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CORRIGENDUM TO
“THE SPLITTING LEMMAS FOR NONSMOOTH
FUNCTIONALS ON HILBERT SPACES
II. THE CASE AT INFINITY”
(TOPOL. METHODS NONLINEAR ANAL. 44 (2014), 277-335)

GUANGCUN Lu

ABSTRACT. We show how to correct errors in [1, § 4] caused by the incorrect
inequality [1, (4.2)].

Here we only point out main corrected points and refer readers to [2, §4] for
a completely rewritten version of [1, §4]. After removing the incorrect inequality
[1, (4.2)] some corrections to the arguments in [1, §4] should be made.

e The original (q}) and (q3) should be replaced by the following slightly
stronger ones:

(q}) There exist constants ¢; > 0, r € (0,1) and a function E € L?() such
that |g(x,t)] < E(x) 4 ¢1]t|” for almost x € Q and for all ¢t € R.

(q%) For almost every = € Q the function R 3 ¢ — ¢(x, t) is differentiable and
QxR 3 (2,t) = qlz,t) = %(m,t) is a Carthéodory function. There
exist s € (n/2,00), £ € L*(), and a bounded measurable h: R — R
such that h(t) — h € R as [t| = oo and |g;(z,t)| < £(x)h(t) for almost
every z € () and for all t € R.
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By the latter, s € (n/2,00), and so s/(s — 1) < n/(n —2) for n > 2. Set

81 712 if n> 2,
(0.1) sm)=14" "
3s .
1 if n =2,
P
and
2sm — 25 —
;fg—ﬁ—ﬁ ifn>2
(0.2) CRDER SN
ifn=2.

s—1
Note that H = H}(Q) — L™ (Q). Let ¢(s,n, Q) > 0 be the best constant
such that

(0.3) lull pecsmy < c(s,m, Q) ||Vullrz = c(s,n, Q)||ul|g for all u € H.

e Two lines above Proposition 4.2 of [1] should be changed into:

Since |g(z, t)| < l(z)h(t) by (a3), 1/s+1/n(s,n)+2/&(s,n) =1, n(s,n) > 1,
and 2s/(s — 1) < &(s,n) < 2n/(n — 2) for n > 2, using the generalized Holder
inequality and Sobolev embedding theorem, we deduce

’/qt(%U(w))v(x)w(w) da S/ [e(2)] - [h(u(@))] - [o(@)] - [w(z)| dz
Q Q

1/n(s,m)
< €l 0l o [0 e ( [ tatappe dw)

1/n(s,m)
ol mllwll e (/Q ()16 dw)

(0.5) < (cls;n, D)l e ol llwl Q7™ sup b
for any u,v,w € H. It follows that B(u) € Ls(H).

(04)  <(c(s,m,92))*]1¢|

Is

Is

e (b) of [1, Proposition 4.2] should be replaced by

(b) Under the assumption (q3), J is C? and J”(u) := D(VJ)(u) = B(u)
for all w € H. Moreover, if a = A, it holds with the constant ¢(s,n, Q)
in (0.4) that

(0.6) 9" (= + W)l ccay < (cls,n, )2 (||l o (2 + u) — bl
+ (e(s,m, Q)2 |7 el o R
for any z € H, = Ker(B(c0)) and u € HE := (H)*.

Ln(s,n)

e The last two lines on [1, 325] (or the equalities [1, (4.13)]) should be re-
moved. And [1, Claim 4.4] should be replaced by:

CLAIM 4.4. For given numbers p > 0 and € > 0 there exists Ry > 0 such
that
A (z +w) = Bl poemy + BIQIYEM < o 4 plQ|t/n(sm)
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for any u € EHoio(H,p) and z € HY, with ||z|g > Ro. Here n(s,n) is given
by (0.2).

e (c) of [1, Proposition 4.6] should be replaced by
(c) If a = Ay, then Ck(J,00;K) =0 for all k ¢ [m™ — 1,m™] provided that

(0.7)  (c(s,m, Q)Y 7M]|¢]| o 2
Az =M for m =1,
< A A A
min { 20— fAmo=l AmiAl T 2L > 1
)‘m_—l >‘m++1
and
(0.8) (c(s,m,Q))2|Q7™)||¢|| L sup b < 1.

e The main result in [1, §4], Theorem 4.7, should be restated as:

THEOREM 4.7. Suppose that assumptions (p*) and (q})—(q3) are satisfied.

(a) If ap is not an eigenvalue of —/A then (4.1) (of [1]) has at least one
nontrivial solution provided that for some m € N, (0.7)—(0.8) hold and
either ag < Ay, < a ora < A\, < ag.

(b) If ag = A\, is an eigenvalue but (0.7)—(0.8) and (qf) hold in addition,
then (4.1) (of [1]) has at least one nontrivial solution provided that either
a < ag orag < A\ < a for some k >m and (0.7)-(0.8) hold with m = k.

(¢) If agp = A is an eigenvalue but (0.7)—(0.8) and (q, ) hold in addition,
then (4.1) (of [1]) has at least one nontrivial solution provided that either
ap < a ora <A, <ag for some k <m and (0.7) holds with m = k.

e Lemma 4.9 in [1] and its proof below [1, Lemma 4.8] should be replaced by:

LEMMA 4.9. For a = A\, if either h =0 or h > 0 and (0.7)—(0.8) are
satisfied, then taking pvy as any positive number p there exists Ry > 0 such that
the conditions of [1, Corollary 1.6] are satisfied.

PRrROOF. It suffices to check that conditions (¢)—(d) of [1, Corollary 1.6] are
satisfied. Firstly, we claim that condition (c) holds. In fact, since Q(oc0)v =
—aKv by [1, (4.7)], we deduce from [1, (4.5)] and (0.5) that

(B(u)v — Q(0)v, v) i = (v, 0)mr — /th(x, u(@))(v(@))? dz
> (v,0)n — (e(s,n, Q)|Q/ 7™ |¢]
>(1 = (e(s,n, Q)2 |07

L (suph) - [|vl%

Lo sup ) [lv]|3.

This and (0.8) lead to the desired conclusion.
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Next, we prove condition (d) holds. By [1, (4.12)], [[VJ(2)||lzr = o(||z||xr) as
z € HY and ||z||g — oo. Hence
M(A) = M(VJ) = lim sup{|[(I = PL)VJ(2)|lm : 2 € Hy, [|2llm > R} = 0.
By [1, Lemma 4.8] and (0.7), we may take a small £ > 0 such that
(c(s,,2))[|€]ls (e + RIQ ™) < 1/07°.

For this € > 0 and a given number p > 0, by Claim 4.4, there exists Ry > 0 such
that
1h(z + ) = All pace.m + BIQY 7™ < & QY™

for any u € By (0,p) and z € HY, with ||z > Ro. These and (0.6) lead to

12 = PL)B( + ) — Bl | ozt < 1Bz + ) = B(oo) oo

1
= llg"(z + Wlleqn < (e(s,m Q)€ (2 +RIQTED ) < —
1

for any u € BH;(:C(G,[)) and z € HY, with ||z]|z > Ry, and for some x > 1. O

Finally, we provide the correct proof of [1, Proposition 4.2 (a)]. Other proofs
should be corrected in a similar manner, see [2, §4] for details.

e The proof of [1, Proposition 4.2 (a)] should be changed as follows:
It suffices to prove that the functional g in [1, (4.10)] is C1. By (q}),

lg(z, t1 + t2)] < E(x) + cr(1+ [ta| + [t2])" < E(2) + 1 + arlta] + cata
for almost every € 2 and any t1,% € R, and so
0.9) [Q(z,u(z) +v(z)) — Qz,u(z))| < sup lq(z, u(z) + To(2))] - [v(2)]
7€[0,1
< (B(z) + a1+ alu(@)] + alo(@)]) - [v(z)]

for all u,v € H,
(0.10)  [g(u+v) —g(u)| < /Q(E(l‘) +er+erlu(@)| + alo(z)]) - v(z)]| do

< (1Bl 2 + el @2 + erllullzz + exllvllz) o]l 2

As H — L?(Q), g is continuous. We also need to prove that g has a bounded
linear Géateaux derivative Dg(u) at every point v € H and that H 3 u —
Dg(u) € H* is continuous. For u,v € H = H} (), 7 € (=1,1) \ {0} and almost
every x € () we get

Qz, u(z) + To(x)) — Qx, u(z)) ‘

T

< (B(@)+c1 4 alu@)| + clv(z)]) - [v(z)]
by (0.9). From this and the Lebesgue dominated convergence theorem, we derive

Dy = L glutro)=— /Q o(z, u(z)) - v(x) d.

dr

7=0
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That is, g is Gateaux differentiable. Clearly, Dg(u) € H* since we have as above

IDg(u)lo]] = \ [ ate @) o) d

Let uy,uz,v € H. By (q}), the functions R 3 ¢ — ¢(x,t) and R 3 ¢t — ¢(x,1)
are continuous for almost every = € ). The calculus fundamental theorem and
(0.5) lead to

< (1Bllze + x| + e [lull 2) 0] 2.

/ lg(e, ua(2)) — gl i (2))] - v(z) do
Q

= /01 {/Q qt(z,ur(z) + 7(uz(x) — ur(x))) (ue(x) — ur(z)) - v(x) dx] dr

1
<f [ [l @)+ (0a(a) i @)z (o) = @) - o) dx] i
0 Q
< (e(n, 5, Q)21|E] - 217 (sup h) - uz — wa ol o
and hence
IDg(ur) — Dg(uz)|| g+ < (c(n, s, Q))2[1€]| Q"™ (sup h) - ||ug — uy || #r-

It follows that J is C1:L.

The expression of VJ is clear. It remains to prove [1, (4.10)]. Since |Q(x,t)| <
[t|E(z) + c1]t|™™ by (qf), 7 € (0,1) and H < L™, for some constant C,. > 0
we have

lg(u)] < /ﬂ 1Q(x, u(z))| dz < /Q(E(x)|u($)| +erlu(@)[") do
< BNz llullee + ellul i < Co(IB| e lullm + ellulli™)

for all uw € H.
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