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ON THE TOPOLOGICAL PRESSURE
OF THE SATURATED SET WITH NON-UNIFORM
STRUCTURE

Cao ZHAO — ERcAl CHEN

ABSTRACT. We derive a conditional variational principle of the saturated
set for systems with the non-uniform structure. Our result applies to
a broad class of systems including [-shifts, S-gap shifts and their subshift
factors.

1. Introduction

Most results in multifractal analysis are applied to study the local asymptotic
quantities, such as Birkhoff averages, Lyapunov exponents, local entropies, and
pointwise dimensions, which reveal information about a single point or trajectory.
It is of interest to study the level set for these quantities. A topological dynamical
system (X,d, o) (or (X, o) for short) consists of a compact metric space (X, d)
and a continuous map o: X — X. For a continuous function ¥: X — R, we
always consider the following set:

n—o00 N

X, a) = {x € X : lim lgw(aix) = a}.
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The level set X (¢, ) is the multifractal decomposition set of ergodic averages
of 9. There are fruitful results about the descriptions of the structure (Hausdorff
dimension or topological entropy or topological pressure) of these level sets in
topological dynamical systems. We refer the reader to [1], [2], [7]-[9], [11], [13],
[12], [16] and the references therein. In [11], Pfister and Sullivan consider the
saturated sets and obtain a conditional variational principle. Let C(X) be the
space of continuous functions from X to R. For ¢ € C(X) and n > 1, denote

n—1 .
Spp(z) == > p(c'x). Denote by M(X), My(X) and MS(X) the set of Borel
i=0
probability measures on X, the collection of all g-invariant Borel probability
measures and all o-ergodic invariant Borel probability measures, respectively. It
is well-known that M (X) and M, (X) equipped with weak* topology are compact

metrizable spaces. There exists a countable and separating set of continuous
functions {f1, f2,...} with 0 < f;(z) <1 on X such that

D)=l =l =Y g | [ s [ siav

k>1
defines a metric for the weak* topology on M (X). Denote the limit point set of
{zn}n>1 by A(z,). Define

bl

n—1
1
n = - 50-10:.
En() n;
The generic set for p € M,(X) can be denoted by
Gu(X,0) = {o € X : A(Ea()) = {u}}.

For any compact connected subset K C M, (X), define the saturated set for K
as follows:

Gg(X,0) ={x e X : A(&,(x)) = K}.
We define the multifractal spectrum for ¢ € C(X) to be Ly = {a € R :
X (¢, ) # 0}. In [11], Pfister and Sullivan showed the following theorem.

THEOREM 1.1. If (X, 0) satisfies the g-almost product property and the uni-
form separation property, then for any compact connected non-empty set K C
Mo (X),

inf{h,(0): p€ K} = hiop(Gr(X,0)),

where hiop( - ) denotes the Bowen topological entropy.

We can see that the above theorem needs two conditions: g-almost product
property and the uniform separation property. The g-almost product property
is a kind of specification property which holds for the case of S-shifts. In this
paper, we consider a class of symbolic systems which was studied in [5]. That is,
(X,0) is a symbolic system with non-uniform structure: there exists G C L(X)
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which has (W)-specification and £(X) is edit approachable by G. The details of
definitions will be given in the next section. This can be considered as another
kind of specification property which holds for both S-shifts, S-gap shifts and
their subshift factors.

Our main results are the following.

THEOREM 1.2. Let X be a shift space with L = L(X) and ¢: X — R be
a continuous function. Suppose that G C L has (W)-specification and L is edit
approachable by G, then for any compact connected subset K C M,(X). We
have

Py (9) = inf {iulo) + [ oan),
where Py () denotes the topological pressure.

Accordingly, we investigated the size of the irregular set. For ¢ € C(X), set

)?("/)) = {SUEX: lim S”#(x)

n—oo

does not exist}.

THEOREM 1.3. Let X be a shift space with L = L(X) and ¢: X — R be
a continuous function. Suppose that G C L has (W)-specification and L is edit
approachable by G, then for any ¢ € C(X), either )?(1/}) =0, or

P)?(@(‘P) = Px (o),

where Py () denotes topological pressure.

2. Preliminaries

In this paper, we consider the symbolic space. Let p > 2 be an integer and
A={1,...,p}. Define

AN = {(w;)22, : w; € Afori>1},

which is compact with the product discrete topology. We can define the metric
on AN, for any u,v € AV, define

d(u,v) := e~ w0l

where |u A v| denotes the maximal length n such that uy = vy,...,u, = v, and
d(u,v) =0 if u = v. We say that (X, o) is a subshift over A if X is a compact
subset of AN, and 0(X) C X, where o is the left shift map on AY defined by

o((wi)2)) = (wip1)i2,,  for all (w;);2, € AV

In particular, (X, o) is called the full shift over A if X = AY. The language
of X, denoted by £ = L(X), is the set of finite words that appear in some z € X
that is,

L(X)={we A" : [w] # 0},
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where A* = |J A" and [w] is the central cylinder for w, which is the set of
n>0
sequences z € X that begin with the word w. For any collection D C L, let D,

denote {w € D : |w| = n}. Thus, £, is the set of all words of length n that
appear in sequences belonging to X. Given words u, v, we use juxtaposition uv
to denote the word obtained by concatenation.

We give the definition of topological pressure for non-compact set in symbolic
systems.

DEFINITION 2.1. Let X be a subshift space on a finite alphabet and Z C X be
an arbitrary Borel set. For N € N and ¢ € R, we define the following quantities:

M(Z,t,o,N) = inf{ Z exp (—t(m—l—l) +  sup Zap(akw))},
[wo... wm]ES wE[wo...wm] k=0
where the infimum is taken over all finite or countable collections S of cylinder
sets [wg . . . wy,] with m > N which cover Z. Define

M(Z,t,9) = lim M(Z,t,p,N).

The existence of the limit is guaranteed since the function M(Z,t, ¢, N) does
not decrease with N. By standard techniques, we can show the existence of

PZ(SD) = inf{t : M(Z,t,(p) - 0}’

and then, we define the topological pressure of Z by Pz(p). If ¢ = 0, then
Pz(0) = hiop(Z), where hyop(Z) denotes the Bowen topological entropy.

DEFINITION 2.2 ([5]). Given a shift space X and its language £, consider
a subset G C L. Given 7 € N, we say that G has (W)-specification with gap
length 7 if for every v,w € G there is u € £ such that v'uw’ € G and |u| < 7,
whenever v’ is suffix of v, w’ is prefix of w.

DEFINITION 2.3 ([5]). Define an edit of a word w = wy...w, € L to be
a transformation of w by one of the following actions, where u’ € £ are arbitrary

words and a,a’ € A are arbitrary symbols.

Lau? — w' = uta'u?.
(b) Insertion: w = u'u? — w’ = uta'u?.

Lau2 — w' = ulu?.

(a) Substitution: w = u

(c) Deletion: w=u

Given v, w € L, define the edit distance between v and w to be the minimum
number of edits required to transform the word v into the word w: we will denote

this by d(v,w). The following lemma about describes the size of balls in the edit

metric.

PROPOSITION 2.4 ([5]). There is C > 0 such that given n € N, w € L,,, and
0 > 0, we have

#{vel: (j(v,w) < dn} < OnC(eCoe01080)n,
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Next we introduce the key definition, which requires that any word in £ can
be transformed into a word in G with a relatively small number of edits.

DEFINITION 2.5 ([5]). Say that a non-decreasing function g: N — N is a mis-
take function if g(n)/n converges to 0. We say that L is edit approachable by G,
where G C L, if there is a mistake function g such that for every w € L, there
exists v € G with d(v, w) < g(|w]).

LEMMA 2.6 ([5]). For any continuous function ¢ € C(X) and any mistake
function g(n): N — N, there is a sequence of positive numbers 6, — 0 such that
if z,y € X and m,n € N are such that d(z1 ... Tp,y1 - -Ym) < g(n), then

1 1
— n - Mm S 517,
-5 v(z) - ©(y)

Similarly to the above lemma, we can give another lemma for measures.

LEMMA 2.7. For any mistake function g(n), there is a sequence of positive
numbers 6, — 0 such that if z,y € X and m,n € N are such that d(z ...z,

Y1+ -Ym) < g(n), then D(E,(x),Em(y)) < Op.
PROOF. Let {f1, f2,...} with 0 < f;(x) < 1 be a countable and separating

set of continuous functions on X and
[ e [ v

From Lemma 2.6, we can choose 8% — 0 as n — oo

1
D(p,v) = pn=vl =3 5

k>1

for any p,v € M(X).
for each f; with i >
d(arl...xn,yl.. Ym) <

Hence, if z,y € X and m,n € N are such that

;(n) then
D(&,(z),Em(y) /fkdé' /fkdé' ‘

Qk
k>1
L | Snfr(2) mfk K
- Z ok n 2 s Z ok "
k>1 k>1
We set 6, := > §%/2F > 0 and we have D(E,(z), En(y)) < d,. Then
k>1
5k
S 0= Jim 58 = 2 i i 3% =
k>1
So we are done. O

We can get the following lemma, by applying [5, Proposition 4.2 and Lem-
ma 4.3].

PROPOSITION 2.8 ([5]). If G has (W)-specification, then there exists F C L,
which has free concatenation property (for all u,w € F, we have uw € F) such
that L is edit approachable by F.



318 C. ZHao — E. CHEN

3. Proof of Theorem 1.2

The upper bound is easy to get by Theorem 3.1 in [9]. To prove the lower
bound, we begin with a proposition about measures.

k k
PROPOSITION 3.1. Let a;, B; > 0 with > a; =1 and > B; = 1, for p;,m; €
i=1 i=1
M(X), then we have

k k k k
D(Zaiﬂi; Zﬁm) < Z%D(Mmmi) + Z lovi — Bl [|mall,
i=1 i=1 i=1 i=1

where
1
|lm| := sup ’/fdml.
o<lifii<t If1
PROOF.
k k k k k k
D(ZO@%Z&W) < D(Z%‘MuZ%‘”ﬁ) +D(Zaimi,25imi>

i=1 i=1 i=1 i=1 i=1 i=1

k
oziD(,ui,mi)—FZMi—ﬁi|||mi||~ M

1 i=1

-

<

?

To estimate the lower bound, we need the following Horseshoe theorem given
in [5].

THEOREM 3.2 ([5]). Let X be a shift space. Suppose that G C L has (W)-
specification and L is edit approachable by G. Then there exists an increasing

sequence { X, } of compact o-invariant subsets of X with the following properties:

(a) Fach X, is a topological transitive sofic shift.

(b) There is T € N such that for every n and every w € L(X,,), there are
u,v € L with |ul, |v| <n+T such that uwv € G.

(¢) Fwvery invariant measure on X is entropy approachable by ergodic mea-
sures on Xp: for anyn > 0, any p € My(X), and any neighborhood
U of pp in My(X), there exists n > 1 and y' € ME(X,) NU such that
hy (o) > h, (o) —n holds.

LEMMA 3.3 ([11]). Let K C My,(X) be a compact connected non-empty set.
Then there exists a sequence {a1,aa, ...} of K, such that

{aj:jeNj>n} =K, forallneN, and lim d(aj,oj41)=0.
]*}OO
DEFINITION 3.4. Given p € M,(X) and € > 0, let
L ={we Ly, : D&, (), ) < e for all x € [w]}.

By Proposition 1.1 in [11], we have the following result.
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LEMMA 3.5. For any ergodic measure p € ME(X) and €, > 0, there exists
N(u,e,0) € N such that for n > N(u,e,0), we have
# LHE > en(h“(v)—@7
where # denotes the cardinality of a set.
Now we begin to show the lower bound of Theorem 1.2.

3.1. Choose a sequence {n;},>1. Let n > 0 and

h*inf{h#(o)Jr/godu:uGK}

We only need to prove that Pg,. (x, G)(go) > h*. We choose ¢ small enough, such
that for any p, o € M(X) with D(«, u) < &9, we have

(3.1) ‘/(pdu /goda

By Horseshoe Theorem 3.2, we choose a sequence of measures {a;},;>1 in K
satisfying Lemma 3.3. Then, for any j, there exist X; C X, p; € MS(X;) and
€; — 0 with €; < g9 such that

<*.

D(uj,a5) < %ﬂ and  hy, (0) > ha, (o) — g

It follows from Lemma 3.5 that there exists ]Vj such that n > Kfj satisfies
#Eujﬁj/Q > en(h//-bj (0)—77/2)’

Thus, for any n > Nj,
# L9 > #L-;#,ej/z > e (0)=n)

By the assumptions and Proposition 2.8, L is edit approachable by some F which
has free concatenation property. We can define a map ¢r: L — F such that
d(w, pr(w)) < g(|lw|), and then we can define a map ®: L* — F by editing then
gluing. That is

(wh, ..., w") = ¢r(wh)dr(w?) ... or(w"),
where £* = {(w!,...,w") :w’ € £, 1 < j <n,n € N}. Let y < 1 be small
enough with C'y — xlog x < n; one can pick M > 0 such that
(3.2) CnC (eCxexlosx)n < e(n—g(n)n
for all n > M. From Lemma 2.6, (3.1) and the fact g(n)/n — 0, we can choose
n; — 0o, such that n; > anax{]/\}'j?M}7

g(ny)

(3.3) — L x K7,
nj
Sigrwi|PYy)  Sn;p@)| _n Sy, () n
. - - < = 2 7 J< XL
T e T I A A B
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and
(35) g(nj)htop(a> < n,
n; — g(n;)
for any w? € L%, x € [w], y € [¢p#(w?)]. Moreover, by Lemma 2.7, we obtain
(36) D(g’ﬂj (x)75|d>}-(wJ)|(y)) — 0,

for each w? € £37"% and any = € [w], y € [px(w’)]. By Proposition 2.4, (3.2)
and (3.3),
(3.7) #{w e L3759 1 pr(w) = v} < anc(ecxefxlogx)"j

< emi=9(nn < olvin,

3.2. Construction of the Moran set H. For brevity of notation, we write
D; = E,O{j 7. Moreover, we pick a strictly increasing sequence Nj, — oo with
N €N,
k

_ > (nj +g(ny)N;
. Ng+1 + g(Nk41) j=1 _
S Sy =0 =0
> (nj —g(n;))N; > (nj — g(n;))N;
j=1 j=1

We now define new sequences {n}},{a’;} and {D}} by setting for j = N1 +...+
Ni—1+ ¢ with 1 < ¢ < Ng,

€} 1= g, Ny 1= N, o := oy, D} := Dy.
Consider the map ®: [[ D} — X, defined by editing then gluing. More pre-
j=1
. o 7 . .
cisely, given w = {w’}32, € [ D;, let v/ = ¢r(w’) € F and ®(w) = v'o?...
. i

Put H := <I>( 11 D;) Next we will prove the fact that H C Gk (X, o). For
j=1

any w = {w/}22, € [[ D}, we define l; = [;(w’) = |pF(w?)| for the length of
j=1

the words associated to the index j. Clearly,

(3.9) 1 — ) < g(n}).

From the construction of o, we have A(a}) = A(a;) = K. For any j =

j
Ni+ ...+ Nip_1+¢, 1 < g < N, we define t; = > ;. By (3.8) and (3.9),
i=1

we obtain

li /
l—j < e AN —fg(n.j) — 0.
tj J

>

i=1
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Hence, A(&; (®(w))) = A(En(P(w))). Then it is sufficient to show that

lim D(&,(®(w)),a)) = 0.

J—00 J

Assume that j = Ny + ...+ Ny_1 +¢q, 1 < ¢ < N, we have o/, = ay. Define

J
cr = N1+ ...+ Ni. Then we can make the following estimate:
ey,
D(&,; (®(w)), o) < 7: = D(&,, ,(2(w)), )
J
tck—l - tCk—2 te ’
+ R D, -t (02 B(w), )
t] tck—l t /
+ —— D(&;—t,,_, (071 0(W)), )

<l pe,  (@(w)),a))

tc-_ _tca_
+ 2 D, (072 B (W), )
J
tc - tc _
i "2 D(a—1, ag)
t
tj —ley_y te
e D&y, (07 D(W)), ).
J

From (3.8), (3.9) and Lemma 3.3, we obtain

te,,
(3.10) =2
tj
< N1n1+...+Nk_2nk_2+ng(n1)—|—...+Nk_gg(nk_2) -0
T Ning 4 ...+ Np_ing—1 + qni — Nig(ni) — ... — Ni—1g(nk—1) — qg(n) ’

D(ak,l, ak) — 0.
For 1 < i < Nj_1, taking any z; € [w-27¢], we can make the following estimate:

D(& i (o2 ® (W), 1)

Ck—1" "Ck—2

Ny_1 Ni_1

le_oti . Nk—1
<D _ Ckoatt & ) O’tCk*Q_H’_l(I) w)), — & X;
- (z—zl tck—l *tmcfz Lk_ﬁl( ( )) 1:21 Nk—lnk—l k_l( )
Ny_1 n
k—1
D — &, i), Qg
- ( ; Ni_1ng—1 e (7, 1)
Ni—1

< (Utck_2+i71¢(w))v‘€7lk71(zi))

~ N1
_ Ml pg
;—2t+
—~ Np-1mp—1 o2
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lck—z-‘ri Nk—1 t ;

+ — &, o7kt D (w
2 it e (PP (w)ll
Ni_1 1

+ D&, (xi),ak_1),

; Nkfl ( Nk 1( 7,) 1)

where the above inequality follows from Proposition 3.1. By (3.6), we have

Ny—1

Mg—1 te i ; .
; m D(El%72+i(a ko2t I(I)(W))agnk71(zi)) —0 (] - OO),

by the definition of D}, we have

Ni_1

1
N D(Enkfl(xi),ak,l) — 0.
i=1 kL
We estimate the following
Ny—1 I n
Crp—2+1 k—1 t i
- 1€, i (@m0 (W)
i=1 tewy —ley  Ne—1mp-1 o2t
N Ny
< iy lck—2+7; _ NE—1 _ — lcrc72+i _ 1
- i=1 tck*l - tck72 Nk_lnk_l i=1 tckfl - tck*Q Nk_l
Ni_
_ kzl lefz-‘riNk—l - (tclc—l - tck—z)
i—1 (tck—l - tckfz)Nk’—l
Ny_1

(lew—oti = M—1)Ni—1 + 11 N1 — (te,_, —tep_,)
(tck—l - tckfz)Nkfl

i=1
Ng_1 Np_1
y K 2Ng—19(nk—1) N i 2Ng_19(nk—1) ’
N i—1 (tck—l _tck—2)Nk*1 B i=1 Nl?—l(nkfl _g(nkfl))
Ny 1
2 g(ng—1)
=— ——1 =0
N1 ; nk—1 — g(ng—1)
as k — oo, since
i — ) g, 901)
k=0 Ng_1 — g(nk,l) k=0 Np_—1
So we have
(3.11) D(gt%a*tck_g (O’tck*“b(w)),ak,l) —0

as k — oo.
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Likewise, choose any y; € [w-1+*1] for 0 <14 < g — 1, it follows that

D(Et;t,,_, (0"s=2 @(w)), o)

q—1
l‘ —1+i+1 )
:D<Z t(jk—lt : 8lck—1+i+1 (OtCk_lJrl(I)(W))vak
i=0 J Ck—1
-1
<D<qz le71+i+1 & » ( teg_ 1+zq) Z Nk >
= £ t—to,, cp_1+it+l 71 - an
q
+ D(Z nk yz k)
=0
q—1 1
< - D(glck_1+i+1(O'tck71+iq)(w))vgnk (yz))
=0 q
q—1 l
+itl
N e ||+Z Ena (05)s 1),
—0 Ck—1

where the above inequality follows from Proposition 3.1. By (3.6), we have

-1

>Q

1 )
y Dl s (01 0(w)), £, () (= o)

I
<

3

It follows from the definition of D;- that,

Ju

Q

D&y (yi),ar) = 0 (k — 00).

g
Il
(e}
Q| =

Next, we estimate the following:

g—1

ch71+i+1 - Ck 1+1+1 1
Z t] - tck—l g ||gnk yl S Z (,k 1 B 6
=0 =0
-1
_ . qlck71+i+1 - (tj - tck—l)
i—0 Q(tj - tck—l)
-1
_ qz qUey s +it1 — ) + g — (8 —te, )
pat Q(tj - tCk—l)
q—1 q—1
2 2
< . qg(ny) ‘ _Z Z g(ny) ’ 0
Pk —g(me)) | q = [ (nk — g(n))
as k — oo, since
fim — 90y 90)

k—0 (nk — g(nk)) k—=0 MNk_1
Hence,

(3.12) D(E;—t., | (v -1 ®(w)), o) — 0
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as k — oo. By (3.10)—(3.12), one has

lim D(&,(®(w)),a’) = 0.

Jj—o0o J
So we proved H C Gk (X, 0).
3.3. To estimate the lower bound. Now we prove Pg, (x,0)(p) > h*.

From the choice of N; and the fact that [I; —n}| < g(n}), one can readily verify
that lim ¢;/t;41 = 1. For any j € N, we have
J—00

(3.13) 4D = #‘CZZ‘,EJ' > i (rag () =m)
J

Let w = (wh,w?,...) € _1:[1 D’. Then, for any w?, by (3.4), we have
(3.14) ‘/gpd&j(atjlé(w)) —/(pda;-
B ‘sljw(gtmcp(w))  Swpl@)

!
lj le

+ | —= —/godoz;-

7

<,

where j > 1, z € [w7].

Clearly, H is a compact set. We can just consider finite cover C of H by
cylinder sets with the property that if [w] € C, then [w] N H # (. For each
[w] € C, |Jw] > N, we define the cover C’, in which each cylinder [w] € C is
replaced by its prefix [w|;,] where t; < |w| < t;;1. Then, for any h < h* —4n,

M(H, hyp, N)

:inf{ 3 cexp(—ﬁ(m+1)+ sup i¢(0k$)>}

[wo...wm] € z€[wo...wm] ;2o

> inf{ S exp ( —htjs1+  sup f: @(akx)> }

[wo.“wtj,l]ecl IG[wg...w,n] k=0

Consider a specific C’ and let s be the largest value of j such that there exists
[wl,] € C'. In the following, we set

k s
Wk = H(D(D;), Ws = U Wk.
i=1 k=1
For any w’ € D} and I; = I;(w’), we can use (3.5) and (3.13) to get

(3.15) #D; > en}(ha} (e)—n) > elj(hag (0)—n)—9(n’j)(ha3 ()=n) > elj(ha;, (0)—?7)—1177'
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Furthermore, (3.7), (3.15) and (3.14) yield

(3.16)
40(D) > Gl har ()= =2lm
> oxp (15 oy (0) + [ el ) = 1,000 0(w) - 30
> exp (I;h* — Sy, (o' @(w)) — 3l;m),
for any w = (w',w?,...) € :l D} and l; = Lj(w?), E = wlglea%(; l;. By (3.16), we
obtain ‘
(3.17) (Wil > exp (th* — 3tk — Sp, 0(®(w))),

00 - E
for any w = (w',w?,...) € [[ D} and t, := Y l;. For 1 < j <k, we say the
i=1 i=1
word vy ...v; € W is a prefix of w = wi...wp € Wy if vy = ws, i =1,..., 4.
Note that each w € W is the prefix of exactly |Ws|/|[Ws| words of Wy. If
W C W, contains a prefix of each word of W, then

S

3 W0 W[ [Ws|

> Wl
Wil S

k=1
If W contains a prefix of each word of W, we have

It follows from (3.17) that

Zexp(—tjh* + St 0(P(w)) + 3tym) > 1.

c/
By (3.8), we have ¢;/t;11 — 1 and tAj/th — 1, moreover, we claim that for any
w=(w'w?...)e [[ Dj,

i=1

m

(1" — S (@(w)) — 3Eym) — (ﬁtj+1 o Y 90(33)> >0,
mG[@(W)‘(erl)] k=0

Then, for N large enough,
M(H, h,,N) > inf { Z exp ( - /ﬁtj+1 + sup Zw(o’%)) }

[wo...wy; —1]€C z€[wo...wm] ;g

> Zexp(—tjh* + St 0((W)) + 3t;m) > 1.
C/

Moreover, M(H,ﬁ,cp) > 1, so we have Py(p) > h. Hence, Pg, (x,0)(®) >
Py(p) > h. Together with h<h*— 4n and 7 is arbitrary small, this completes
the proof. O
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COROLLARY 3.6. Let X be a shift space with £ = L(X). Suppose that G C L
has (W)-specification and L is edit approachable by G, then for any u € M,(X),
we have G, (X, 0) # 0.

PROPOSITION 3.7. Let X be a shift space with L = L(X). Suppose that G C L
has (W)-specification and L is edit approachable by G, then Ly is a non-empty
bounded interval. Furthermore, Ly = { [ dp: p € M,(X)}.

PROOF. Let Z, := {[ ¢ du : p € M,(X)}. Since M,(X) is compact, then
Zy is bounded. We will show Z, = L. For any a € Z,, we can choose
p € M,(X) such that &« = [ 4 dp. By Corollary 3.6, there exists z € G, (X, 0),
so o € Ly, this shows Zy, C Ly. On the other hand, for any o € Ly, we can
choose = € X (¢, ). Let pu be any weak® limit point of the sequence &, (x). It
is a standard result that p € M,(X), and it is easy to show that [ du = a.
So we have Zy, = L. Secondly, we show Z,, is an interval using the convexity of
M,(X). Assume Z,, is not a single point. Let a1, a2 € Z,. Let 8 € (aq, ), and
i satisfying [ dp; = a; for i = 1,2. Let t € (0,1) satisfy 8 = taq + (1 — t)as.
If m = tpy + (1 — )2, then [ du=p. O

We give the following conditional variational principle.

PROPOSITION 3.8. Let X be a shift space with L = L(X) and ¢: X — R be
a continuous function. Suppose that G C L has (W)-specification and L is edit
approachable by G, then for any ¢ € C(X), a« € R

Px () () =sup{hu(0)+/¢du :/wduza}.

PROOF. Let F(a) := {u € My(X): [du = a}. F(a)is a closed set. The
statement lim S,y (z)/n = a is equivalent to the statement &,(z) has all its
n—oo
limit-points in F(«). Let
GF@ = {r e X : A&, (2)) C F(a)}.

For any u € F(a), we have G,,(X,0) C GF(®. So

hu(o) + / pdp = Pg,(x,0) () < Pgre(9),

and thus sup{h,(c) + [@du: p € F(a)} < Pgr@ (). On the other hand, the
upper bound can be verified by Theorem 3.1 in [9]. O

Finally, we can show the result about irregular set.

PROOF OF THEOREM 1.3. Since the entropy map is upper semi-continuous,
there exists ergodic measure y € M¢(X) such that Px(¢) = h,(0)+ [ @ du. By

~

Lemma 2.1 in [14], X (¢) # () implies that there exists another ergodic measure
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v € MS(X) and [¢dv # [¢du. Let p, € (0,1) and p, — 0, we define
Up = ppV + (1 — pp)p. Clearly, v, — p and
(o) + [ wdin = Px(i).

For any n > 0, choose N > 1, such that for any n > N,

hy, (o) + /(pdun > Px(¢) — 1.

Furthermore, define the compact connected subset K,, := {tv, + (1 —t)u: t €
[0,1]} € M,(X). For any n > 1, we have

~

X(W)D{xe X : A(z)) = Kyp}.

It turns out that

Pg () = inf {hm(a)-i-/godm}

meK,

= inf {thyn +(1—t)hu(0)+t/cpdun+(1—t)/g0d,u}

telo,1]
> ol {{Px(e) —m) + (1= )Px(p)} = Px(¢) = 1.
Since 7 can be arbitrary small, the proof is complete. O

4. Applications

4.1. Hausdorff dimension. In this section, we use the Hausdorff dimen-
sion to describe the level set. We use a metric defined by Gatzouras and Peres
in [6]. Given a strictly positive continuous function ¢: X — R, we define a
metric d, on X by

o e T e
dy(z,y) = v
0 ifex=y.

Observe that d, induces the product topology on X, since the strict positivity
of ¢ implies that S,p(z) — oo for all x € X. Furthermore, we can use the
metric d, to define Hausdorff dimension denoted by dim,, (- ). Together with the
definition of topological pressure, we readily get that for any set Z C X, the
Hausdorff dimension of Z is a unique solution of Bowen equation Pz(—sp) = 0,
ie. s = dim,(Z). Moreover, by Theorem 1.3 and Proposition 3.8, we have the
following conditional variational principles.

PROPOSITION 4.1. Let X be a shift space with L = L(X). Suppose thatG C L
has (W)-specification and L is edit approachable by G, then for any ¥ € C(X),

ity (X (1, a)) = sup { }LZ;Z [ wdn= a}.
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PROPOSITION 4.2. Let X be a shift space with L = L(X) and ¢: X — R be
a strictly positive continuous function. Suppose that G C L has (W)-specification
and L is edit approachable by G, then for any ¢ € C(X), either X (v) =0, or

dimy, (X (¢)) = dim,(X).
4.2. Subshifts. In this section, we study the level set of two main examples
(S-gap shifts and S-shifts).

S-gap shifts. For a subshift of {0, 1}, fixed S C {0,1,...}, the number of 0
between consecutive 1 is an integer in S. That is, the language

{0"10™10™210™1...10™10™ : 1 < i < k and n; € S, n,m € N},
together with {0™ : n € N}, and this subshift is denoted by Xg.

B-shifts. Fix 8 > 1, write b = [B8] and let w® € {0,1,...,b — 1} be the
0 .
greedy (-expansion of 1. Then w” satisfies > wf 877 =1, and has the property
j=1

that o’ (w?) < w? for all j > 1, where < denotes the lexicographic ordering.
The B-shift is defined by

Yp={ze{0,1,....06-1}":07(z) < w” forall j > 1}.

In fact, in [5], Climenhaga, Thompson and Yamamoto showed that all the sub-
shift factors of S-gap shifts and [S-shifts satisfy the the conditions of Theorem
1.2 (i.e. these subshifts have non-uniform structure). Hence, for X = Xg or Xg,
and ¢, € C(X), ¢ >0, a € R, we have

tm 560 = {2951 -0},

and either X (1) = 0 or dimw()?(w)) = dim,(X). Accordingly, we also can use
the topological pressure to describe these level set just like Theorems 1.2 and 1.3.
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