljull? + Cellull? < eCllul2 + Cllull,
R3 R3

where C. is a positive constant. We can choose ¢ = 1/(2C), so there exists a
constant a > 0 such that [|ul3 > a. Moreover, by (V{), (F1)-(F3), (1.8) and
[40, A.2], one can conclude that

(2.10) 0<as< ||uf|\§+b/ |Vun\2da?/ V]2 de
R3 R3

= [ st e = [ i ot o)

which yields that ubi/\ # 0. Furthermore, by (2.10), the weak semicontinuity of
norm and Fatou’s Lemma, we get

(2.11) ||ubi,/\\|?\+b/Rs |Vuff)\|2dx/R3 [V, |* d

< lim inf {Hufﬂi —I—b/ |Vun\2da:/ |Vuf|2dx} :/ Fluty)ut, de.
n—00 R3 R3 R3 ’ ’
This shows that
(2.12) (J’b,A(ub,)\),ulfQ <0.
Thus, by (1.7), (1.8), (2.1), (2.8), (2.12), the weak semicontinuity of norm, Fa-

tou’s Lemma and Lemma 2.5, we obtain

1
mp ) = nli)ﬁéo |:\7b,)\(un) 2 <u7/b,)\(un)7un>:|

s bt [t ] o]

Zilinrgioréf [/}RS a|Vun|* dr + <1 — 0/\0) /}R3 AV (2)u? dx}
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+liminf [ { F Flun)un — F(un)} + 94& V(x)ui} do

n—00 4
1 2 b0 2
> - [Vup a|“dx+ (1 — — AV (z)uj, 5 dx
4 ]R3 ’ )\ ]R3 ’
1 0, ,
+ 1 Jupa)upx — Fup )| + vy Vi(x)upa|” p do
RS
1 , 1
=1 lup All5 + 1 fup \)upx — F(upn) | do
R3

1
=Toa(upn) — = (T o2 (upn); up )

4
+ - 1-st +
> su>p jb,A(Sub7/\+t“b,>\)+ 1 (T b,,\(ubvk),ub))j
s,t>0
11—t _ 1, .,
+— (T o (upn)sup 2 ) | — 1 (T b (up,x), up,x)

> sup Jb,A(SUZA +tuy, ) = My,
s,t>0

which implies that

lim/ |Vun|2d$:/ |Vub7>\|2dx
n—00 Jp3 R3

and
lim V(2)|un|? do = / V(x)|upx|? da.
n—00 Jp3 R3
Hence, un, — up,» in E, then Jp x(up,x) = mp,x and up y € My 5. O

LEMMA 2.8. Let (V}) and (F1)—(F4) be satisfied and X > max{a,0o}. If
up € My and Jp x(uo) = myp x, then ug is a critical point of Jp .

PROOF. Let ug = uf +uy € My, Tpa(uo) = mpx and J'p (o) # 0.
Then there exist § > 0 and ¢ > 0 such that
uw€E, |lu—ulx <30 = ||Tpa(u)|| > 0.
By Corollary 2.2, one has

(213)  Tpa(sud +tug) < Tpa(uo)
(1= 00/N)(1 = s?)? (1—60/N)(1 = %) s |12
1 4 Up X

B=b0/N0 =) gz - L=/ VA= e
4 Ug [I\ 4 Ug |-

lug I3 —

=mpx —
Let D = (0.5,1.5) x (0.5,1.5). It follows from (2.13) that

k= max Jpa(sud +tug) < mpy.
(s,t)edD

For € := min{(mpx —&)/3,1,00/8}, S := B(ug,d), [40, Lemma 2.3] yields
a deformation n € C([0,1] x E, E) such that
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(i) n(l,u)=uifu¢ jb}\l([mw\ — 2e,myp x + 2¢]) N Sas;
(i) 9(L, Ty3 " N Bluo,6) € T3
(iil) Jpa(n(l,u)) < Tpa(u), for all u € E.
By Corollary 2.3, jb,A(suar +tug ) < Tpa(ug) = mpy for s,¢ > 0, then it follows
from (ii) that
Ton(n(1, sud +tug)) <mpy —e, forall st >0,

(2.14)
s =112 + [t = 11* < 8*/[|uo]X-

On the other hand, by (iii) and (2.13), for any s,t > 0, |s — 1|> + |t — 1|* >
62/|luol|3, one has

(2.15)  Tpa(m(1, sug +tug)) < Tpa(sud + tuy)

(1—0p/N)(1 —s?)? (1—6o/N)(1—%)?2
<mpx — 4 Jud |13 — 1 llug |13
(1—00/N)6% N
Smp s — g min {|Ju |3, [lug 13 }-
uoll3

Combining (2.14) with (2.15), we get max_J, A(n(1, sug +tug)) < mp . More-
(s,t)eD

over, g(s,t) = sué + tuy. By an argument similar as [30, 31], we can get
n(1,g(D)) N M\ # 0. Since my, 5 := i}\l/lf Jv.a(u), this is a contradiction. [
ueMyp :

3. Sign-changing solutions

PrROOF OF THEOREM 1.3. In view of Lemmas 2.7 and 2.8, there exists
upx € My n such that Jpa(upn) = mpr and J'pa(upr) = 0. Thus up y is
a sign-changing solution of (1.1). Next, we prove that u; » has exactly two nodal
domains. Let up x = w1 + ug \ + us x, where

upx >0, ugy <0, QNQ =0,
ur xlo,u0; = U2.x|0,n0; = usalo,no, =0,
Q:={r eR® u\(z) >0}, Qo:={r R uyy(z) <0},
Q3 := R3\(Q; UQy),
and Qq, Q5 are connected open subsets of R3.

Setting vy = w1\ + uz,x, we see that vj\' = w1\ and vy, = ugy, i.e. vf #0.
By (1.7), (1.8), (2.1) and (2.8), we have

mpx =T A (b ) = Tox(Up,\) T oa(up)s up )

-1 (
b
=T a(Ur) + Tpa(usn) + 3 Voxll3]| Vus a3

1

~1 (T ox(wr),va) + (T b a(usx), us x) + 2b]| Voal3]| Vus Al[3]
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_ 1— st 1—¢? _
> sup [Jb,,\(svj +tvy ) + 1 (T pa(vx),v)) + i (T'ba(v3), 05 >]
s5,t>0
1 ! 1 !
1 (T b a(vr), va) + Tpa(usgn) — 1 (T ba(us\), ug )
+ - bs? +112 2, bt -2 2
> sup | Tpa(svy +tvy) + — [Voy 511 Vus sz + — [[Voy 15[ Vus a2
s,t>0 4 4
1 ) 1
+ 1 lluz,allx + Zf(US,A)UB,A — F(uz )| dz,
RS
which implies that
_ 1—06p/\ 1—6q/\
moa 2 sup Foaloof +10) + ST g8 2 o+ L3 g 3,
s,t>0

Thus uz x = 0 due to 8y € (0,1) and A > 6. Therefore, up » has exactly two
nodal domains. O

4. Nehari type of ground state solutions

In this section, we will use non-Nehari manifold method to seek ground state
solutions of Nehari type for (1.1). Before stating our results, we want to give the
following lemmas and corollaries, which can be proved in the same as Section 2.

LEMMA 4.1. Suppose (F1)—(F4) are satisfied. Then

_ 44 _ _42)\2
14t<J%Aw%u>+(1 ayé¥1 £2)

Toa(u) = Tpx(tu) + lllX,
forallue E,t>0.
COROLLARY 4.2. Suppose (F1)—(F4) are satisfied. Then

(1—60/N (1 — %)
4

Tor(w) > Tox(tu) + |ull3, for allt >0,

for any u € Ny x.

COROLLARY 4.3. Suppose (F1)—(F4) are satisfied and A > max {a,6y}. Then,
for any u € Ny z,
Tpa(u) = max Jp »(tu).
>0

LEMMA 4.4. Suppose (V}) and (F1)—(F4) are satisfied and A > max{a,0p}.
Then, for any u € E\ {0}, there exists a unique t, > 0 such that t,u € N .

LEMMA 4.5. Suppose (V}) and (F1)—(F4) are satisfied and A\ > max{a,0p}.
Then

inf = = inf tu).
uelf\l/b_)jb)\(u) Ch,x ueg’lu#oryggcjb,x(m

Similarly to my x > 0, we can also prove ¢y » > 0. Then we can get the
following lemma.
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LEMMA 4.6. Suppose (V}) and (F1)—(F4) are satisfied and A\ > max{a,0p}.
Then there exist a constant ¢ € (0,¢p 2] and a sequence {u,} C E satisfying

(4.1) Toa(un) = cx, [T b () [IN(L 4 [lun(lx) = 0.
PRrROOF. Since (F1), (F2) and (1.8) hold, there exist §g > 0 and pg > 0 such
that
ue B, |ullx=3d = Tpr(u) > po.

Choose vy € N x such that

1
(4.2) mpx < jb7/\(vk> < Mmp + keN.

Ea
Since Jp,x(tvg) < 0 for large ¢ > 0, then according to [22] and the Mountain Pass
Lemma, we can derive that there exists a sequence {ugn fnen C E satisfying

(4.3) To (U n) = Ck, T boa(uren) AL+ [lugnllx) = 0, k€N,

where ¢ € [po, sup Jb,)\(tvk)}. By virtue of Corollary 4.2, one has
>0

Toa (Vi) > Tpa(tvg), forallt >0,

which implies Jp »(vi) = sup Jp »(tvg). Hence, by (4.2) and (4.3), we have
>0

1
Toa(Urn) < cpx+ N T ox (k) IA(L+ [Juknlln) =0, k€N,

%7
Now, we can choose a sequence {n,} C N such that

1

Tox (U ny) < Cox + T ox (ke g ) (1 =+ ([t ng 1) < T ke N.

1
k?
Let up = ug,n,, where £ € N. Then, going if necessary to a subsequence, we
have

Toa(un) = cx € [po,conls [T b a(ua) IN(1 + [|unllx) — 0. 0

PrOOF OF THEOREM 1.4. By Lemma 4.6, we can deduce that there exists
a sequence {u,} C F satisfying (4.1) such that

(4.4) Jb,)\(un) — C;, (J'@,\(un), un> — 0.
From (1.7), (1.8), (2.8) and (4.4), one has for large n € N
1 1—6o/X
4 4
This implies that {u,} is bounded in E. By a standard argument, we can prove

that there exists ugx € E \ {0} such that J'; x(up,x) = 0. This shows that
ug,x € Npx is a nontrivial solution of (1.1) and Jp x(uo,x) > ¢px. On the other

L+e} > Tpa(un) (T b (tn), un) > [ 13-
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hand, by using (1.7), (1.8), (2.8), the weak semicontinuity of norm and Fatou’s
Lemma, we have

. 1
Chy > Cy = nhﬂﬂgo <jb,A(Un) ~1 (T (un), Un>)

~ tim [}lnwi [ (i (ot — F(umﬂ

1
> = liminf (/ alVup*dz + (1 —00/\) | AV(x)u2 da:)
4 n—oo R3 R3

+ lim inf {(1 flug)uy, — F(un)) + bV () ui} dz

n—oo

>i</‘ a|Vu0,\|2dx+(1—90/)\)/ T)ug  da

)
+ /R3 {(i fuon)uon — F(“o,x)) U ,A} du

1 1
=1 [uo |3 + / <4 J(uo\)uox — F(“O,A)) dx
R.’.’)

1
=Tpa(uon) — 1 (T b x(ug 2)suony = Tpa(ug)-
Hence, we have J 1 (up,n) < ¢} and so Jpa(uo, ) = cpp = }fnf Tbx > 0.
bA
By virtues of Theorem 1.1, there exists up x € My, x such that Jp x(upr) =
myp . Thus, by (1.7), Corollary 2.3 and Lemma 4.5, one has

mpx = Jpa(Up,x) = sup Jb,A(SUIA +tuy )
5,t>0 ’

242

_ bs t _
= S:LPO ‘-7(3“(;\) + j(tub,)\) + ||Vu;:>\\|%||Vub7)\||g
S

> sup j(sub NE: sup j(tub NS
s>0

This completes the proof. O

5. The convergence property
In this section, we will give the proof of Theorem 1.5.

PRrROOF OF THEOREM 1.5. In Section 2, b = 0 is allowed in the argument.
Therefore, under the assumptions of Theorem 1.3, there exists vy € My » such
that

T'or(wo) =0 and Joa(vo) =mor= inf Joa(u),
uEMo, n

that is, (1.4) has at least energy sign-changing solution, which changes sign only
once.

For any b > 0, let up » € My x be a sign-changing solution of (1.1) obtained
in Theorem 1.3, which changes sign only once and satisfies Jp (up,x) = mp r-
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Choose wy € C3°(R?) such that wi # 0. From (F;)-(F3), there exist 5 > 0
and By > max {||Vwy |3, | Vwp |3} such that

/ F(swd)de > Bals|* - By, / Ftwy)dz > Bolt* — By,
R3 R3
for all s,t € R. For any b € [0, 1], it follows from (1.7) and Lemma 2.5 that

Toa(upr) =my < m@é T (swi + twy)

2
mx{ ot 13 + 5 1V 1~ [ o o
R3

242

bs -
Ch 1§+ 2 91— [ P+ 0 19 13197 1)

IA

2
t _
max{ it 13+ 225 19 14+ 261 — s + = g I
5,6>0 2

_ b 22 _
+ 2 vl - st + 0 9 1319 1)

IN

2 4
_ 2 +
| 5 i 1 = 5 19 ||2]

2 t _
e | 5l 1§ = 5 IVg 3] + 260 = 80 >0

By (1.7), (1.8) and (2.8), we get

1 1—06p/\
Ao+ 1> Ty a(up, n) — = (T'b (U, ), Up, 2) > (d=6/3) |up, AlI3,
4 4

which implies that {up, »} is bounded in E due to 0 < §y < 1 and X > 6. Hence
there exists a subsequence of {b,}, still denoted by {b,} and ug » € E such that
Up, » — Up,x in E. Similarly to Lemma 2.6, we conclude that ui“)\ — u(ji/\ #0
in E. Note that

(o (o), @) = / (Vo - Ve + V(z)uonp) do — / Fluoa)pde
R3 R3

n—00

= lim <jb )\(ub A) (p>:0

n—oo

= lim [/3(Vubm>\ -V + V(x)up, rp) dz — /3 f(ubmA)cpdx}
R R

for all p € C5°(R3). This shows that J'g x(uop,x) = 0, and then ug y € Mg ) and
Joa(ug ) > mo x.
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Next, we prove that Jp x(uo,x) = mo,x. Let b, € [0,1]. Then it follows from
(F3) that there exists Ky > 0 such that

(5.1) To, a(svg +tvg)

_ S e, Des + |4
=5 llvg IIX + vollz — | Fla,svg)de + HUO [k
R3
bt _ by s%t?
%—Agu%m-+ Ve 11905 13
52 b, s*
<G IR+ 2NV 1 - | Plooi) da

2. 5 by t4
+ D) g 11X + —— Vg |3 — F(tvy ) dx <0,
R3

for all s+t > Ky. In view of Lemma 2.4, there exists (s, t,) such that san +
tnvg € My, x, which, together with (5.1), implies 0 < s, ¢, < K. Hence, from

n

(1.7), (1.8) and (2.1), we have

mox = Joa(v0) = To, A (Vo) — vaollg

n

_ 1-— 54
> Tp,a(snvg +tnvg ) + 1 2T b, A (00), v )

11—t . bn
2 (T a(w0), 0 ) — 2 Vool

1+ K} 1+ K3 _ by,
> My, \ — — C (T b (00), 05 )] = 1 © (T b2 (v0),v5)] = ) Vo3

(1+ K3) (1+ K3)b _o b
=y, = P Vgl BV [ - Vool Veg 15— 2 Vel
which implies that
(5.2) lim sup my,,, » < mo .

n—oo

By (1.7) and (5.2), one has

mox < Joa(uo,n) = limsup Jp, A (up, ») = limsupmy, x < mga.
n—oo n—oo

This shows that Jp x(uo,x) = mo,x- O

6. Concentration of ground state sign-changing solutions

In this section, we will give the proof of Theorem 1.6. Now, let us define
a manifold

Moo ={u€ Hj(Q) : u* #0,(Tp0(u),u’) = (T'bo(u =0}

and

Mp.0 :Ai/{lf Tb0-
b,0
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LeMMA 6.1. Suppose (Vy), (F1)—(F4) are satisfied and A > max{a,fp}.
Then myx < mpg.

PRroOF. Let any fixed n € My g, then ¢ :=nxq € E, where

1 for z € Q,

XQ =
0 forzeR3\ Q.

It follows that ¢ € M, » for all A > 0, and

Topa(s¢H +1¢7)
1 b 2
— et i R 3 ([ 96ct i) Pas) - [ PGt i) do
_1 2 2 b 4 2 ?
52l o g5t [ vean)

" bs2t2 12 9
— | F(s¢h)dx + V¢ P da | |VC | dx
Q 2 Ja Q

2
s3I+ ot ( [ wePan) - [ P do = (et +160)

for all s,t > 0. Thus mpx < TpA(¢) = Tp.0(¢). According to the arbitrariness
of ( € My, we have that my x < myo, where my o is independent of A €
(90,00). O

PROOF OF THEOREM 1.6 (concentration). By the existence of ground state
sign-changing solutions to (1.1), for any sequence {A,} C (max{a, 6o}, c0) with
An, — 00, there exists a critical point sequence {uyp,», } denoted by u, = up,
of Ty, satisfying Jp x, (un) = myp,x, and jb')\n (up) = 0 with u* # 0, where u,
is the corresponding ground state sign-changing solution. We have that

1
mp0 > T, (Un) — = (T oA (Un), un)

4
1—00/An 1 OV
e O ] e vt
4 n rs | |4 4
1-— 9()/)\71
>~ 2
which implies that {u,} is bounded uniformly, that is,
4
6.1 sup ||un S E—
(6.1) nEIiH H/\,,L =1 60/M b,0

It follows that {u,} is bounded in E due to 0 < p < 1 and A, > y. Therefore,
up to a subsequence, there is ug € E such that u,, — ug in E. By the compactness
of Sobolev embedding E — L"(R?) for r € [2,6), we get that u,, — ug in L"(R?)
for all » € [2,6). Up to a subsequence, we may assume that u,(z) — uo(z)
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almost everywhere on z € R®. Since V(x) > 0, it follows from Fatou’s Lemma
and (6.1) that

P R 8
ug dr < liminf Vu; dr < liminf =0.
R3

n—oo  [p3 n—00 n

By condition (V}), we deduce that ug(z) = 0, almost everywhere in R3\ V~1(0)
and ug € Hg(Q). It follows from J; , (un) = 0 that

/aVun~dex+b/ |Vun|2dx/Vun-V1/)dx—/ f(z,up)dx =0,
Q RS Q RS

for v € H}(Q). In order to prove that ug is a ground state sign-changing solution
of the limit system, it is sufficient to show u(jf # 0 and

(6.2) /aVu0~V1/de+b/ |Vu0\2dx/Vu0~V1/)dx—/ f(z,up)pdr =0,
Q R3 Q R3

for ¢ € H}(Q). First of all, we prove (6.2). Going if necessary to a subsequence,
we may assume that

lim |V, |? de = A?

n—oo [p3
exists. It follows that
/ |Vug|* do < A2
]R3

Applying Lemma A.2 in [40] and u,, — ug in H}(Q2), we can get

(6.3) / aVug - Vi dz + bAz/ Vug - Vi do — / f(z,up)p dx =0,
Q

for ¢ € H}(2). From (6.2) and (6.3), it is sufficient to prove that

/ |V |? d;l:—/ |Vug|? d.

Since (Jy 5, (un), un) = 0, then

(6.4) /]R3 (a|Vun|* + MV (2)u?) dx

2
+b</ |Vun|2d:c> f/ [z, up)u, dv = 0.
RS R3

y (6.4) and letting n — oo, we know that

(6.5) aA? +bA* + lim / AV (2)u? dx — / f(z,up)up dz = 0.
R3 R3

n—oo
Take ¢ = ugp in (6.3), we can get
(6.6) a/ |Vug|? do + bA2/ |Vuo|? do — / f(z,up)up dx = 0.
R3 R3 R3
It follows from (6.5) and (6.6) that

/ |Vug|*dr = A? and  lim AV (z)u? de = 0,
R3

n—oo R3



GROUND STATE SIGN-CHANGING SOLUTIONS FOR KIRCHHOFF TYPE EQUATIONS 131

which implies that
lim V(z)u? dx = 0.

n—oo [p3

Thus we obtain that |u,||?> — ||uo||? and u, — ug in E and also in H'(R3).

Finally, we prove that ug # 0. Since u, € My, it follows from the
proof of Lemma 2.7 that 0 < a < [u,|]} , where a is independent of n since
An € (max{a, by}, c0) for n large enough. Moreover, by u,, — ug in E, we have
that ur — u(j)[. Thus, this implies that

0<a< fle,ud)u da
R3

and thus u? = (0. This completes the proof. O
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