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ABSTRACT. A spectral sequence analysis of a filtered Novikov complex
(N« (f),A) over Z((t)) is developed with the goal of obtaining results re-
lating the algebraic and dynamical settings. Specifically, the unfolding of
a spectral sequence of (N (f),A) and the cancellation of its modules is
associated to a one parameter family of circle-valued Morse functions on
a surface and the dynamical cancellations of its critical points. The data of
a spectral sequence computed for (V. (f), A) is encoded in a family of ma-
trices A” produced by the Spectral Sequence Sweeping Algorithm (SSSA),
which has as its initial input the differential A. As one “turns the pages” of
the spectral sequence, differentials which are isomorphisms produce cancel-
lation of pairs of modules. Corresponding to these cancellations, a family
of circle-valued Morse functions f" is obtained by successively removing
the corresponding pairs of critical points of f. We also keep track of all
dynamical information on the birth and death of connecting orbits between
consecutive critical points, as well as periodic orbits that arise within a fa-
mily of negative gradient flows associated to f”.
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1. Introduction

Given f: M — R a Morse function, consider a filtered Morse chain complex
associated to it. Once the dynamics is presented at the chain complex level, it is
natural to use homology techniques to explore it. In [4], [6], [8], [9] we have chosen
to work with a powerful homological tool, namely, a spectral sequence of a filtered
Morse chain complex. Spectral sequence analysis has proven to be useful in
relating algebraic and dynamical information and has been investigated by other
authors, see for example [3], [2]. This relation has been explored for gradient
flows generated by Morse functions and their filtered Morse chain complexes.

Let f: M — R be a Morse function on a smooth closed n-manifold. Consider
the Morse chain complex of f, (C.(f),0), where C.(f) is a Z-module generated
by the critical points and graded by their indices, i.e.

o= @ z@),
w€Crity (f)
where Critg(f) is the set of critical points of f of index k. The differential 9 is
defined on the generators of C}, by

Ok(x) = > nzy)y),
y€Crit,_1(f)
where n(z,y) is the intersection number of z and y. See [13] for more details.

It was proved in [6], [9] that a spectral sequence (E",d") of a filtered Morse
chain complex (C.(f), d) can be retrieved from its differential 0 via the Spectral
Sequence Sweeping Algorithm (SSSA in short). In [8], spectral sequences were
considered over Zs and it was proven that changes of generators of the modules
E" determine bifurcation behavior. In [4] and [5], the spectral sequence analysis
was realized for an n-dimensional filtered Morse chain complex over Z, n = 2 or
n > 5. This analysis relates the algebraic cancellations caused by non-zero dif-
ferentials d” to dynamical cancellations of pairs of critical points. Consequently,
as one “turns” the pages of the spectral sequence, dynamical cancellations occur
successively. Thus, we obtain a global dynamical cancellation theorem which
keeps track of birth and death of connections of critical points.

Motivated by outlook, in this article, we undertake a completely new dynam-
ical setup by considering circle-valued Morse functions f: M — S* on a closed
manifold M. Similarly to the Morse complex, the Novikov complex (N, (f),0)
associated to f is a chain complex of free modules generated by the critical points
of f, see Section 2. However, instead of the ring of integers, the Novikov com-
plex is defined over Z((t)), the ring of Laurent series in one variable with integral
coefficients and finite negative part. The Novikov boundary operator 0 in this
complex is related to the topological-dynamical features of a gradient flow of f.
More specifically, 0 “counts” orbits with signs connecting consecutive critical
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points over Z((t)) and it is represented by a matrix denominated as a Novikov
matrix A.

In this article, we establish the groundwork for the association of a spectral
sequence analysis of a filtered two dimensional Novikov chain complex with the
dynamical exploration of connections in the negative gradient flow of f. This
is done by applying the SSSA to (N.(f),d). More specifically, as one “turns
the pages” of this spectral sequence, i.e. considers progressively modules E", one
observes that each algebraic cancellation occurring among the E", tracked by
the SSSA, corresponds to a dynamical cancellation of a pair of critical points
of f. Moreover, as r increases, the spectral sequence (E",d") stabilizes and
converges to the Novikov homology HN°V(M, f) of f. Although cancellation of
critical points in the Novikov setting has been done, e.g. in [10], the novelty in
this article is a global dynamical cancellation theorem for circle-valued Morse
functions via spectral sequence analysis.

It is unquestionable that we have developed a phenomenal algebraic tool,
SSSA, to compute the modules and differentials d” of a spectral sequence of
a filtered Novikov chain complex. Although this result has considerable algebraic
value in itself, this effort is fully compensated by the algebraic-dynamical cancel-
lation results herein. A significant result uses the differentials d"’s of a spectral
sequence, that are responsible for algebraic cancellations, to understand criti-
cal point cancellations within a family of circle-valued Morse functions f” and
the respective family of associated negative gradient flows ¢". The dynamical
significance of these algebraic cancellations, ultimately, provides a backstory of
death and birth of orbits of ¢" due to cancellations of consecutive critical points
of f". Also, as the spectral sequences analysis unfolds, it is possible to detect all
periodic orbits that arise within the family ¢”.

In Section 3, we recall the definition of a spectral sequence for a filtered chain
complex and present the filtrations considered throughout this paper. The main
tool behind this correspondence is the Spectral Sequence Sweeping Algorithm
(SSSA), which is presented in Section 4. In Section 5, Theorem 5.1 addresses
the fact that the SSSA can be applied to a Novikov complex (N.(f),A) in
dimension 2. Also, within this section, it is shown that the SSSA produces
a sequence of matrices, which we call Novikov matrices, that are characterized in
Theorems 5.10 and 5.11. In Theorem 5.13, we prove the surprising result that the
last matrix produced by the SSSA has polynomial entries (1) in Z((#)), although
the intermediate Novikov matrices may exhibit entries which are infinite series.
In Section 6, we prove in Theorems 6.3 and 6.4 that the modules and differentials
(E™,d") of the spectral sequence may be retrieved from the sequence of Novikov
matrices produced by the SSSA. More specifically, the SSSA provides a system

(1) A polinomial in Z((t)) is a finite sum of powers of t, t¢, with £ € Z.
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which spans E” in terms of the original basis of N, (f) as well as identifies all
differentials d: Ej, — E,_,.. Finding a system of (r — 1)-cycles that span E"
in terms of the original basis of N.(f) is a non-trivial matter. In Section 7 we
obtain in Theorem 7.2 a global dynamical cancellation theorem for circle-valued
Morse functions via spectral sequences analysis.

Hence, the emphasis in this article is on the spectral sequence analysis and
its correlation to the dynamics. The importance of this method is that it estab-
lishes the foundation for future investigation on the algebraic implications to the
dynamics in the Novikov setting in higher dimensions.

2. Characterization of the Novikov complex

The goal of this section is to prove a characterization of the Novikov differen-
tial in the case of orientable surfaces, which will be essential for both dynamical
and algebraic further results. Initially we present some background material on
circle-valued functions and Novikov complex over Z((t)). Further details can be
found in [12].

Denote by Z[t,t!] the Laurent polynomial ring. Let Z((t)) be the set con-
sisting of all Laurent series

A= Z a;t?

icZ

in one variable with coefficients a; € Z, such that the part of A with negative
exponents is finite, i.e. there is n = n(\) such that ax = 0 if k¥ < n(\). In fact,
Z((t)) has a natural ring structure such that the inclusion Z[t,t~1] C Z((t)) is
a homomorphism. Moreover, Z((t)) is a Euclidean ring.

Let M be a closed connected manifold and f: M — S' be a smooth map from
M to the one-dimensional sphere (?). Given a point z € M and a neighbourhood
V of f(xz) in S' diffeomorphic to an open interval of R, the map f[s-1(y) is
identified to a smooth map from f~*(V) to R. Therefore, in this context one
can define non-degenerate critical points and Morse index as in the classical case
of smooth real-valued function. A smooth map f: M — S' is called a circle-
valued Morse function if its critical points are non-degenerate. The set of critical
points of f will be denoted by Crit(f) and Critg(f) is the set of critical points
of f of index k.

Considering the exponential function Exp: R — S! given by ¢t — e
the infinite cyclic covering E: M — M induced by the map f: M — S' from
the universal covering Exp, there exists a map F: M — R which makes the

2mit and

(?) S1 is viewed as the submanifold {(z,y) € R? | 22 + y2 = 1} and is endowed with the

corresponding smooth structure.
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following diagram commutative:
M
EJ/

M=

Exp

A

Moreover, f is a circle-valued Morse function if and only if F' is a real-valued
Morse function. Observe that if Crit(F) is non-empty then it has infinite car-
dinality. If M is non-compact, one cannot apply the classical Morse theory to
study F, however, one can restrict F to a fundamental cobordism W of M,
which is compact, and apply the techniques of Morse theory. The fundamental
cobordism W is defined as W = F~1([a — 1, a]), where a is a regular value of F.
The cobordism W can be viewed as the manifold M obtained by cutting along
the submanifold V = f~!(a), where a = Exp(a). Hence, W is a cobordism with
both boundary components diffeomorphic to V.

Given a circle-valued Morse function f, consider the vector field v = =V f.
One says that f satisfies the transversality condition if the lift of v to M satisfies
the classical transversality condition on the unstable and stable manifolds.

From now on, we consider circle-valued Morse functions f such that v =
—V f satisfies the transversality condition. Denote by ¥ the lift of v to M and
arbitrarily choose orientations for all unstable manifolds W*(p) of critical points
of f.

Given p € Critg(f) and ¢ € Critg_1(f), the Novikov incidence coefficient
between p and ¢ is defined as

N(p.g; f) =Y nlp,t'go)t",
LeZ

where n(p, t‘q; v) is the intersection number between the critical points p and t‘q
of F, i.e. the number obtained by counting with signs the flow lines of ¥ from
p to t'q, when one considers the orientations on the unstable manifolds W"(p)
and W*(#*q) according to the previous fixed orientations in W*(p) and W*(q).
For more details, see [1] and [12].

Let N be the Z((t))-module freely generated by the critical points of f of
index k. Consider the k-th boundary operator 9y : N}, — Nj_1 which is defined
on a generator p € Critg(f) by

)= Y, Npafa
g€Critr_1(f)

and extended to all chains by linearity. In [12] it is proved that d o Ox+1 = 0,
hence (N.(f),9) is a chain complex which is called the Novikov complex associ-
ated to the pair (f,v).
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One can view the Novikov differential 0 as a matrix A where each column cor-
responds to generators p, ¢ € Crit(f) and the entries are the coefficients N(p, ¢; f)
of the Novikov differential . Moreover, without loss of generality, one assumes
that the columns of A are ordered with respect to the Morse indices of the critical
points, e.g. in increasing order of Morse index. See Figure 1.

J[\)fo o Nt N N Niga - N,

No
Nis | 0 AV 0
A = Nz |0 0 A
N: |0 0 [Aps
Nit1 | 0 0 M
: 0
N Lo 0

FI1GURE 1. Novikov differential viewed as a matrix, where Ay is the matri-
cial representation of J.

In the case when M is a surface, the columns of A may be partitioned into
subsets Jy, J1, Jo such that Jg are the columns associated with critical points
of index s, i.e. the generators of N;. Hence, the non-zero entries of the matrix
A are in the block Jy x Jyi, which corresponds to connections from saddles to
sinks, and in the block J; x Js2, which corresponds to connections from sources
to saddles. The block Jy x Ji (respectively, J; x J3) is referred to as the first
block (respectively, second block) of the matrix A. Figure 2 illustrates a possible
structure for a Novikov differential associated to a circle-valued Morse function
on a surface.

Jo J1 Jo
0
0
JO 0 AJ(]Jl
0
0
0
Ji 0 AJl Jo
0
0
0
A 0
0

FIGURE 2. Novikov differential, with Jo = {1,2,3,4}, J1 = {5,6,7,8,9}
and Jo = {10,11,12}.

From this point on, we will use the notation A to denote interchangeably the
Novikov differential 0 and its matrix representation.
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The following theorem presents special characteristics of the Novikov differ-
ential A by describing the Novikov incidence coefficients. In order to do this,
we must define a fundamental domain. A cobordism W = F~!([a — 1;a + }A)),
where a is a regular value of F and A € N, is said to be a fundamental do-
main for (M; f) if the following property is satisfied: given p € Critg(f) and
q € Critg_1(f), W contains a lift of each orbit of the flow v from p to g.

THEOREM 2.1. Let M be an orientable surface and (Ni(f),A) be the Novikov
complex associated to a circle-valued Morse function f: M — S*. The Nowvikov

incidence coefficient N(p,q; f) is either zero, a monomial +t¢ or a binomial
th — th2,

PROOF. Given an orientable surface M, let Wy = F~1([a — 1,a + )]) be
a fundamental domain for (M, f). Then W), is an orientable compact surface with
boundary OW), possibly empty. If 9W, = 0, define WA = W,. In the case that
the boundary W, is non-empty, it is the disjoint union of Wy = F~1(a — 1)
and OW,F = F~1(a + A). Let W) be the closed surface obtained from W) by
gluing a 2-dimensional disk along its boundary to each connected component
of OW,. Moreover, one can assume that each of its disks contains a singularity,
more specifically, a source if the disk is glued to aw; and a sink if the disk
is glued to W, . This procedure extends the Morse function F': Wy — R to
a classical Morse function F': W)\ — R on a closed surface.

Given p € Critg(f) and ¢ € Crity_1(f), the Novikov incidence coefficient
N(p,q; f) counts the number of flow lines from p to ¢ with signs. Since, each of
these flow lines has a lift in Wy, then N (p, ¢; f) can be obtained by analysing W).
On the other hand, the intersection number n(p, t‘q; v) between critical points p
and t’q in W, is the same as when considered in the surface WA. Since WA is
closed, n(p,t‘q;T) is zero, when there are two flow lines from p to tfq. Tt is —1
or +1, when there is one flow line from p to t‘q. See [4]. Therefore, the Novikov
incidence coefficient N(p, ¢; f) is:

(a) 0, if there are two flow lines from p to ¢ in v which intersect the level set
f71(a) the same number of times;

(b) =£t*, if there is only one flow line from p to ¢ which intersects ¢ times the
level set f~(a);

(c) t — tt2 if there are two flow lines from p to g in v, one intersecting ¢;
times the level set f~!(a) and the other one intersecting /5 times this
level set. O

COROLLARY 2.2 (Characterization of the Novikov differential on orientable
surfaces). Let M be an orientable surface and (N, (f),A) be the Novikov complex
associated to a circle-valued Morse function f: M — S' such that the chosen
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orientation on the unstable manifold of each critical point of index 2 is the same.
Then there are three possibilities for either a column or a row j € J1 of A:

(a) all entries are null,

(b) ezactly one non-zero entry which is a binomial t* —t*2, for some 01,0 €
Z,

(c) exactly two non-zero entries which are monomials t** and —t*2, for some
b, 0y € Z,

(d) ezactly one non-zero entry which is a monomial t*, for some £ € Z.

PROOF. If f does not have a critical point of index 1, then the Novikov matrix
is null. Suppose that f has at least one critical point of index 1, i.e. a saddle. In
this case, it is clear that, given a row (respectively, column) j € J; of A, there
are at most two non-zero entries in this row (respectively, column). In fact,
there are exactly two flow lines whose w-limit (respectively, a-limit) sets are the
same saddle. By [4], choosing the same orientation for each unstable manifold
of critical points of index 2, the signs on flow lines associated to the stable
(respectively, unstable) manifold of a saddle are opposite. Therefore, if there
are two flow lines from a source (respectively, saddle) p to a saddle (respectively,
sink) ¢ intersecting a regular level set f~!(a) £ times, then N (p, ¢; f) = t*—t* = 0.
On the other hand, if there is a flow line from a source (respectively, saddle) p
to a saddle (respectively, sink) ¢ intersecting ¢; times a regular level set f~!(a)
and a flow line from a source (respectively, saddle) p’ to the saddle (respectively,
sink) ¢ intersecting £, times the same regular level set, then N(p,q; f) = %t
and N(p',q; f) = Ft2. In particular, if p’ = p then N(p,q; f) = £t Ft2. Case
(d) occurs in two situations. First when, given a saddle ¢, one of the flow lines in
W*#(q) has as a-limit a source p and the other flow line in W?*(q) has as a-limit
a periodic orbit. Hence N(p,q; f) = £t*. Secondly, given a saddle p, one of the
flow lines in W*(p) has as w-limit a sink ¢ and the other flow line in W*(p) has
as w-limit a periodic orbit. Hence N(p,q; f) = £t*. O

3. Spectral sequence for a Novikov complex

In this section, we present the basic results on spectral sequences associated
to filtered chain complexes. This section is based on the references [7] and [14].

A spectral sequence E over Z((t)) is a sequence {E", 0"}, for r > 0, such that:
E" is a bigraded module over Z((t)), i.e. an indexed collection of R-modules
Ey ., for all p,q € Z; d" is a differential of degree (—r,r — 1) on E", ie. an
indexed collection of homomorphisms d": E]  — E;_, .. 4, for all p,q € Z,
and (d")? = 0. Moreover, there exists an isomorphism H(E") ~ E"*!, for all
r > 0, where
Kerd": E[,yq — E;_T7q+r_1

H, (E") = .
palE") Imd": Ef i — By
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Given a chain complex (Cy, 9), an increasing filtration F in C, is a sequence
of submodules F,C for all integers p such that F,C C F,41C. Since C is
a graded module, the filtration must be compatible with the gradation, i.e. F,C
is graded by {F,C,}.

Let (N.(f),A) be a Novikov complex and F = {F,N'} be a filtration on this
complex defined by

(3.1) E,N =Z((t) [hh, b, - R

kpt1

Note that, for each p € Z, there is only one singularity in F,N \ F,_1N, hence
the filtration F is called a finest filtration. The filtration F is convergent, i.e.
NEN =0 and F,N = N. In fact, F is finite, that is, F,N' = 0 for some
];)and FyN = ./\/'pfor some p’. Moreover, the filtration F is bounded below (i.e.
given ¢, there exists £(¢) such that F, N, = 0) and hence, the induced filtration
on H,(N) is also bounded below.

Since the filtration F on the chain complex (N (f), A) is bounded below and
convergent, then there exists a convergent spectral sequence with

E;S,q = Fpr+q/Fp71Np+q = G<N)p,q7
El,q ~ H(erq)(Fpr-Irq/Fp—le-i-q)

p

and E* is isomorphic to the module GH.(N'). This result associates a spectral
sequence to a filtered chain complex and its proof can be found in [14]. The
algebraic formulas for the modules are

T T r—1 r—1
Eyq= Zp,q/(Zp*LqH + aZp+r71,q7T+2)’
where
Z;’q = {C S Fpr+q | Oc € Fp,r./\[erqil}.

Whenever the filtration considered is a finest filtration F, the only ¢ such that
E} , is non-zero is ¢ = k — p. Hence, we omit reference to ¢, i.e. E} is in fact
E" Note that, E* does not determine H,(A’) completely, but

pk—p-
FyHyy(N)
pral+q(N)

However, it is a well-known fact [7] that whenever GH.(N), , is free and the
filtration is bounded,

(3.2) D GH.(N)pg~ HprgN).

p+q=Fk

By~ GH (N)pq =

p.q

In the more general setting of a circle-valued function on an n-dimensional man-
ifold, (3.2) need not be true. However, as a consequence of Theorem 5.1, which
will be proved in Section 5, in the 2-dimensional setting, GH.(N), 4 is free for
all p and ¢ and thus (3.2) holds. In this case, it follows that the spectral sequence
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associated to the filtered Novikov complex (N, A), defined by the pair (f, M),
converges to the Novikov homology of M:
F, pHp+q (N )

Ex ~GH, =
e ¢ (N)pﬂ Fp—al+q(N)

~ HYY(M, f).

4. Spectral Sequence Sweeping Algorithm for a Novikov complex

A square matrix will be called a Novikov matriz if it is a strictly upper
triangular matrix with square zero and entries in the ring Z((¢)). In particular,
a Novikov differential is a Novikov matrix.

In this section, we introduce the Spectral Sequence Sweeping Algorithm
(SSSA) for a Novikov matrix associated to a Novikov complex (N, (f),A) on
an orientable surface. The SSSA constructs a family of Novikov matrices {A",
r > 0} recursively, where A? = A, by considering at each stage the r-th diagonal.

Spectral Sequence Sweeping Algorithm (SSSA). For a fixed r-th di-
agonal (%), the method described below must be applied for all Ay, for k = 0,1,2
simultaneously.

A. Initial step.

1. Without loss of generality, we assume that the first diagonal of A contains
non-zero entries A; ; where j € Ji and 7 € Jr_1. Whenever the first diagonal
contains only zero entries, we define A! = A and we repeat this step until we
reach a diagonal of A which contains non-zero entries.

The non-zero entries A;; of the first diagonal are called index k primary
pivots. It follows that the entries A, ; for s > 4 are all zero.

We end this first step by defining A' as A with the index k primary pivots
on the first diagonal marked.

2. Consider the matrix A! and let A%’j be the entries in A! where the
i € Jg—1 and j € Jg. Analogously to step one, we assume without loss of
generality that the second diagonal contains non-zero entries Ag,j. We now
construct a matrix A? following the procedure:

Given a non-zero entry A; ; on the second diagonal of A':

(a) If there are no primary pivots in row ¢ and column j, mark it as an index
k primary pivot and the numerical value of the entry remains the same,
Le. A7, = Al
(b) If this is not the case, consider the entries in column j and in a row s
with s > i in Al
(bl) If there is an index k primary pivot in an entry in column j and in
a row s, with s > ¢, then the numerical value remains the same and
the entry is left unmarked, i.e. A7 ; = Aj ;.

(3) By r-th diagonal one means the collection of entries A;; of A such that j —i = 1.
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(b2) If there are no primary pivots in column j below A}’j then there
is an index k primary pivot in row i, say a column u of Al, with
u < j. In this case, we define A7 ; = A} and this entry is marked
as a change-of-basis pivot.
Note that we have defined a matrix A? which is actually equal to
A' except that the second diagonal is marked with primary and
change-of-basis pivots.

B. Intermediate step.

In this step we consider a matrix A" with the primary and change-of-basis
pivots marked on the &-th diagonal for all € < r. We now describe how A"+!
is defined. If there does not exist a change-of-basis pivot on the r-th diagonal
we go directly to step B.2, that is, we define A”™t = A" with diagonal (r + 1)
marked with primary and change-of-basis pivots as in B.2.

B.1. Change of basis. Suppose A{,j is a change-of-basis pivot on the r-th
diagonal. Since we have a change-of-basis pivot in row ¢, there is a column,
namely u-th column, associated to a k-chain such that Ay, is a primary pivot.
Then, perform a change of basis on A" in order to zero out the entry A7 ; without
introducing non-zero entries in Ay ; for s > 7. We will prove in Theorem 5.1 that
all the entries in A™ which are primary pivots are equal to +¢"* & ¢!2 and, since
these entries are invertible in Z((t)), it is always possible choosing a particular
change of basis using only columns j and u of A”.

Once this is done, we obtain a k-chain associated to column j of A™!. It is
a linear combination over Z((t)) of columns u and j of A" such that A;‘}'l =0.
It is also a particular linear combination of the columns of A in J; on and to
the left of column j.

Let k1 be the column of A" which is associated to a k-chain. We denote by
Ui"' the Morse index k-chain corresponding to column j of A”. We have

J
o =D ",
t=k;

and column j of A™t! corresponds to
(4.1) of " =0T = ALAL) o = e T e T e

where ¢} ™! € Z((t)) and c}’”l =1.

Therefore the matrix A™t! has entries determined by a change of basis over
Z((t)) of A". In particular, all the change-of-basis pivots on the r-th diagonal of
A" are zero in AT,

Once the above procedure is done for all change-of-basis pivots of the r-th

diagonal of A", we can define a change-of-basis matrix 7" such that A"t =
(T)"LA™T™.
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B.2. Marking the diagonal (r+1) of A™™!. Consider the matrix A™*! defined
in the previous step. We mark diagonal (r+ 1) with primary and change-of-basis
pivots as follows:

Given a non-zero entry A;‘}'l:

(a) If there are no primary pivots in row ¢ and column j, mark it as an index

k primary pivot.
(b) If this is not the case, consider the entries in column j and in a row s
with s > i in AT™+L,
(b1) If there is an index k primary pivot in the entries in column j below
A7F! then leave the entry unmarked.
(b2) If there are no primary pivots in column j below A;‘}'l then there
is an index k primary pivot in row i, say in the column u of A™+1,

with v < j. In this case, mark it as a change-of-basis pivot.

C. Final step.
We repeat the above procedure until all diagonals have been considered.

Note that in the SSSA the columns of the matrix A are not necessarily or-
dered with respect to k, or equivalently, that the singularities hj are not ordered
with respect to the filtration. In this work, without loss of generality, we con-
sider the singularities to be ordered with respect to the Morse index for the sole

reason of simplifying notation.

FIGURE 3. Circle-valued Morse function on the torus.

In order to perform the particular change of basis (4.1) in step B.1 of the
SSSA, the primary pivots must be invertible polynomials in the ring Z((t)).
Otherwise, the change of basis in (4.1) is not well defined. The example below
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h$ h3 hi hi I hs h3 h
r-—-r———~>"~>"~>~=>"=7=7=7=7=~ |
[0 i0 1 t 1
| |
hg 0 : t—1 -1 -1 —t :
,,,,,,,,,,,,,,,, [
|
h3 0 : 1 -1 :
hi 0 | |
|
- |
I 0 | t—1 0
|
| —
h$ o, t by
h3 0
h3 0
FIGURE 4. Novikov matrix.
h 3 hi hi 5 n$ h3 h3
N L0 1 t 1|
s U T B W S
hi 0 1 1!
hi 0 C -1
i 0 t-1 0
s 0 1 @D 1|
h3 0
h3 0
06’1 = hg for j € Jo; O’i’l = h]i for j € Jy; a%’l = h% for j € Ja.
FIGURE 5. Al, marking primary pivots.
ho h3 h3 hi h3 h$ hi hs
R 0 :770777717777{777177:
& 0 |&-D -1 -t
-l T T T T T - -=== - - - - -7
h? 0 o1 —1 :
h 0 C— 1
1
hi 0 vb=1 0 |
. |
s 0 | @ |
h3 0
h 0

h

Ué’Q = h% for j € Jo; O’{’Q = h{ for j € Jy; 0%2 = h% for j € Ja.

FIGURE 6. A2, marking change-of-basis pivot.
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shows a Novikov differential for which all changes of bases are well defined and

hence the SSSA is correct.

EXAMPLE 4.1. Figure 3 illustrates a flow on the torus 72 associated to
a circle-valued Morse function f defined on T2, where a is a regular value
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1,3 2,3
90 )

ot =ht+(t—1)"h3; 00 = h§ +t 1R

0"11’3 = o'i’Q for all the remaining o’s.

FIGURE 7. A3, marking pivots.

oy 0
oPt =hS 4 (t—1)"1h3.
3,4

— 503 i >
oj” = oy” for all the remaining o’s.

FIGURE 8. A*, marking change-of-basis pivot.

3,5

O'?’s = h? —t h‘ll; 0'(13’5 = h(f +t(t— 1)’1h:f;

givs = o'i:’4 for all the remaining o’s.

FIGURE 9. A% marking change-of-basis pivot.

of f. The Novikov chain groups are generated by the critical points as follows:
No = {h}, hE}, N1 = {h3,h}, b5, hS} and Ny = {hI, h§}. Choosing orientations
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for the unstable manifolds of the critical points of f as indicated in Figure 3, the
Novikov matrix associated to 0 is presented in Figure 4.

Applying the SSSA to the Novikov matrix A in Figure 4, one obtains the
sequence of Novikov matrices A', ..., A® presented in Figures 5-10, respectively.
In these figures, the markup process at the r-th iteration is done as follows:
primary pivots are encircled and change-of-basis pivots are encased in boxes.

Note that, in this example, each marked primary pivot in A" is invertible
in the ring Z((t)), making it possible to apply the SSSA and obtain the next
Novikov matrix A™+1,

0_3,6 0_3,6 a_f,b‘ 0411,6 U?,b’ U?,b’ U;,ﬁ 0_;,6
o 0 0 @ o o !

oy 0 &> 0o 0o 0 |

¥ o o0
ot 0 : 0 0 :
o7’ 0 b1
or® 0ol @D o !
o7 o T
0_3.6 0

6,6__ 16 4.
oy =hj — hi;
ojk’6 = O'i’5 for all the remaining o’s.

FI1GURE 10. AS for Example 4.1.

5. Characterization of the Novikov matrices

The primordial aim in this section is to show that the SSSA is proved to be
correct for all Novikov differentials of a 2-dimensional Novikov complex. This is
done by showing that, given a Novikov differential A, all primary pivots deter-
mined by the SSSA are invertible polynomials in the ring Z((t)). In fact, they
are monomials with coefficient £1 or binomials with coefficients +1. Through-
out this section, the term monomial (respectively, binomial) will be used to refer
to polynomials in Z((t)) of the form +t* (respectively, t* — t2), where £ € Z
(respectively, £y, 4s € Z).

THEOREM 5.1. Given a Novikov differential A, the primary pivots and the
change-of-basis pivots in the SSSA are polynomials of the form t* or t© — tf2,
where £,01, 05 € 7.

The proof of Theorem 5.1 is an immediate consequence of Theorem 5.10,
Lemma 5.3 and Theorem 5.11. Theorem 5.10 gives a characterization of the
columns of the first block Jy x J; of A and Theorem 5.11 gives a characterization
of the rows of the second block Jy x J; of A.
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Lemma 5.2 asserts that we cannot have more than one primary pivot in
a fixed row or column. Moreover, if there is a primary pivot in row ¢, then there

is no primary pivot in column :.

LEMMA 5.2. Let A be a Novikov differential for which the SSSA is proved
correct up to step R. Let A',... AR be the family of Novikov matrices produced
by the SSSA wuntil step R. Given two primary pivots, the ij-th entry Aj ; and
the ml-th entry AT, then {i,5} N {m,(} = 0.

m,l?

We omit the proof of Lemma 5.2, since it is similar in nature to proof of
Proposition 3.2 in [6], where the SSSA was designed for a Morse chain complex
over Z. The next lemma implies that, in order to know the pivots which will
appear during the execution of the SSSA, one can apply this algorithm separately
in block Jy x J; and J; x Js.

LEMMA 5.3. Let A be a Novikov differential for which the SSSA is proved
correct up to step R. Then, the change of basis caused by change-of-basis pivots
in block Jy x J1 do not affect the pivots in block J; X Jo. In other words, mul-
tiplication by (T")~1 does not change the primary and change-of-basis pivots in
block J1 x Ja .

PrOOF. Without loss of generality, suppose that there is only one change-
of-basis pivot A7 in A" with j € Ji, and let A7, be the primary pivot in
row i. The change-of-basis matrix 7" has unit diagonal and the only non-zero
entry off the diagonal is T}, ; = —A7 ;(A},,)~". Hence, (T")~! has unit diagonal
and the only non-zero entry off the diagonal is (T”);; =Ty, = A7 (A7)
Therefore, multiplication by (77)~! will only affect row u of A”. By Lemma 5.2,
there are no primary pivots in row u and hence there are no change-of-basis

pivots in row u as well. O

Before proving Theorem 5.1, we introduce the notation and terminology that
will be used in the proof. From now on, we consider the SSSA without realising
the pre-multiplication by (77)~!, unless mentioned otherwise.

Let A} ; be a change-of-basis pivot caused by a primary pivot A} . Suppose
a change of basis determined by A7, is performed by the SSSA in the matrix
A" ie. in the step (r 4+ 1), one has

J,r+1 _ _g.r r r \—1 _u,r
O =0} _Ai,j(Am) O -

Hence, whenever this change of basis occurs, only column j of the matrix A" is
modified, in fact, for each s = 0,...,%, the entry A;j is added to a multiple of
the entry Af ,, where u is the column of the primary pivot in row . In other

words, A:,ng =AY — A;J,(A;u)*lAg’u. See the matrix in Figure 11 (this figure
shows part of the block associated with index k, as the r-th diagonal is swept).
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u J

P T ce o
S AS”U« ASJ

FIGURE 11. A;kil‘,k; marking change-of-basis pivot.

DEFINITION 5.4. In the situation described above and represented in Fig-
ure 11, we assert that the entry Af , in column u generates (4) the entry A;}Tl
in column j in A", whenever A7, # 0.

Note that if an entry in a column j generates another entry in a column ¢
then t > j, i.e. Af ; generates an entry in a column on the right of the column j.

ExaAMPLE 5.5. It is helpful to keep in mind some configurations that allow
1 . .
an entry AL, # 0 to generate another entry Ag‘; . Consider for instance that
A7, =t and A}, = —t*. We list some of the possibilities for the entries in
positions (s,u) and (s, j) of A”:
(a) AL, =t and A{; = 0. In this case, ALY = AT - AT (AT ) TIAL, =
tit=*, see Figure 12. -
(b) Ag)g = ~—tl and A7 ; = t'. In this case, A;:;l =AL; - A (A7) TTAL,
=t — 474!, see Figure 13.
(c) A’;,g =t imd Af ; = 0. In this case, A’;gl = AL A7 (AT TTALL
= t't=*(t' — '), see Figure 14.

s tl 0 SSSA s tl t[—£+l

1 .
FIGURE 12. Af}kile and ATJ;L_ljk, respectively.

Figures 12-14 show part of the block associated with index k, as the r-th diagonal
is swept.

(4) If an entry Aéyu with & < r does not change until step r, i.e. Aﬁ,u = Aﬁﬂ;l =...=AL,,
and A7, generates A:f;l, we say that Aéyu generates A:;l.
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s B SSSA s oo —d L ti_ti—l+l

FIGURE 13. At}k—l‘]k and AS:E1J1C’ respectively.

s tlftl 0 SSSA s tl—t[ t2—1+1_t2—e+z"

FiGure 14. AT, and A;:ile, respectively.

In fact, we will see that, as a consequence of Theorem 5.11, the cases shown
in the previous example are the only possibilities up to sign of generating entries
by a change of basis in block J; x J,. Of course, in block Jy x J; there are more
possibilities.

LEMMA 5.6. An entry which is or will be marked as a primary or a change-

of-basis pivot never generates entries.

PROOF. If an entry A, generates an entry in A”*!, then there must be
a primary pivot in column u and row ¢ > s, which was marked in step £ < r.
Hence, Af , cannot be marked as a pivot in any given step 7. O

DEFINITION 5.7. Let A be a Novikov differential.

(a) When an entry A, generates another one A:f;l, we say that A;J;l is

an immediate successor of A1,
. e & 13 &y . iq
(b) A sequence of entries {Asf’jo AT As’jf} such that each entry is an
immediate successor of the previous one is called a generation sequence.
(c) Given an entry A§, of A%, the A§,-lineage is defined to be the set of

all generation sequences whose first element is Ag’u.

We will say that all the elements in these sequences are in the same lineage
or in Agvu—lineage. Also, an element of a generation sequence is said to be
a successor of every element of this sequence which is to its left.

LEMMA 5.8. Let A be a Novikov differential for which the SSSA is proved
correct up to step R. If A has the property that at most one change-of-basis pivot
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is marked in a row during the SSSA until step R, then every lineage is formed
by a unique generation sequence.

PRrROOF. By hypothesis, one has that in each row ¢ at most one change-of-
basis pivot is marked through out the algorithm and if so the mark up is done
in step 2 < £ <m — 1, where m is the order of A. Then an entry Ag "jo D TOW S
generates at most one entry AS) ;, through out the algorithm, and this entry will
necessarily be in a column j; > jg and diagonal &; with £y < & < m—1. In fact,
if Aé?jo generates two entries, then either there would be two change-of-basis
pivots in row ¢, which contradicts our initial hypothesis, or two primary pivots
in column jg, which cannot occur by the definition of primary pivots.

Now, if & < m — 1, then Aﬁljl can generate at most a unique entry Aizjz

where & < & < m — 1 and j2 > j; and this can be done successively. More

specifically, the entry AS . is responsible for generating a unique immediate

S, u
successor and this successor can in turn generate a unique immediate successor
and thus it determines a full lineage of entries represented in one finite sequence

{ Pio? 5]1,...},Where2§§0<£1<...§m71,andj0<j1<...§m. O

COROLLARY 5.9. Let A be a matriz for which the SSSA is proved correct
up to step R. Suppose that the second block of A has the property that at most
one change-of-basis pivot is marked in each row from the beginning until the end
of the SSSA. Therefore, each Agyu—lineage with s € Jy is formed by a unique
generation sequence.

ProOOF. The SSSA applied to the first block Jy x J; of A does not interfere

in the number of change-of-basis pivots identified in block J; x Js. O
us if
5 Aguf A%’jf
Af]aJuni»l =

) §
M

FIGURE 15. Generating a binomial from two monomial lineages.

Consider a Ag’u—lineage which is formed by a unique generation sequence.
If this generation sequence contains only monomials (binomials, resp.) then

one says that Agu—lineage is a monomial (binomial, resp.) lineage. However,

if AS

3. 18 @ monomial, then the Agyu—lineage could eventually contain binomi-

als. One way that this can occur is when row s is of type 3 in A, Agu and
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Ai ; are monomials and the lineage determined by these entries merge giving
rise to a binomial. More specifically, suppose that the first binomial in row s
appears in AT then one has two monomial lineages {AS,,, AS!, .. .,Agfuf}
and {Ag,j’Agfjl’ .. .,Agf}f}7 where &7, ¢y < g; observe that Ag,fuf = Aj,, and
Agf i = A; g The binomial will appear in ASt! as a consequence of a change
of basis caused by a change-of-basis pivot A ; and a primary pivot A, —in
arTow i > s, as in Figure 15. In this case, Aj . is the generator of the binomial
Agt; Hence, we say that the Ai ;-lineage ceases, i.e, this lineage remains the
same until A”*! and the Ag’u—lineage is an eventual binomial lineage. From this
point on, this lineage contains only binomials.

Once an element of a lineage is marked as a pivot, this lineage ceases, since
pivots do not generate entries, by Lemma 5.6.

The next theorem provides a characterization of columns in the first block

Jo x Ji of the Novikov matrices A" as the diagonals are swept.

THEOREM 5.10 (First block characterization). Let A be a Novikov differential
for which the SSSA is proved correct up to step R. Then we have the following
possibilities for a column j of the matriz A™ with j € J; and r < R:
(1) all the entries in column j are equal to zero, i.e. Ay ; = 0;
(2) there is only one non-zero entry in column j and it is a binomial t* — tz,
where £, (e Z;

(3) there are exactly two non-zero entries in column j and they are mono-
mials t¢ and —tZ, where é,ze Z;

(4) there is only one non-zero entry in column j and it is a monomial t*,
where { € Z.

PROOF. The proof is done by induction. Note that the result is trivial for
A' and A?. In fact, the first change-of-basis pivot can only be detected from
the second diagonal of A, which implies that the entries of A may change from
r = 3 onwards. Because of that the base of the induction is r = 3.

Step r = 3. To prove that the rows of A® are of type (1)—(4), we will analyze
the effect a change-of-basis pivot marked in A% has on A3. Suppose, without loss
of generality, that there is a change-of-basis pivot A7, ,, on the second diagonal.
Consequently, A7, ., is a primary pivot marked in A'. Recall that columns in A?
are characterized by Corollary 2.2. Hence, one has the following possibilities:

1. Column i + 1 is of type (2). Column i+ 2 can be of type (2), (3) or (4).
In each case, Aii 12 = 0 and all the other entries in column 4 + 2 remain the
same, i.e. A3, 5 = A2, ., for all s # 4. If column i + 2 is of type (2) or (4)
(respectively, (3)) it turns into a column of type (1) (respectively, (4)).

2. Column i + 1 is of type 3. Then A?,,, is a monomial and there is s < i
such that Af,m is also a monomial.
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(a) If the column i 42 is of type (2) (respectively, type (4)), then A?; , =0
and A3, , = —AZ, (A?,,,)'A?,,,, which is a binomial (respec-
tively, monomial). Hence, the column i 4+ 2 remains of type (2) (respec-
tively, type (4)).

(b) If the column i+ 2 is of type (3), then change-of-basis pivot A?,,, is
a monomial and there is 5 < i such that A%,i 4o is also a monomial. If
s =75, then A}, , =0and A, ) = A2, ) — A (AF,41) 1A% o,
which is either a binomial or zero. Hence, column i + 2 turns into a
column of type (2) or (1), respectively. On the other hand, if s # 3, then
A% =0, A3, = —AZ, (A}, ) 'A},,,, which is a monomial,
and the other entries of column 7 + 2 remain the same. Hence, column
i + 2 remains of type (3).

3. Column i + 1 is of type (4). It is analogous to case 1.

Induction hypothesis. Suppose that the conclusion of the theorem holds for
3 <r < R. We will show, that it also holds for r 4+ 1.

Suppose that A7 ; is a change-of-basis pivot in the r-th diagonal. Then there
is a primary pivot A, in a column u < j. We have one of the possibilities:

1. Column u is of type (2). Column j can be of type (2), (3) or (4). In all
cases, A;‘;l = 0 and all the other entries in column r 4+ 1 remain the same. If
column j is of type (2) or (4) (respectively, type (3)) it turns into a column of
type (1) (respectively, type (4)).

2. Column u is of type (3). Then A}, is a monomial and there is s < i such

that A7 , is also a monomial.

(a) If the column j is of type (2) (respectively, type (4)), then the change-
of-basis pivot Aj ; is a binomial (respectively, monomial). In this case,
ATFL =0 and ATH = A7 (A7,)IAT .

tively, monomial). Hence, the column j remains of type (2), (respec-

tively, type (4)).
(b) If the column j is of type 3, then the change-of-basis pivot A} ; is a mono-

which is a binomial (respec-

mial and there exists § < 4 such that A7, is also a monomial. If
s = 5, then AJ*' = 0 and ATTY = AL, — AT (A7,)7'AT;, which
is either a binomial or zero. Hence, column j turns into a column of
type 2 or 1, respectively. On the other hand, if s # 5, then A;jl =0,
Agfgl = —A7 (A},)"'A7;, which is a monomial, and the other entries

of column j remain the same. Hence, column j remains of type (3).

3. Column wu is of type (4). The only non-zero entry in column w is the
primary pivot A} which is a monomial. Hence, in column j all the entries
remain the same besides the change-of-basis pivot A;:ijl =0. If j is a column of
type (2) or (4) it turns into a column of type (1); if j is of type (3) it turns into
a column of type (4). O
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THEOREM 5.11 (Second block characterization). Let A be a Novikov differ-
ential for which the SSSA is proved correct up to step R. Then we have the
following possibilities for a non-zero row s € Jy of the matrix A" produced by
the SSSA in step r < R without realizing the pre-multiplication by (T")~1:

(A) all non-null entries are binomials of the form t* — tz, where E,ENG Z;

(B) all non-null entries are monomials of the form t*, where £ € Z;

(C) all non-null entries are either monomials t* or binomials t* — t¢. More-
over, if a column j € Jy contains a binomial, then there are no mono-
mials in columns j' € Jy with j' > j.

ProoOF. We will prove this theorem by induction in » < R. In the course of
the proof, we will also prove the following set of statements:

(i) If an entry ¢ is a primary pivot in row 7 then at most one entry will be
marked as a change-of-basis pivot in row 1.

(i) An entry t¢ — ¥ is never marked as a change-of-basis pivot, i.e. all change-
of-basis pivots are monomials t¢, for some ¢ € Z.

(iii) If AL ; =" — #, Aj ; is a change-of-basis pivot in row i > s and A7, is
the primary pivot in row ¢ with u < j, then AL , is zero.

(iv) A primary pivot A, and a change-of-basis pivot A} ; in row i are always
monomials with opposite signs, i.e. Al = +t¢ and A, = :th, for
l, (€.

(v) A monomial Af , above a primary pivot A, and a monomial Af ; above
a change-of-basis pivot A7 ; always have opposite signs, i.e. Af ;= +t!
and Af = Tt for 1,1 € Z.

Observe that the matrices A! and A? differ from the initial matrix A only
in the mark-ups of primary and change-of-basis pivots, since the entries can only
change as of the 3-rd step of the SSSA.

Base case r = 3. In order to prove that the rows of A? satisfy conditions (A),
(B) and (C) of the theorem, we must analyze the effect on a row of A3 caused
by a change-of-basis pivot marked in the second step r = 2 of the SSSA.

1+1 142
2. 2.
S e As,i+1 As,i—ﬂ

2 —
A.]lJQ -

FIGURE 16. Primary and change-of-basis pivots in the first and second di-
agonals of A2, respectively.
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Suppose, without loss of generality, that there is a change-of-basis pivot
A%i 4o on the second diagonal. Consequently, Afl 41 is a primary pivot marked
in the first step of the SSSA, see Figure 16. Recall that the rows in A2 are
characterized by Corollary 2.2. A change-of-basis pivot only occurs in row ¢ and
column ¢ + 2 if this row is of type (3). In what follows, we analyze the effect of
this change of basis on a row s with s < i:

1. If row s is null (i.e. of type (1)) then only row ¢ is altered and becomes
a row of type (B).

2. Suppose that row s is of type (2). If the only non-zero entry in row s is
in a column different from ¢ + 1, then row s remains unaltered and row ¢ turns
into a row of type (B). On the other hand, if this non-zero entry is in the column
i+ 1, which is the same column as that of the primary pivot, then row 4 turns
into a row of type (B) and row s turns into a row of type (A), as one can see in
Figure 17.

i+1 142 i+1 i+2

14l . P _in
B R | SSSA s Lyl yta -t

o @R - e

FIGURE 17. A?]l J, and A?Il J,» Tespectively.

3. Suppose that row s is of type (3). If A, 41 is zero, then row s remains
unaltered. If Ag’iﬂ = ¢!, one has two possibilities for AE)HQ, namely, 0 or t'.
In the first case, after performing the change of basis, row s turns into a row of
type (B) (see Figure 18), and in the second case it turns into a row of type (C)
(see Figure 19).

i+1  1+2 i+1 i+2
1 : .l Z;£+l
s +t 0 SSSA s +t' £t

FIGURE 18. A?Il J and A31 Jo? respectively.

In the base case, it is ease to see that (i) through (v) hold.
In order to prove (i) note that, the only case that needs to be analyzed is
when Afl 41 is a primary pivot and Aii 1o is a change-of-basis pivot. Observe
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i+1  i+2 i+1 i+2
U R S R B S A
s +t' Ft SSSA s =t Ft £t
e . .

FIGURE 19. A?Il J and A31 Jo? respectively.

that A7, , 3 = 0, since rows of A? have at most two non-zero entries. As pivots do
not generate entries, by Lemma 5.6, the entry Afl 13 is not altered by change-
of-basis pivots marked in step 2. Hence, A}, ;s = A?, 5 = 0 and it is not
a change-of-basis pivot.

In order to prove (ii), we must consider each row s where the entry Ag”s 13=
4! was generated in A3, otherwise this entry would be in a row of type (2)
and hence, could not be a change-of-basis pivot. There are exactly two ways
that this entry can be generated: when row s was of type (2) and of type (3)
in A2. Suppose by contradiction that A:;”S 13 is a change-of-basis pivot. Since
primary pivots do not generate entries and there exists at most one change-of-
basis pivots in a row then row s could not be of type (2) in A2, see Figure 13.
If row s was of type (3) in A? then the primary pivot would generate Afg 43
which also contradicts Lemma 5.6, see Figure 14. Consequently, Ais 43 is not
a change-of-basis pivot.

In order to prove (iii), suppose by contradiction that Aiu = (. Since rows of
the initial matrix A do not admit two non-zero entries with one of them being
a binomial, see Corollary 2.2, then Aiu = A‘;u generates Ai,m in A%, By
Definition 5.4, there must exist a change-of-basis pivot in the second diagonal in
artow i >ianda primary pivot in row i and column u, which contradicts the
fact that each column has at most one primary pivot.

Ttems (iv) and (v) are trivially true.

Induction hypothesis. Suppose that Theorem 5.11 and item (i) through (v)
hold for £ < r < R. We will show that they also hold for r + 1. First, note that
by the induction hypothesis, at most one entry in a fixed row in J; is marked
as change-of-basis pivot up to step r. By Corollary 5.9, given an entry A,
the A, ,-lineage is formed by a unique generation sequence until A", which
is either a binomial lineage, if A;, is a binomial; or a monomial lineage or an
eventual binomial lineage, if A, ,, is a monomial (°). More specifically, if row s is
of type (2) in A, where A, # 0is a binomial, then the A, ,-lineage is a binomial
lineage. If row s is of type (3), where A, and A, ; are monomials, then each

(5) Note that in this proof, whenever we assume the induction hypothesis for r, the index

r is shifted by one, i.e.  + 1, when referring to the lineages.
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monomial determines a lineage, which are either both monomial lineages or one
monomial lineage which ceases and merges with the other to create an eventual
binomial lineage. If row s is of type (4) in A, where A, , is a monomial, then
Ag y-lineage is monomial lineage. It is important to keep in mind that, if there
is at most one change of basis per row up to step 7, then the A, ,-lineage is
formed by a unique generation sequence until A™*!. This follows since entries
in A™! can only be generated by change of basis determined in step r.

By the induction hypothesis, it follows that if A7 ; is a change-of-basis pivot
on the r-th diagonal and A7, is the primary pivot of row 4, then these entries
must be monomials. Moreover, A} ; = +t! and Al = $tz, for /4, (e

Now we will prove that the statement of the Theorem 5.11 and item (i)
through (v) hold for r + 1.

e We will first show that the non-zero rows in A”*! are of type (A), (B) or (C).
In order to prove this, we will perform all the possible changes of basis that could
occur due to a change-of-basis pivot in the r-th diagonal. Let the monomial A7,
be the primary pivot in row ¢ and the monomial Aj ; be a change-of-basis pivot
in diagonal r. Observe that after the change of basis, row 7 will remain of the
same type. Each row s < i in A" is of type (A), (B) or (C), and thus one has
the following cases to analyze the effect a change of basis causes in row s (bear
in mind the configuration of the matrix in Figure 11):

1. If A7, =0, then row s remains unaltered after performing the change of
basis.

2. If AL, # 0 and A7; = 0, then ALL" = —A7 (A7 )71AT

s,u?

which 1is

a monomial if AT is a monomial, or a binomial if A’ is a binomial. Hence,

T
S, s

u
.
row s remains of the same type.

3. If A7, # 0 and A7 ; # 0, by the induction hypothesis the only possible
caseis AL, = +t' and A7 ; = Ft'. Then ALY = AT — AT (A7 )7'AT ,, which

s,u’
ensures that Af;*j'-l is a zero entry or a binomial with coefficients equal to +1.

Hence, row s turns into a row of type (B) or (C), respectively.
Hence, every row s € J; of A"t is also of type (A), (B) or (C).

e We will now show that item (i) holds for A™*1. Let Azjl be a change-of-
¢

7,

where t < j, was marked as a change-of-basis pivot in an earlier step & < r + 1.

basis pivot marked in diagonal r+1. Suppose by contradiction that an entry A

Consequently, the primary pivot in row ¢, which is in a column u < ¢, was marked
in a previous step < £. By item (ii) of the induction hypothesis, this primary
pivot is a monomial and it cannot generate entries, which implies that Ait and
A;fjl are not in the lineage of this primary pivot. Therefore, Aﬁt and Af}'l must
be in the same lineage, since these entries were generated up to step r + 1 by
the change-of-basis pivots up to step r, and by the induction hypothesis, there
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is only one change-of-basis pivot per row up to step r. This is a contradiction,
since by Lemma 5.6 the change-of-basis pivot Ast cannot generate entries.

e We will prove item (ii) for r + 1. Let A:jl be a binomial in diagonal r + 1.
Suppose by contradiction that this entry is a change-of-basis pivot marked in
step 7 + 1. Let u be the column of the primary pivot in row ¢, hence u < j.

If row i was originally of type 2 in A2, then there is only one lineage in
row 4 until A™! which is a binomial lineage. Hence, A;erl is a successor of
the primary pivot in row i, which must have generated an entry, contradicting
Lemma 5.6.

If row i was of type (3) in A2, then originally there were two lineages that
merged in order to create a binomial. Note that the primary pivot in row i
cannot be a monomial, i.e. it cannot be marked before the two sequences have
merged, since pivots do not generate entries. Hence the primary pivot must
be a binomial. As we have seen in the previous paragraph, this contradicts
Lemma 5.6.

Note that row i could not be originally of type (4) in A2, since this row would

not contain binomials.

e We will prove item (iii) for » + 1. Let A;}‘Tl be a change-of-basis pivot
marked in diagonal r+1, A::;l be a binomial and let Aml be the primary pivot
in row 4. Suppose by contradiction that the entry Agj;l is non-zero.

If row s is of type (2) in A2, then A’;:zl and Ag;l are in the same lineage, i.e.
A;‘;l must be a successor of ATT!, which is a contradiction. In fact, Agzl is not
an immediate successor of Agj}, since in this case it would imply the existence
of two primary pivots in column u. Moreover, Agjl is not an eventual successor
of A;‘fll, since it would imply the existence of two change-of-basis pivots in row
1 marked up to step r.

If row s is of type (3) in A? and if A7T! is a binomial then the argument is
the same as the one above. However, if A?;Ll is a monomial, one has two cases
to consider: Agj} and Agj;l are in the same lineage or in different lineages. In
both cases there exists a & < r + 1 such that the entry Ag,u generated an entry
in AS*t1. Indeed, if they are in the same lineage, which is an eventual binomial
lineage, then the (s, j)-entry is a successor of the (s,u)-entry. Now, if they are
in different lineages, the lineage containing the (s,u)-entry ceases due to the
appearing of the first binomial in a step £* < r + 1, which appears in the entry
corresponding to the last element of this lineage. Hence, the last element in this
lineage cannot be Agju_l since the entry ALT! is still a monomial. Therefore
there exists a £ < £ < r+ 1 such that Af;u generates an entry.

Note that row s could not be originally of type (4) in A2, since this row

would not contain binomials.
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e We will prove item for (iv) for r + 1, i.e. that a primary pivot A;Zl and
a change-of-basis pivot Af;l in row ¢ are always monomials with opposite signs.

As a consequence of the induction hypothesis (iv) and (v) for r, all elements
in a monomial lineage have the same sign, up to step £ < r+ 1. Moreover, if row
i was of type (3) in A, then the two monomial lineages of this row have opposite
signs. Now, suppose that there is a change-of-basis pivot Af}'l in diagonal
r+ 1 and let Aﬂ:l be the primary pivot in row ¢ with u < j. Since pivots do

r+

not generate entries by Lemma 5.6, the entries Ai_’jl and A;J{Ll are clearly in

different lineages, therefore they have opposite signs.

e We will prove item (v) for r+1, i.e. that a monomial A;j} above a primary
pivot A:Il and a monomial Agzl above a change-of-basis pivot A%l always have
opposite signs.

As a consequence of the induction hypothesis (iv) and (v), until A™! all
elements in a monomial lineage have the same coefficient, which is either +1
or —1. Moreover, if row ¢ was of type (2) in A, then the two monomial lineages
of this row have opposite signs. Let Ag:‘;l be a monomial above a primary pivot
AZII and Ag;l be a monomial above a change-of-basis pivot Af;l Observe

that, by the induction hypothesis, Agj} and Agzl are not in the same lineage.
Hence, they have opposite signs. O

We now proceed with the proof Theorem 5.1.

PrOOF OF THEOREM 5.1. Let A be a Novikov differential. By the charac-
terization of the initial matrix, see Corollary 2.2, the entries of A are invertible
in Z((t)); hence, one can apply the SSSA in A. Since the first change of basis
can only occur from step 2 to step 3, then the SSSA is correct until step 2, and
the entries of A! are equal to the entries of A?. Now, using Lemma 5.3, one
can apply the SSSA to each block of A. Theorems 5.10 and 5.11 imply that
the pivots in A2 are invertible. Hence, the SSSA is also correct for A3. By
an induction argument, one can suppose that the SSSA is proved correct until
step 7. Theorems 5.10 and 5.11 also imply that the SSSA is proved correct for
ATT!, Therefore, Theorem 5.1 follows. O

Observe that, if A” is the last matrix produced by the SSSA, then the non-
null columns of A% are the columns containing primary pivots. The primary
pivots are non-zero and are unalterable after being identified. Moreover, AL o
AL =0.

The next example shows that during the application of the SSSA infinite
series can appear as entries of an intermediate matrix due to multiplication by
(T™)~1. However, the last matrix produced by the SSSA does not contain entries
which are infinite series.
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ExAMPLE 5.12. Applying the SSSA to the Novikov matrix A in Figure 4, one
obtains the sequence of Novikov matrices Al, ..., A® presented in Figures 5-10,
respectively. Observe that the entry Agi is an infinite Laurent series.

The next two results imply that the last matrix AL produced by the SSSA
never contains an entry which is an infinite series, rather all entries are Laurent
polynomials in Z((t)). The proof of Theorem 5.13 follows the same steps of the
proof of its analogous version in [9], where the SSSA is done over a field F.

THEOREM 5.13. Given a Novikov complex (N, (f),A) on surfaces, let AL be
the last matriz produced by the SSSA over Z((t)). If column j of AT is non-null
then row j is null.

PrOOF. The statement of the lemma is equivalent to say that Af Afj = 0 for

all j. If Al; = 0 then it is trivial that AZ AL = 0. Suppose that Al; # 0. Let

o]
s be an integer such that j € Js. Labelling the primary pivots in block Jg such
that, if Aithl, cee AiLmja are the primary pivots in block Jg, then i1 < ... < 4,
one has that ji,...,j, are the non-null columns of Js;. Moreover, AiLa,ja is the

unique non-zero entry in row i,. Row i,_1 has non-zero entry in column j,_; and
may have another one non-zero entry in column j,, and so on. Since AYoAL =0,
one has
_ AL AL _ AL L
0=A0 A=A Aj

iaja " Jad"’
for all 5’. Since Al-La ;. is a primary pivot, hence non-null, then A]La ;= 0 for all
j', ie. AJLG. = 0. Analogously, one has

L L L L L L
0= Aiaquoj’ = A Aj —1J’ + Aia—lj Aj

ta—1Ja—1""Ja o™ Jad"
for all j/. Since Ai[:zfl]'afl # 0 and A]Laj, = 0, it follows that AgLa_lj’ = 0 for
all §/, i.e. Afail, = 0. Proceeding in this way, one can show the nullity of rows
ja727"'7j1' O

COROLLARY 5.14. Given a Novikov complex (N (f),A) on a surface, let AL
be the last matriz produced by the SSSA over Z((t)). Then, the entries of AL
are monomials t* or binomials t* — t°.

ProoF. By Theorems 5.10 and 5.11, without performing the pre-multipli-
cation by (77)~!, the entries of A" are monomials t‘ or binomials #‘* — ‘2.
Moreover, the pre-multiplication by (77)~! only affects row j if column j contains
a primary pivot. However, by Lemma 5.13, these rows will be zeroed out by the
time SSSA reaches the last matrix A”. O

6. Spectral Sequence (E",d") associated to SSSA

Let M be a smooth closed orientable 2-dimensional manifold, f: M — S*
be a circle-valued Morse function. Let (V. (f),A) be a Novikov chain complex
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with the finest filtration F' and (E",d") be the associated spectral sequence, as
in Section 3. In this section, we show that the SSSA provides a mechanism
to recover the modules E” and differentials d" of the spectral sequence. More
specifically, the SSSA provides a system to detect the generators of E” in terms
of the original basis of N, (f) and to identify the differentials d” with the primary
pivots in the r-th diagonal.

For instance, consider the Novikov complex (N.(f),A) presented in Exam-
ple 4.1. The matrices produced by the SSSA are illustrated in Figures 5-10. The
Novikov homology of the complex (N, (f),A) is given by

Hy™ (M, f)=0,  HY®(M,f)=0,  Hy*(M,f)=0.
Consider the filtration F' on (N, (f),A) defined by

ENe= @ Z((0)(h).

he, e<p+1

The spectral sequence associated to (N, (f),A) endowed with this filtration F is
presented in Figure 20. Note that:

(1) Each Z((t))-module E} is generated by a k-chain UZH’T determined in
the r-th step of the SSSA.

(2) The differentials di, di, d3 and d2 are isomorphisms which could be in-
terpreted as the multiplication by the invertible polynomials Aj 3, Af -,
Ai’A and Ag,s, respectively.

(3) The spectral sequence (E",d") converges to the Novikov homology of
(N(f), D).

B zenhgl 2]zl Za)hll  Z) ) Za) ]z hi) Zow) [k
dl dl

Bt zwenthgl  Zanhdl  z) ki) zan i 2@ b3 2« k] Za) (ki) Z«w) (k]

EZ: Z()[hi] 0 L0z 2@ (3] 0 0 Z() [h8)
d3 a3

B Z(w)[hj) 0 0 Z(O)hi+e=1"3] Z(()[h3) 0 0 Z(W)\h§+ ]

E*: 0 0 0 0 0 0 0 0

FIGURE 20. A spectral sequence associated to the Novikov complex (N, A)
presented in Example 4.1.

In the 2-dimensional setting, we will prove that the remarks in (1) and (2)
hold for any Novikov chain complex endowed with a finest filtration. The first
step in this direction is the next proposition, which establishes a formula for the
modules Z7 , _ via the chains o;’j’s determined by the SSSA applied to A.
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PROPOSITION 6.1. Let k be the first column in A associated to a k-chain and
consider 7¢ = 0 whenever the primary pivot of column j is below row (p—r+1)
and ¢ =1 otherwise. Then

2y = () [ oL g e r g r =t

PROOF. By definition, o™ 4"~ is associated to column (p + 1 — &) of the

matrix A7¢, for € € {0,...,p+ 1 — &}, and pP*1=5"=¢ = 1 if and only if the
primary pivot on column (p+1—¢) is in or above row (p+1—¢§)—(r—¢&) = p—r+1
or if this column does not have a primary pivot. If Ji“fg’rff is such that
pPt1=6r=¢ — 1 we show that 0£+1—5,r—5 is a k-chain which corresponds to
a generator of Z7. In fact, 0£+1—§,r—5 is in F,Nj, for £ > 0. Furthermore, all
nonzero entries of column (p+1—¢) of A% are in or above row (p—r+1), since
step (r — &) of SSSA has zeroed out all entries below diagonal (r — £). Hence,
the boundary of 0Z+17§’T7£ is in F_,Np_1.

On the other hand, any element in Zj is a linear combination over Z((t)) of
/de+1_£’7‘_£0'£+17§$7§ for £ =0,...,p+ 1 — Kk, as we prove below by multiple
induction in p and r.

Base case. 1. Denote by « the first column of A associated to a k-chain and
let £ be such that the boundary of hf is in F,,_1_¢j, but it is not in Fy,_1_¢_1Nj.
We will show that Z_, = Z((t))[n""0o}"]. Since Z],_, is generated by k-chain
in F,_1Nj with boundaries in Fj,_1_,Nj_1 and there is only one chain A} in
F,_1 N, then:

(a) If £ <r then Ohf ¢ F,,_1_yNj_1. Thus, Z]_, =0.
(b) If £ > r than Ohf € F,,_1_;Nj_1. Thus, Z]_, = Z((t))[h}].
On the other hand, since there is no change of basis caused by the SSSA that

affects the first column of Ay, 0;"" = hf, where o;"" is a k-chain associated
to the column k of A”. Furthermore, " = 1 if and only if the boundary of

hj = o0,"" is in or above the r-th diagonal. Hence

(a) If &€ <r then p™" = 0. Thus Z((t))[n* 0, "] = 0.

(b) If & =7 then p™" = 1. Thus Z((¢))[u"™" 0}, ] = Z((1))[o},"] = Z((2)) [g]-
It follows that in both cases Z_, = Z((t))[u""op"].

2. Denote by & the first diagonal in A which contains a non-zero entry
in Ag. Note that the non-zero entries of the columns of A corresponding to
the chains hf,.. .,hi“ are in or above the row (p — & +1). We will show
that Z5' = Z((t)) [ppt &gt sl g By the definition
of Z5 and the remark above we have that Z§' = Z((t)[A2TY, ... h¥]. On the
other hand, it is easy to see that O’i’gl = hi7 j=fk,...,p+ 1 and pP& =1,
j=~kK,...,p+ 1. Hence,

) T I (D) AR ]
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Induction hypothesis. Suppose

Zt = B((O) [ o e g

)

Note that if u?™" = 0 then ZJ = Z;~| and result in this case follows by the
induction hypothesis. Suppose that p?*1" = 1 and let b, = bp'*‘lhz'|r1 +..F
b*hy € Z7 .. I bPT1 =0 then by, € Z,~} and the result follows. If 7! £ 0,
then

b = bP T (B — P TEERTETRE L (b — bR b

and hence b, — b"“oﬁ“’r € F,_1Nj. Since b, and O'erl’T have their boundaries

on and above row p —r -+ 1 then the boundary of by — b +1o?"" is on and above

row p — r + 1. Hence b, — bPHUZ'H’T € Z;:ll. By the induction hypotheses, we
have that by, —bPH1oPTH" = a,uPm 1ol g pa P IR TP TR

br = PPl P TP TP g
-1 -1 -1 -1
LEMMA 6.2. If0Z) . | & Z,~, then Z,") + 07, . | =Ty,
PROOF. Since 8Z;;Ll ¢ Z;j then Z;:} + 8Z;;Ll is a submodule of

7" = Z((t))[ﬂp+l’rdi+l’T, M;D,T’—lo-i;;ﬂ“—l Mm,r—p—l+nalf:7r—p—l+n]

D yeeey 5

where « is the first column associated to a k-chain, but it is not a submodule of

Z;):} — Z((t))[up,rflo.gr—l’ 'upfl,r72o_£—l,7"—2, e uﬁ,rfpflJrno_’f:,T—p—l-&-H].

Then pP+17 =1 and Z;:ll +8Z;J_i_1 contains a multiple of 2" over Z((t)).
We will show that o?*H" € Z)~{+02),} . Note that

(6.1) 0Zyry_y = Z(() [ oo,

P

up+r*17r72501]zi;—1,r—27 o Wz,ﬁfpflaaffl—p—%
where % is the first column associated to a (k+ 1)-chain. For £ =0,...,p+r—&
with pPt7=67=1-¢ = 1 we have A;;i;fg =0 for all ¢ > p+ 1 and hence

p+r—&r—1—¢§ _ Ar—1-¢ p+1,r—1-¢ r—1—¢ K, r—1—¢§
oy 11 = Ap+l,p+r—§Uk +"'+An,p+r—§ak .

In fact, the boundaries 8021;75’“175 with A;;i;ff # 0 for some i > p+ 1
correspond exactly to the columns which have the primary pivots below the
(p + 1)-st row and therefore puP™"=¢"~1=¢ = 0. Hence, for ¢ =0,...,p+7r — R,

when pPt7=67=1=¢ = 1 we have

(6.2) Z) =1+ [0l ) =207

p
r—1-¢§ p+1r—1-¢& r—1—¢& K, r—1-—¢
+ [Ap+1,p+r750k Tt Afmﬁrfﬁak J



290 D.V.S. Lima — O.M. NETOo — K.A. DE REZENDE — M.R. DA SILVEIRA

On the other hand, since Z;~ + [802’1;75’“175] C Zy~1+0Z);} ,, then

(6.3) ZZ1 +[0op T

p+1,r  pr—1

_ p,r—1 —-1,r—2_p—1,r—2
= [leoy, ' M K7 O

Kyr—p—1+k _K,r—p—1+k
oy, oy ].

,...,‘LL

The coefficient of A2*" on the set of generators of the Z((t))-module in (6.2)

is A;ﬂ;ir—g' On the other hand, the coefficient of h’,;“ on the set of the

generators of the Z((t))-module in (6.3) is £¢. Since for each { =0,...,p+r —R,

A;;i;fé =0 for all i > p+ 1, then A;;};i_r_& is either a pivot or a zero entry.

Note that the entries A;i;iP ¢ cannot be all zeros, since it would contradict the
hypothesis of 822;}71 Z;:%. It follows from Lemma 5.1 that, if A;ﬁ;ﬁ—r—g

is nonzero, then it is invertible in Z((¢)). Then o?*"" € Z) -1+ 0Z) ), and
hence Z)~{ +0Z) ) = Z}. O

p

THEOREM 6.3. The matriz A™ obtained from the SSSA applied to A deter-
mines

ZT‘
B, = - —1
2y, +0Zy
More specifically, E, is either zero or a finitely generated Z((t))-module whose

T

generator corresponds to a k-chain associated to column (p + 1) of A”.

PrOOF. The entry A7, ., ., on the r-th diagonal plays a crucial role in
determining the generators of E). We will analyze each possibility of A} 14
and prove how to determine £, for each case.

1. The entry AJ _, .4 ,.q is identified by the SSSA as a primary pivot,
a change-of-basis pivot or a zero entry with column of zeros below it.

In these cases Af ., = 0 for all s > p—r+1 and hence the generator aiﬂ’r
corresponding to the k-chain associated to column (p + 1) in A" is a generator

of Z. Thus we must analyze row (p+1). We have the following possibilities:

(a) 825;}_1 C Z;:ll, i.e, all the boundaries of the elements in Z;_T_,l,_l are
above row p.
In this case, as before, by Proposition 6.1, E} = Z((t) o2
(b) 0Z;;T171 ¢ Z;:%7 i.e, there exist elements in Z;;Ll whose boundary
has a non-zero entry in row (p+1). By Proposition 6.1 and Lemma 6.2,
E; =0.
Note that if A7, ., .4 has been identified by the SSSA as a primary pivot
then
0z C Z)~{. For more details see [6].
In fact, by Lemma 5.2, row (p + 1) cannot contain a primary pivot since we
have assumed that column (p+ 1) has a primary pivot. Therefore, the entries of
these hgy1 columns in row (p + 1) must be zeroes. It follows that 8Z;:T1_1 does

S 1
not contain in its set of generators the generator J£+ .
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2. The entry AJ_, 4,41 is an entry above a primary pivot, i.e. there exists
s > p—r+1such that Af ., isa primary pivot. In this case, the generator Ji“’r
corresponding to the k-chain associated to column (p+1) is not a generator of Zy
and hence Z;:ll = Z,. It follows that E, = 0.

3. The entry A7, 14 is not in A}. This includes the case p —r +1 <0,
ie. A)_ 4y ,41 15 not on the matrix A"

The analysis of E is very similar to the previous one, i.e. we have two

possibilities:

(a) There is a primary pivot in column (p + 1) in a diagonal 7 < r. In this
case the generator corresponding to the k-chain associated to column
(p+1), ot

(b) All the entries in A" in column (p + 1) in diagonals lower than r are

; -1
is not a generator of Z;. Hence Z;q = ZI’; and E; =0.

zero, i.e. the generator corresponding to the k-chain associated to column
(p+1), ol™" in A" is a generator of Z7. Then we have to analyze row

(p+1).
(i) If 02}, C Z)~] then, by Proposition 6.1, B} = Z((t) o]
(i) If BZ;;TI_l ¢ Z;:% then Ej = 0 by Proposition 6.1 and Lem-
ma 6.2. t

We will describe how the SSSA applied to A induces the differentials dj,: E}
— Ej_,. of spectral sequence.

THEOREM 6.4. If E) and E,,_, are both non-zero, then the map d,: Ej —

Ey_, is induced by the multiplication by the entry Aj_, .y 1.

PROOF. Suppose that Ej and Ej_, are both non-zero. Let

85 Z(()) [T — Z((1)[oh T

be the multiplication by the entry Ay, ., .4 and g; the induced map in Ej.
We must show that

Ker(s; ~ E’r‘+1
— =L
Iméy .,

Since we are considering E, non-zero, it follows from Theorem 6.3, that we must
consider three cases for the entry A7, ., .;: primary pivot, change-of-basis
pivot and zero with a column of zeroes below it. However, if A7 _, .4 . is
a change-of-basis pivot then there exists a primary pivot in row (p —r+1) on a
diagonal below the r-th diagonal and hence Ej_, = 0. Hence, whenever E and
E;_, are both non-zero, the entry A7_, ., ., in A" is either a primary pivot or
a zero with a column of zero entries below it.

In this case B} = Z((t))[of*""] and E}_,. = Z((t))[of "],

1. Suppose A7 .., . is a primary pivot. Since d,: Z((@) [T —
Z((t))[o?~7T"] is multiplication by AL, i1 pt1, Which is invertible in Z((t)),
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then Kerdy = 0. Since g; = 0, then Ker g;/Im E;M = 0. On the other hand,
since A7, ,41 is a primary pivot then oLt = GPtLT g Zytt. Thus

r+1 __
ZyT =

Z;_y and Ertt =0.

2. Suppose A;_JJFLP_H = 0 with a column of zeroes below it. In this case

1, Lr+1 .
Ker d; = E] = Kerd, and a£+ T = a£+ "1 There are three cases to consider:

(a)

AL et ~is an entry above a primary pivot then we have Ef, =0

and hence Im g, = 0. Thus,
Kerd;, g
— -
Iméy,,
On the other hand, since pu?*" 1" =0, then EJ*! = E7.

oL Therefore

If A} 4y i1 1S @ primary pivot then Ep . = Z((t))]
67"

p+r 18 an isomorphism and hence

Kerdy  Z((®)lop™"]
Im o7 Z((t))[oP ]

p+r

=0.

On the other hand, since A7, .4 is zero with a column of zero entries
below it then of ™" € Z/*1 “and hence ZJ_, ¢ ZT1 . Moreover,

p,k—p p.k—p-
since £ = Z((t))[azﬂ’r] then 8Z;_T_ﬂ_1 - Z;j. But the difference
between 8Z£;}_1 and 077, is that the last one includes the boundary

of column (p+r+1). The element in column (p+7+1) and row (p+ 1)
is AJy pipyr- Since A7,y o is a primary pivot then 7)., & Z)
and E;t = 0.
If A} 1 piri1 = 0 with a column of zero entries below it then Im 6, = 0
and

Kerd,

e p.
T
Im5p+r

r

. p+1,7+1 r+1
Analogously to the previous case, o, € Z,_, and hence Z7_; &

Z;'H. Moreover, GZ;L}_I C Z;:} and the only difference between
3Z;_:T1_1 and 07}, is that the last one includes the boundary of column
(p+r+1). Since the element in column (p + 7+ 1) and row (p+ 1) is

A;+17p+r+1 = 0 then 8Z;+T C ngl and E;-H _ Z((t))[dz+1’r],

Note that the case where A7 . ., is a change-of-basis pivot does not have

to be considered, since in this case E; = 0. Therefore, in all cases

Kerdy o _ Keig;. .
Imdj,, g Imdy,,

COROLLARY 6.5. Each non-zero differential dj, of the spectral sequence (E",d")
is an tsomorphism.
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PROOF. In fact, by the proof of Theorem 6.4, non-zero differentials of (E", d")
are induced by primary pivots. Theorem 5.1 states that each primary pivot
produced by the SSSA is an invertible polynomial, hence each induced non-zero
differential is an isomorphism. O

The next corollary states that the spectral sequence (E",d") converges to
the Novikov homology of (NV.(f),A).

COROLLARY 6.6. The modules EJ5, of the spectral sequence are free for all p
and q. Moreover, the spectral sequence converges to the Novikov homology.

Proor. By Corollary 6.5, the non-zero differentials d": E) — E,_, of the
spectral sequence are isomorphisms. Since, E;“ = Ker d; /Im dy,_,, it follows
that the modules E; ’s are free for all » > 0 and p > 0. Therefore,

E>® ~ GH, N — prip+q %H};IOV M,
D,q ( )p,q Fp*al%»q (N) ( f)
by equation (3.2). O

7. Cancellation of critical points

The results obtained for a spectral sequence of a filtered two dimensional
Novikov chain complex (N, (f),A) associated to a circle-valued Morse function
f: M — S! lay the groundwork for dynamical exploration of connections in
a negative gradient flow associated to f. In Sections 5 and 6 we proved that the
SSSA produces from (N, (f),A) a sequence of Novikov matrices from which the
modules and differentials of the spectral sequence (E",d") may be retrieved. By
Corollary 6.5, if d": Ej; — Ej_, is a non-zero differential, then the modules E;H
and E;"_'i are zero. We refer to this situation as an algebraic cancellation. Hence,
as one “turns the pages” of the spectral sequence, i.e. considers progressively
modules E”, one observes algebraic cancellations occurring within the E"’s.

We will now show how the dynamics follows the algebraic unfolding of the
spectral sequence, that is, how these algebraic cancellations can be associated
to dynamical cancellations of singularities of the negative gradient flow on M.
Let f be a circle-valued Morse function and (N.(f),A) the Novikov complex
associated to f. Let the Morse function F': M — R be the lift of f to the
infinite cyclic covering space M, as defined in Section 2.

Consider a finest filtration F = {F,N},ep on (N, (f),A), where

E,N =Z((t)) [k, by, - B2

p+1
and P ={0,1,...,m} is an indexing set for the filtration F, where # Crit(f) =
m+ 1. From the filtration F one can induce an infinite filtration {Fx p}recz, pep
in the covering space M which corresponds to

fA,pJ\/:Z<t5hi|5:)\andj§p—|—10r5>)\andj6{1,...7m}>,
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where t/\thrl represents the lift of the point hi“ at level X, for A € Z. Note
that, for p € {0,1,...,m} and X € Z, we have

FA,p—lN C .7:,\,17./\/' and ]:A,m-/\/’ C .7:)\_170./\/',
and also
FapN\ FapaiN =t W2 and  Fa_q 0N\ FamN = 2 1hi.

Without loss of generality, one can assume that f has one critical point per
critical level set. Let ¢, be a critical value of f such that f(h}) = ¢,. Hence,
F also has one critical point per critical level set and ¢y, := ¢, — A is a critical
value of F' such that F(t*hY) = ¢y, for all A € Z.

EXAMPLE 7.1. Consider the negative gradient flow on a torus as illustrated
in Figure 21 which is associated to a circle-valued Morse function f.

FI1GURE 21. Circle-valued Morse function on the torus.

Let (N.(f),A) be the Novikov complex associated to f and define a filtration
F ={FyN} by:

FoN = Z((t)) [hg] FN = Z((1)) [ho, b, bt b b3,

PN = Z((t)) [h, h] FsN = Z((1)) [hg, h3, hi, b, hT, bS],

BN =Z((1)) [hg, b3, b)), PN = Z((t))[ho,ho,h‘i’,hi‘,h?,h?hq
BN = Z((1) [hé, b2, B3, 8Y],  FeN = Z((t)) [hé, h2, b3, hY, B3, hS, hY, hS].

The Novikov differential A is presented in Figure 22 and we illustrated the
associated covering space enriched with the finest filtration {F) ,} in Figure 23.
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hd h3 h3 hi h} I h3 hS
r-——~>~>">"~>"~>""~>"~>">"=7=777 |

hd 0 ! -t t-1 -1 -1 !
R 0 | 1 0 1 t
B 0 3 -1t 3
nt 0 I T
h3 0 3 1 —t? 3
hi 0 17707 Ct—1!
hy 0
b3 0

FI1GURE 22. Novikov differential A.

The next result will provide an algorithmic approach to the dynamical can-
cellation of critical points of a circle-valued Morse function f: M — S! by
computing the spectral sequence of the associated Novikov chain complex of f.

THEOREM 7.2 (Dynamical cancellation theorem via spectral sequences in the
Novikov setting). Let f: M — S be a circle-valued Morse function on a closed
n-manifold M and (N.(f),A) be the Novikov chain complex associated to f. Let
F be a finest filtration in (N.(f),A) and let (E™,d") be the associated spectral se-
quence for this filtered chain complex. There exists a one-to-one correspondence
between the algebraic cancellations of the modules E” with dynamical cancella-
tions of critical points of f, which produces a family of circle-valued Morse func-
tions f7, where fTT1 is obtained from fT by removing the pairs of critical points
corresponding to the cancelled modules of the r-th page of the spectral sequence.
Moreover, for each r > 0, the (r 4+ 1)-th page of the spectral sequence completely
determines all Novikov incidence coefficients, hence all new flow lines, between

consecutive critical points of fTT1.

The following example illustrates how the dynamics follows the algebraic

unfolding of the spectral sequence.

ExaMPLE 7.3. Consider the circle-valued Morse function f presented in FEx-
ample 7.1. Applying the SSSA to the Novikov differential A in Figure 22, one
obtains the sequence of Novikov matrices A, ..., AS presented in Figures 2429,
respectively. The primary pivots detected by the SSSA induce the differentials
of the spectral sequence, as we have shown in Theorem 6.4. By Theorem 5.1,
these pivots are invertible, hence responsible for algebraic cancellations of the
modules of the spectral sequence. More specifically:
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FiGure 23. Filtration in the infinite cyclic covering.

e the primary pivot Aj 5 induces the differential dj: E3 — E] which in
turn causes the algebraic cancellation E3 = E7 = 0;

e the primary pivot AZ; induces the differential dg: E§ — E} which in
turn causes the algebraic cancellation E§ = E3 = 0;
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Jr1

J»2

J»3

1,2
9o
2,2,
90
3,9
51
4,2
T1
5,2
5t
6.2)
51
7,2
T2
8,2

hg for j € Jo; 0{’1 :h{ for j € Jy; 0%’1

o, o
I
I
I
|
T T
=1 o
I
-1 1 :
I
| —tzl
o0 t-1!
0

= hi, for j € Jo.

FIGURE 24. A, marking primary pivots.

03

7,2 8,2
T2 P
|
|
|
|
Lo
=1 t :
|
=1 1
1 .
(D —t? :
|
L0 @D
0
0

h% for j € Jo; O’{’Q = h{ for j € Jy; U%’2 = h% for j € Ja.

FIGURE 25. A2, marking change-of-basis pivot.

0‘?‘3 011,3 0‘15'3 0?‘3
:7:{77{@77;{7:{7
D 0 t
miEEELL e

0
0
0

7,3 8,3
T2 T2
|
|
|
|
L.
=1 t :
1 =1 1 :
LD =
|
UG
0
0

R for j € Jo; o3® = hd for j € Ji; 0§ = b for j € Jo.

FIGURE 26. A3, marking pivots.

e the primary pivot AZg induces the differential d3: E? — E2 which in

turn causes the algebraic cancellation E2 = E2 = 0;

e the primary pivot A}, induces the differential d3: E3 — E§ which in

turn causes the algebraic cancellation E§ = Eg = 0.

Figures 30-33 show the dynamical cancellations of pairs of critical points
(R3,h3), (B3, hY), (K8, hS) and (h, h$) corresponding to the above algebraic can-
cellations, as explained in what follows.
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algebraic cancellation £ = E? = 0. Corresponding to this algebraic cancella-
tion, we have the dynamical cancellation of the pair (h2, h}), which determines
a circle-valued Morse function f? such that Crit(f?) = Crit(f) \ {h3,h3} and
is equal (up to isotopy) to f outside a neighbourhood of the connection of this
critical points. In the corresponding negative gradient flow ¢? (see Figure 30),
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(Ié 5 0,(2) 5 (7\15 5 011,5 0,? 5 (7(1)‘,5 ;5 0,;‘ 5

o’ 0 -t G-D 0 -1,
o2 0o 1D o 0 0 !

o o0 0o |
oy 0 L0 1-g |
a7’ 0 : @ - !

0 1 0 @D
a;’s 0

20 0

a'f’5 =hj — h‘ll - h?; 0_113’5 :h? — th?; ai’S = a'Jk’4 for all the remaining o’s.

FIGURE 28. AP, marking change-of-basis pivot.

o_é 6 Ué 6 Uf 6 O';l'b O_?Tb O_i‘n 6 0_7 6 0_8 6
ol 0 .t @D 0 0 |
o2 0o, D o 0 0o !
ot o 00!
o1 0 00!
o 0 D 0!
% 0 | 0 D!
a3 0
0_;.6 0

0?’6:/1? + (=t — 1)ht — th$; ai’G = 07 for all the remaining o’s.

FIGURE 29. AS for Example 4.1.

On the first page of the spectral sequence, the differential d} determines the
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FIGURE 31. Cancellation of the pair (h7, hY).

we note birth of flow lines from A} to h} and from h$ to h}. Moreover, we have
the following relation between the Novikov incidence coefficients:

N(h?a h(lJv f2) = N(h?a h%v fl)t + N(h?, h(l)a fl) =0,
N (RS, hg; £2) = N(hS, hg; f1)t+ N (RS, hs f1) = ¢* — 1.
The other flow lines between consecutive critical points remain the same.
On the second page of the spectral sequence, there are two non-zero differen-

tials, namely d2 and d2, which determine the algebraic cancellation Eg = E3 =0
and E3 = E2 = 0. The corresponding pairs of critical points which will cancel
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FIGURE 33. Cancellation of the pair (h, h}).

are (h$,h1) and (h$, h§), respectively. In order to obtain the circle-valued Morse
function f3, we cancel the pair (h, hl), see Figure 31, and then the pair (h$, h$),
see Figure 32. In the corresponding negative flow ¢ (see Figure 32), the can-
cellation of the pair of critical points (h$, h§) gives rise to the birth of a repeller
periodic orbit 7y, and two flow lines whose a-limit set is v, and whose w-limit set
is the saddle h}. Note that the birth of the periodic orbit 7, is due to a primary
pivot A%S which is a binomial and the period of v, is equal to the difference
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between the exponents of the binomial. Moreover, we have the following relation
between the Novikov incidence coefficient: N (h{, hd; f3) = N(hi, hi; f2) =t —1.

On the third page of the spectral sequence, the differential d3 determines
the algebraic cancellation Ef = E§ = 0, which corresponds to the dynamical
cancellation of the pair (hd, h1), creating the circle-valued Morse function f*. In
the corresponding negative gradient flow ?, see Figure 33, an attractor periodic
orbit v, is born due to the primary pivot A?A =t — 1. Therefore, the peri-
odic orbits that will appear after the cancellations are codified in the Novikov
matrices.

In order to prove this relation between dynamical and algebraic cancellations,
we need to use an adaptation of the SSSA which is more conducive to dynamical
interpretations. The dynamical inspiration for this adaptation of the SSSA is as
follows. Note that the changes of basis caused by pivots in row j —r reflect all the
changes in connecting orbits caused by the cancellation of hfc and hi:ﬁ However,
when the pair of critical points hf; and hi:g is removed, all the connecting orbits
between index k critical points and h{;q and also all the ones between hi and
index k — 1 critical points are immediately removed and new ones take their
place. Hence, in order to interpret dynamically the SSSA, we have to perform
the changes of basis that occur therein in a different order to reflect the death
and birth of connections. More specifically, if A”_ . is a primary pivot marked in

=70

step 7 of the SSSA, all changes of basis caused by A}_, ; will be performed in step

r+1. This modification in the SSSA is called Row Cancellation Algorithm (RCA).
Row Cancellation Algorithm

Initialization step:

r=20
AT =A
T" = I (m x m identity matrix)

Iterative step: Repeat until all diagonals parallel and to the right
of the main diagonal have been swept

[ Matrix A update
rr+1
A" = (Trfl)flArflTrfl

[ Markup
Sweep entries of A” in the r-th diagonal:
If A7

J—rJ

i Then permanently mark qu,j as a primary pivot

# 0 and Z’” ; does not contain a primary pivot
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[ Matrix 7" construction
T 1T
For each primary pivot~A;7T’p such that j < m,
change the p-th row of T" as follows

Ir, + —(1/A; A

p—rp ford=p+1,...,m

;77",[’
Final step:

[ Matrix A update

r<—nr+1

A" = (Trfl)flA'rflTrfl

In [5], it was proved that, in the case of matrices with entries over Z, the
primary pivots on the r-th diagonal of A" marked in the r-th step of the RCA
coincide in position and value with the ones on the r-th diagonal of A”™ marked
in the r-th step of the SSSA. More details on this algorithm are presented in [5].
The analogous result for the case over Z((t)) is stated in the next lemma and its
proof is completely analogous to the one obtained for coefficients over Z.

LEMMA 7.4. Let f: M — S be a circle-valued Morse function on a closed
n-manifold M and (N, (f),A) be the Novikov chain complex associated to f. Let
F be a finest filtration in (N.(f),A) and let (E",d") be the associated spectral
sequence for this filtered chain complex. The primary pivots of the matrices A"

of the RCA coincide in position and value with the ones of the matrices A” of
the SSSA.

EXAMPLE 7.5. The following set of matrices (see Figures 34-37) illustrate
the depletion of rows and collumns in the RCA when applied to Example 6.1.

0 Vo=t t—1 t—1 -1

0O Mmoo o,

0 0o
0 L1 1
0 Lo -t
0 1o t-1!

0
0

FIGURE 34. Al in RCA.

PrROOF OF THEOREM 7.2. By Theorem 6.4, the non-zero differentials of the
spectral sequence are induced by the pivots. Theorem 5.1 states that the primary
pivots are always invertible polynomials, hence the differentials dj,: Ef — E_,
associated to primary pivots are isomorphisms and the ones associated to change-
of-basis pivots always correspond to zero maps. Consequently, the non-zero
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0 o=t t—1 t—1 $2-1,
I € L B
,,,,,,,,,,,,,,,,,,,, 01109:
0 : —1 1 :
0 | @ —t? :
0 1 0 @D
0
0

FIGURE 37. A% in RCA.

differentials are isomorphisms and this implies that at the next stage of the
spectral sequence they produce algebraic cancellations, i.e. E;“ = E;‘_Li =0.

Note that the algebraic cancellation E};H = E;fi = 0 is associated to the
primary pivot A7 _,..; ., on the r-th diagonal of A" in the SSSA. The row
p—r+1is associated to hi:q“ € Fp—rCr—1\Fp—r—1Ck—1 and the column p+1
is associated to hiﬂ € F,Cx\ Fp_1Cy. Moieover, the primary pivot A7, 1 14
of the SSSA is equal to the primary pivot A7, . of the RCA.

We will now prove the theorem by associating dynamical cancellations to the
algebraic cancellations of the SSSA via the RCA. Given ¢, the negative gradient
flow associated to f, we recursively construct a family of negative gradient flows
{p"} of circle-valued Morse functions f”, r = 0,...,w, where fO = f and f"+!
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is obtained from f" removing the pairs of critical points corresponding to the
cancelled modules of the r-th page of the spectral sequence, i.e. the pairs asso-
ciated to the primary pivots on the r-th diagonal of A”. In order to do this, we
have to prove that whenever a primary pivot ﬁ;_T 41,p+1 on the r-th diagonal of
A" is marked, it is actually a Novikov incidence coefficient N (hi“, hzjﬂ; Jid)
between two singularities 22" and A7 of consecutive indices of "

Without loss of generality, the Novikov differential A associated to f is con-
sidered to be the one where all orientations on the unstable manifolds of critical
points of index 2 are the same. In this case, we have the characterization of the
Novikov differential A given by Corollary 2.2.

The proof follows by induction in r. The base case r = 1 is trivial, since the
differentials d° are null and hence no pivots are marked in this step. Thus there
are no algebraic cancellations, f0 = f1, ¢! = ¢ and Al = A(M, ') = A(M, ),
since no columns and rows are removed. Furthermore, N (h{c, he 5 fh = Z}J
for all hy, hi_, € Crit(f!).

Induction hypothesis. Suppose that the Morse function f” is well defined and
let " be the negative gradient associated to f, where the matrix of the Novikov
operator A(M, ") associated to f is the submatrix of A" obtained when we
remove all columns and rows corresponding to all primary pivots marked until
diagonal r — 1 of A", i.e. N(hi, he ;i f7) = ﬁfj for all hi, ¢, € Crit(fr).

We now prove the case r + 1. This proof requires three steps. The first
step performs dynamical cancellations of the lift of certain critical points of f"
in the covering space. The second step analyzes the effect that the dynamical
cancellations in the covering space has on the relation between the Novikov
incidence of f” and f"*'. The third and final step links the algebra of the RCA
with the dynamics of f"+!, i.e. establishes that N(h],hi ,; f'+!) = K;jl for
all ki, hi_; € Crit(fm1).

Step 1. Let Aj_, .y ,11 be a primary pivot on the r-diagonal of A". By
the induction hypothesis, this primary pivot represents the Novikov incidence
coefficient between two singularities of the flow ¢”, namely h?*" and nE 7.
By Theorem 5.1, the primary pivot is either +¢* or :FtZ:I: tf, where ¢, (e Z, and
we assume £ < (.
t/\h?r1 and t’\“‘th:’iH in the cov-

ering space M. Denote by F”" the Morse function which makes the following

Now, consider the pair of critical points

diagram commutative:

(7.1) EJ
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Since F" is a Morse-Smale function, it can be perturbed if necessary so that
there are no critical points in (F")~[(cxt¢,p—r+1,Cxp+1)]- For a nice proof of
this fact see Lemma 3.2 in [13]. Using the Smale’s Cancellation Theorem, we
can equivariantly cancel the pairs of critical points tAth and t)"*‘zhz:?ﬁl, for
all A\ € Z, obtaining a new Morse-Smale function F"*1: M — R such that

Crit(F™1) = Crit(F") \ {* W2 MR | X e Z).

Moreover, we have the following correspondence between the intersection num-
bers with respect to the function F" and F"*!  denoted by n(-, -;F") and
n(-, -; FT1), respectively:

1. For k =1:

1.1. Tf the saddle t*hY ™" connects with exactly two sinks, namely t*+¢ph "+
and t>‘+zhé°, then given a saddle t°h) € Crit(F™t!), we have that

(72) n(téh{,t’\JJhé‘);FTH) — n(téhjl"tk+lhgfr+1;Fr) +n(t6h{,t>\+’[héo;FT),
(7.3) (ki R FTHY) = n(0hd MRl B, i # .

In the particular case that ig = p —r + 1, since the cancellation is done equivari-
antly, an eventual flow line in ¢" from t‘sh{ to t)‘+zhf)” gives place to a flow line
starting at t‘sh'{ with empty w-limit set.

1.2. If the saddle t*h™" connects with exactly one sink, namely t*+¢p5 =",
then the intersection numbers between critical points of F™*! remain the same.

2. For k = 2:

2.1. If the saddle t*\*A2~"*! connects with exactly two sources, namely

t*hE+! and t’\‘*zhgo7 then given a saddle t°h¢ € Crit(F"+1), we have that
(7.4) (R O P = n( RS R FTY 4+ n(t R 0k F),
(75) (TR, Ry P = n(@ T, R FT), o

In the particular case that jo = p+1, since the cancellation is done equivariantly,
an eventual flow line in " from t’\+2h;'° to t°hi gives place to a flow line ending
at t9h} with empty a-limit set.

2.2, If the saddle t"*h?~""! connects with exactly one source, namely
t’\hgﬂ, then the intersection numbers between critical points of F™*! remain
the same.

Formulas (7.2)—(7.5) are a consequence of the characterization of the Morse
boundary operator, when we consider the orientations on the unstable manifolds
of index 2 critical points of F" being the same. This follows easily since the
characteristic signs of the two flow lines of the unstable (stable) manifold of

a saddle are opposite as proved in [4].

Step 2. Let f™t1: M — S be the smooth map such that f"*!(z) = Exp o
Fr+l(y), where y € E~!(z) for all z € M. Since the cancellation was done
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equivariantly then f"+! is well defined and it is a circle-valued Morse function
such that Crit(ft1) = Crit(f7) \ {h?™", B2Z7*"} which coincides up to isotopy
with f" outside a neighbourhood of the flow line joining these critical points.

As consequence of the formulas in (7.2)-(7.5), we have the following relation
between the Novikov incidence coefficients when considering the functions f©
and frti:

3. Ifk=1:

3.1. Suppose that £;7T+1’p+1 = +t! Tt! where ¢ < Z then there is a double
connection between h¥*" and B2~ in the flow ¢”. This corresponds to case 1.1
in the covering space when 7o = p—r+1. After the equivariant cancellation, new
connections are not created between consecutive critical points of F"+!, hence

N(B, hi; fr+8 = N(BI, hi; f7),  for all A, hi e Crit(f7+1).

3.2. Suppose that 8;4“’1)“ = +t*. Given h}) € Crit(f™+!) with i <
p—r+1, the entry A} ., belongs to the submatrix A(M, ¢"), consequently we
can use Corollary 2.2, which implies that we have two possible cases:

. E;,pﬂ = 0 for all i < p—r + 1 such that h € Crit(f"*!). This
corresponds to case 1.2 above. After the equivariant cancellation, there
are no changes in the connections between consecutive critical points of
Fr+1, hence N(hi, hi; ™) = N(h, b [7), for h € Crit(f+1).

e There exists 49 < p—r+1 such that hy’ € Crit(f™), A} ., = Ft! and
A7, =0foralli<p—r+1withi#ipand hi € Crit( 7). n this

case, h2T! connects with exactly two sinks, namely hg_T'H and hy’ in the
flow ¢". Then, by case 1.1 above, we have that for all A} € Crit(f"+!),

(7.6) N(],hiy; £ = 3" n(h?  hio; Frhyet

AEZ
= n(t"h AR P
AEZ
=3 [ R, TR ) 4 n(t R, T R FT)]

AEZ

Z n(hjl, t)\—&-@—éhgg—r-i-l; Fr)t)\ + Z n(h]h t)xhéo; Fr)t)‘

AEZ MEZ

= > PR EA 0 4 N (R B )
A—(t—0)ez

= N, By R 4+ N (R R £,

where the third equality follows from (7.2). Moreover,

N(B, hi; frHY) = N(hd, hi; f7)  for i # .
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4. If k=2:

4.1. Suppose that ﬁ;frﬂ’p“ = +t! Tt! where ¢ < Z then there is a double
connection between 75" and A27"*! in the flow ¢". This corresponds to the
case 2.1 in the covering space when jo = p+ 1. After the equivariant cancellation
new connections are not created between consecutive critical points of F"t!,

hence N(hy, hi; f+') = N(h, hi; f7), for all b, hi € Crit(f7+1).
4.2. Suppose that A7 ., ., = +t*. Given b} € Crit(f™*!) with j > p+1,

the entry K;fr +1,; belongs to the submatrix A(M, ¢"), consequently we can use
Corollary 2.2, which implies that we have two possible cases:
. ﬁ;ﬂ,ﬂ,j =0 for all j > p+ 1 such that hJ € Crit(f"*'). This corre-

sponds to case 2.2 above. After the equivariant cancellation, there are no
changes in the connections between consecutive critical points of F7 11,
hence N (h3, hi; frH1) = N(hd, h; f7), for hi € Crit(fr+1).

. Therg exists jo > p + 1 such that h)® € Crit(f +1), ﬁ;ir+1’jo = 5t
and A7, =0 forall j > p+1 with j # jo and hjy € Crit(f™+1).

In this case, B~ "*! connects with exactly two sources, namely k5"
and A2’ in the flow ¢". Then, by case 2.1 above, we have that for all
hi € Crit(fr+1),

(7.7) N, h; £ = N(REY R, f1E0 + N (W, b 7).
Moreover, N(hé7 L) = N(h%7 L f7) for § # jo.

Step 3. Now, we link the dynamics with the algebra of the RCA. More
specifically, we will show that the matrix of the Novikov operator A(M,¢"+1)
associated to f7T1! is the submatrix of A™t! obtained when we remove all columns
and rows corresponding to all primary pivots marked up to the r-th diagonal
of A",

Let A} .. ,+1 be a primary pivot and consider an entry Afjl with i <
p—r+1and j > p+1. If there is a primary pivot in column/row ¢ or column/row
j, then the A;;l is not in A(M, ¢"*t1). Otherwise, the entry A;jl is given by

- - Ar i~
1 —r+1,
(7.8) Rpjt= Ay - A
p—r+1,p+1
From now on consider &:J such that k7, hi | € Crit(f"*!). In this case,

there are no primary pivots in column/row ¢ nor in column/row j, since E:J is
an entry of the Novikov matrix A(M, ") of f7.

5. If k=1:
5.1. Suppose that AITD—H-LPH = +t! 7 t'. By Corollary 2.2, ﬁf,pﬂ =0
for i <p—r+1and hi € Crit(f~™'). Hence, 5:';1 = AITJ By the induction
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hypothesis and by item 3.1 above ﬁ:’j‘l = N(h{, hi; fr1), for all j such that
7€ Crit(f+1).

5.2. Suppose that E;fﬂrl 1l = +t‘. We have two cases to consider.

o A’”pﬂ = 0 for all i < p— 7+ 1 such that hjj € Crit(f"*'). Then
A”l AT’ By the induction hypothesis and by case 3.2 above A{ng =
N (b, By ). | ) )

e There exists ig < p—r+1 such that kg’ € Crit(f"), A7 ., = Ft‘ and
A7, =0foralli<p—r+1withi#ipand hj € Crit(f7+!). In this
case, (7.8) is equivalent to A;erl = A’“ + Ap —rt1 =, Since by the
induction hypothesis E:j = N(R], hi; f ) and Ap 1 = N(R], P f7),
then by item 3.2 (equation (7.6)) we have A:}'l = N(R], hi; fr1).

6. If k =2:

6.1. Suppose that Ap rtlp+l = = ¢! ¢!, Given an entry A ; with j > p+1
zind hi, hi e Crit(f7+1), then Ap:?“-i-l] = 0, since the submatrlx A(M, ") of
A" satisfies Corollary 2.2. Hence, A;erl AT and, by the induction hypothesis,
APt = N, his f1).

6.2. Suppose that A7_ rLptl = +t¢. Given an entry A ; with j > p+1 and
h, hi e Crit(fT‘H) then Ap r+1; =0or Ap 41, — =tf, since the submatrix
A(M, ") of AT satisfies Corollary 2.2. In the case that Ap 41 = = 0, then
A7t = A7 and AJF = N(kj, hi; f+1). On the other hand, if A7, ., ; = Ft/,
(~7 8) is equlyalent to A;ij1~: A;j + AT Tl t*=¢. By the induction hypothesis
A7 = N(h}, hi; f7) and A7, = N(hS™ hi; f7). Then by item 4.2 above
(equation (7.7)) we have ATH N (R, hi; f’"“)

If there are more primary pivots {A; —r+1,pe+1) On the r-th diagonal of A,
we repeat the above construction successively by determining neighbourhoods U,
of the closures of the flows lines joining hi”l and A" TH. Cancelling the pairs
of critical points {(A2*', h?7 ")} in Uy, we obtain a family of flows {¢}} such
that ¢} has exactly two less singularities than ¢j_,. Each one of the cancellations
is done as above with the dynamics corresponding to the algebra of the RCA. In
this case, the flow "1 is obtained from " after cancelling all pairs of critical

points corresponding to primary pivots on the r-th diagonal. O

As a consequence of the proof of Theorem 7.2, the appearance of periodic
orbits in the family f" due cancellations of critical points can be detected by the
spectral sequence.

THEOREM 7.6 (Detecting periodic orbits). There exists a family of circle-
valued Morse functions satisfying Theorem 7.2 such that, for each cancelled pair
of modules Ey, and E},_,. corresponding to a binomial primary pivot Ap_, 1y 1 =
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Tl 4t where l < Z, the associated dynamical cancellation of critical points hiH
gnd hijﬂ gives rise to a periodic orbit that crosses the regular value f~'(a)
£ — ¢ times. This periodic orbit is either an attractor if k = 0 or a repeller if

k=1.

PROOF. In order to perform the cancellation of hzﬂ and hiiqﬂ, we consider
the critical points t/\thr1 and t*”hi:’i“ in the covering space M and cancel
them equivariantly for all A € Z using the First Cancellation Theorem in [11].
Note that, for a fixed A\, when the pair t’\h’,frl and t*“hi:q“ of critical points
of F" is cancelled, the function F"*! coincides with F" (up to isotopy) outside
a neighbourhood U of the connecting orbit between them and a flow line v from
tAERPt to t>‘+zh£j+1 arises in the negative gradient flow of F"*!. One can
choose the diffeomorfism given by the Assertion 4 in Chapter 5 of [11] such that
~ coincides outside of U with the flow lines in the negative gradient flow of "
going from A~ hET to tMERP T and from AR to t>‘+zh£:’{+l. Cancelling
equivariantly in M, one obtains a periodic orbit of the negative gradient flow of

frt! on M. O

ExaMPLE 7.7. We could have considered an alternative finest filtration in
Example 7.3, such as G = {G,N'}, where

GoN = Z((t))[hg], GaN = Z((t))[hg, hg, b3, by, hS],

GiN = Z((t)) [hg, h3] GsN = Z((1)) [ho, hg, bt b he, k3,
GoN = Z((t)) [hg, b3, hY], GeN = Z((t)) [hg, ki, 1, b, hS, hY, hS],
GsN = Z((t)) [hg, hg, b3, ki), GiN = Z((t))[ho,ho,hi’,h‘f,h?,hi’,hg,h;].

In this case, the dynamical cancellations of pairs of critical points associated to
algebraic cancellations of the modules of the spectral sequence through the SSSA
will be the following pairs of critical points: (h3,h3), (h3,h3), (hd, k1), (AS, h).
For instance, in the first matrix A! produced by the SSSA, see Figure 38, the
entry Ag ; = —t* is a primary pivot which induces the differential d§: Eg — E
of the spectral sequence. Note that by the choice of the finest filtration G, E is
generated by the critical point h§ and E} is generated by the critical point h3.
Therefore, the algebraic cancellation of the modules E} and E} is associated to
the dynamical cancellation of the pair (h3,h§). Also note that, despite the fact
that h§ and hj are close with respect to the filtration G, i.e. the gap between
them is 1, the flow line from h§ to hY is a “long” orbit both in M and M
represented by —t2 on the Novikov differential. This orbit in the torus M wraps
twice around it. Hence, the corresponding cancelled pairs (t**2h3,t*h§) in the
covering space are also not close compared with the gap in the filtration Gy p,
since the gap between them is 19. The algebraic cancellation corresponding to
—t2 also has its dynamical counterpart.
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hd h3 h3 hi h3 I h3 hS
B[ 0 oot t-1 -1 1|
n 0 (D 0 t 1
I 0 o Cot o -1
R 0 ! -1
15 0 N
& 0 1 1
hY 0
h 0

FIGURE 38. Al for an alternative filtration G.

The choice of a different filtration for the Novikov chain complex from the
one in Example 6.2, implies in different cancellations of pairs of critical points.
The family of negative gradient flows ¢ determined by Theorem 6.1 for this
example exhibit new orbits that wrap around the torus many times possibly
with different orientations in some of the turns. This dynamical behavior is
determined by the primary pivots in the Novikov matrices A”. Once all of the
cancellations are performed, the flow associated to the last Novikov matrix is
minimal and in this case we are left with no critical points and one attracting
and one repelling periodic orbit.
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