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ABSTRACT. We examine a logistic equation with local and non-local reac-
tion terms both for time dependent and steady-state problems. Mainly, we
use bifurcation and monotonicity methods to prove the existence of posi-
tive solutions for the steady-state equation and sub-supersolution method
for the long time behavior for the time dependent problem. The results
depend strongly on the size and sign of the parameters on the local and
non-local terms.

1. Introduction

In this paper we study the non-local parabolic problem

ut—Au:u<)\+b/urdx—u> in © x (0, 00),

Q

(1.1) w=0 on 99 x (0, 00),
u(z,0) =wup(xz) >0 in €,

2010 Mathematics Subject Classification. Primary: 35R09, 45K05; Secondary: 35J60,
35K35, 35A25.

Key words and phrases. Logistic equation; local and non-local terms; bifurcation methods.

M. Delgado and A. Sudrez were supported by FEDER and Ministerio de Economia y
Competitividad (Spain) under grant under grant MTM2012-31304.

G. Figueiredo was supported by CNPQ/PQ 301242/2011-9 and 200237/2012-8.

M. Pimenta was supported by FAPESP, Brazil, 2012/20160-0 and 2014/16136-1 and
CNPQ 442520/2014-0.

693



694 M. DELGADO — G.M. FIGUEIREDO — M.T.O. PIMENTA — A. SUAREZ

and the corresponding steady-state problem

—Au=uA+ b/ u'dr —u) in Q,
Q
u =0 on 01,

(1.2)

where Q@ C RY is a bounded and smooth domain, A\,b € R, r > 0 and ug is
a regular positive function. In (1.1), u(z,t) represents the density of a species in
time ¢ > 0 and a habitat surrounded by inhospitable areas at the point = € €.
Here, A is the growth rate of species, the term —u describes the limiting effect
of crowding in the population, that is, the competition of individuals of species
for resources of the environment. In (1.1) we have included a non-local term
with different meanings. When b < 0 we are assuming that this limiting effect
depends not only on the value of u at the point =, but on the value of u in the
whole domain. When b > 0 individuals cooperate globally to survive. When
b =0, (1.1) is the classical logistic equation.

Observe that when b > 0, problem (1.1) can be regarded as a superlinear
indefinite problem with non-local superlinear term, similar to the classical su-
perlinear problem

up — Au=u(A+baTu" —a"u") in Q x (0, 00),
(1.3) u=0 on 09 x (0, 00),
u(z,0) =up(xz) >0 in €,

where a € C1(Q2), at := max{a(z),0}, a~ := max{—a(x),0}. The latter has
been studied in detail in [14], [15], [17], see also references therein. This class
of local problems has been considered also with other boundary conditions, for
example, non-homogeneous Dirichlet boundary conditions, see [9] and [18], where
multiplicity results are shown. We do not consider the non-local counterpart in
this paper.

The introduction of non-local terms in the equation and in the boundary con-
ditions has shown to be useful for modelling a number of processes in different
fields such as mathematical physics, mechanics of deformable solids, mathemat-
ical biology and many others. For examples of its application in population
dynamics, see, for instance, [8], [7] and [11].

Let us summarize our main results. Denote by A the principal eigenvalue of
the Laplacian subject to homogeneous Dirichlet boundary conditions and by ¢
the positive eigenfunction associated to Ay such that ||¢1]/e = 1.

Regarding parabolic problem (1.1), first we prove the existence and unique-
ness of positive local in time solution. Next, we analyze the long time behaviour
of the solution. In particular:

(1) If b < 0 the solution of (1.1) is global in time and bounded. Moreover,
the solution goes to zero as A < A;.
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(2) Assume now b > 0.

(a) The trivial solution is locally exponentially stable for A < A, that
is, for small enough ug the solution goes to zero if t — oo.

(b) If r < 1 or r =1 and b is small enough, the solution of (1.1) is
global in time and bounded. Moreover, the solution goes to zero if
A is small enough.

(¢c) If r > 1 orr=1 and b is large enough, the solution of (1.1) blows
up in finite time for A or wug large enough.

We refer to Section 6 for more specific results. We would like to remark that
similar results have been obtained in [21], [22] and [19], see also references therein,
for the problem

ut—Au:/ur(Lt)da@—ku”, for r,p>1and k > 0.
Q

Regarding problem (1.2). The case b < 0 and r = 1 has been analyzed in [23],
where the existence and uniqueness of positive solution of (1.2) were established.
We improve these results considering all the cases for r > 0. The case b = 0 (the
pure local model) is well-known, see Proposition 2.1. The equation

—Auzu(A—i—b/udm—I—u)
Q

with b < 0 has been analyzed in [8].

In order to prove our results, we use mainly the bifurcation method, applied
previously in this context by [1], [5] and [12].

First, we show that from the trivial solution u = 0 an unbounded continuum
of positive solutions of (1.2) emanates at A = A\;. Next, we study the local and
global behaviour of this continuum. In particular, when b < 0 the behaviour
does not depend on r and we show the following result (see Figure 1 (a)).

THEOREM 1.1. Assume b < 0. Then a positive solution exists if and only if
A > A\1. Moreover, if it exists it is unique (denote it by o) and

lim ||¢)\A,bHoo =0.
b——o0

When b > 0 the behaviour depends on the size of r. When r < 1 we obtain
(see Figure 1(c)) the following result.

THEOREM 1.2. Assume b > 0 and r < 1. There exists A\, < A1 such that
(1.2) possesses at least one positive solution if and only if A > .. Moreover,

(1.4) lim A(b) =X and lm A (b) = —o0.

b—0t b—+o00

When r > 1 (see Figure 1(d)) we have
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FIGURE 1. Bifurcation diagrams for equation (1.2).

THEOREM 1.3. Assume b > 0 and r > 1. There exists \* > A1 such that
(1.2) possesses at least one positive solution if and only if A < \*. Moreover,

(1.5) lim A*(b) =400 and lim A*(b) = A;.

b—0+ b—+o00

Let us remark that, unlike in the local case, we do not need to impose any
restrictions on r in order to get the a priori bounds. Indeed, if we were considering
the local case

—Au =u(A+bu" —u),

then in order to obtain a priori bounds, we require r +1 < (N 4+ 2)/(N — 2), see
[10].

Finally, in the case r = 1, the behaviour depends of the size of b:

THEOREM 1.4. Assume b >0 and r = 1.
(a) Assume thatb < 1/|Q)|. Then, there exists a positive solution for A > A1.
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(b) Assume thatb > 1/ [, p1dx. Then, there exists a positive solution if and
only if A < A1.

Here || stands for the measure of 2. When b is small enough, the bifurcation
is similar to the case b < 0 (see Figure 1 (a)), whereas when b is large enough we
have a positive solution for A < A\; (see Figure 1 (b)).

There exists a gap in our results for b € (1/|Q],1/ [, 1) In this case, we
know that there exists an unbounded continuum of positive solutions bifurcating
from (A, u) = (A1,0), moreover, we know its local bifurcation direction (see The-
orem 2.2), but we are not able to assure the global behaviour of the continuum.
Observe, that this does not occur in the homogeneous Neumann case. Indeed,
in this case Ay = 0 and ¢; = 1. Hence, 1/|Q| =1/ [, ¢1 and for b = 1/|Q| there
exist infinite positive solutions for A = A\; = 0.

DY

~—
(a) (b)

—

—
N/

- w X

() (d)
FIGURE 2. Bifurcation diagrams for equation (1.2) moving b.

Look now at Figure 2, where we have presented different bifurcation diagrams
moving the parameter b. Figures 2 (a) and (b) depict the bifurcation diagrams
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when b — 0 in the cases 7 < 1 and r > 1, respectively. Figures 2 (c) and (d)
correspond to the case b — 400 for r < 1 and r > 1.

The paper is organized as follows. In Section 2 we prove the existence of
an unbounded continuum of positive solutions of (1.2). Section 3 is devoted to
proving the non-existence results and a priori bounds of positive solutions of
(1.2). In Section 4 we show the stability of solutions in some cases. Section 5
is dedicated to proving Theorems 1.1, 1.2, 1.3 and 1.4. Finally, in Section 6 we
study parabolic problem (1.1).

2. Bifurcation results

We shall prove that from the trivial solution u = 0 an unbounded continuum
of positive solutions of (1.2) bifurcates at A = A;.

First recall the principal results for the classical logistic equation (see Lemma
7.8 in [6] for (2.2))

—Au=u(p—u) in Q,

2.1
@1) u=~0 on 0.

PROPOSITION 2.1. There exists a positive solution of (2.1) if and only if
> Ai. Moreover, it is unique if it exists (denote it by 0,,) and the following
inequalities hold:

(a)
(2:2) (k= A1) o1 <6, <min{u, K(u— A1)}
for some K > fQ p?dx/ fQ ©3 dx independent of .

(b) Ifu >0 is a subsolution of (2.1), then u <46,.
(c) If w> 0 is a supersolution of (2.1), then 6, <.

Consider the Banach space X := Cy(Q) and denote B, := {u € X : [Julloc <
p}. Define

Flu) = u* <A+b/ﬁ(u+)Tda: - u) :

and the map Ky : X — X by Ky (u) := u—(—A)"1(f(u)), where u* := max{u, 0}
and (—A)~! is the inverse of the operator —A under homogeneous Dirichlet
boundary conditions. Now, it is clear that w is a non-negative solution of (1.2)
if and only if u is a zero of the map .

The main result of this section is:

THEOREM 2.2. The value A = Ay is the only bifurcation point from the triv-
ial solution for (1.2). Moreover, there exists a continuum Coy of non-negative
solutions of (1.2) unbounded in R x X emanating from (A\1,0). Furthermore:

(a) If b <0, the direction of bifurcation is supercritical.
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(b) Assume b > 0.
o [fr <1, the direction of bifurcation is subcritical.
o Ifr > 1, the direction of bifurcation is supercritical.
o Assume that r = 1 and denote

/cp?dx
bo = Q .
/goldx/go%dx

Q Q

If b > by (resp. b < bg) the direction of bifurcation is subcritical

(resp. supercritical).

Recall that we say that the direction of bifurcation is subcritical (resp. su-
percritical) if there exists a neighborhood V of (A1, 0) such that every solution
(A, u) € V satisfies A < Ay (resp. A > Aq).

In order to prove this result we use the Leray—Schauder degree of K\ on B,
with respect to zero, denoted by deg(KCy, B,), and the index of the isolated zero
u of ICy, denoted by i(Kx,u).

LEMMA 2.3. If A < Ay, then i(Ky,0) = 1.
PrOOF. Fix A < A;. Define the map
Hi: [0, x X = X5 Ha(tu) o= (=A) 7 (tf ().
We claim that there exists § > 0 such that
u# Hi(t,u) for all u € Bs\ {0}, and t € [0, 1].

Indeed, suppose that there exist sequences u, € X\{0} with ||un|« — 0 and
t, € [0,1] such that u, = Hi(tn,un), that is —Au, = t, f(u,), and so u, > 0.
Define wy, := uy, /||tn]|oo- Then,

—Aw,, = tyw, ()\—l—b/ u, dx —un> ,
Q

and then passing to the limit —Aw = tgAw, for some w > 0, |w|e = 1,
to € [0, 1]. Hence, toA = A1, a contradiction as A < Ap.
Taking now ¢ € (0, 6], the homotopy defined by H; is admissible, hence

i(Kx,0) =deg(Kx, Be) = deg(I — H1(1,-), B:)
:deg(I_Hl(()? .)JBE) = deg(I»Be) =1 U
LEMMA 2.4. If A > Ay, then i(Ky,0) = 0.

PROOF. Fix A > A\ and ¢ € X, ¢ > 0. First, it is clear that there exists
€ > 0 such that

(23) A—e > A
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We define the map
Ho: [0,1] X X — X; Ho(t,u) = (—A) " (f(u) +to).

We will show that there exists 6 > 0 such that u # Ha(t,u) for all u € Bs \ {0}
and ¢ € [0,1]. Indeed, otherwise there would exist sequences u,, € X \ {0} with
lunlloo — 0 and t,, € [0,1] such that u, = Ha(tn,u,). Since t,¢ > 0, we have
that u,, > 0 and so

—Au, :un<)\+b/ u;da:—un> +tnd > un(A—¢) +tnd > un(A—e),
Q

hence, A\; > X — ¢, a contradiction with (2.3). This proves that the homotopy
defined by Hs is admissible. Then, if we take € € (0, ] we have

i(Kx, 0) = deg(K, B.) = deg(I — Ha(0, ), B.) = deg(I — Ha(1, -), B.) = 0. O

PrROOF OF THEOREM 2.2. The fact that A\ = Ay is a bifurcation point
follows from Lemmas 2.3 and 2.4. Moreover, if there exists a sequence (A, u,,) of
positive solutions of (1.2) such that ||up|le — 0, then, with a similar argument
as in Lemma 2.3, we can easily conclude that A\, — A;. This proves that \;
is the only bifurcation point from the trivial solution. Hence, there exists an
unbounded continuum of solutions of (1.2), see [13].

Now, we study the bifurcation direction. Assume that b < 0, then —Au < Au,
that is, A > Ay.

Assume now that b > 0, r < 1 and that there exists a sequence (A, u,) of
positive solutions of (1.2) such that A, > A; and ||up||cc — 0 as n — co. Take
M > 0 such that

1—bM/ w1 dx < 0.
For n large enough we have that u;, >QM Uy, and then
—Au, > u, ()\n +bM /Q Uy dx — un>,
SO U, is a supersolution of

—Au:u()\n+bM/undx—u>.
Q

Using Propositions 2.1 and (2.2), we get

Up > (An + oM | wu,dr— /\1)<,01

Q

(1—bM/apldx>/undx2()\n—)\1)/<p1dm7
Q Q Q

a contradiction.

and hence
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Assume now that b > 0, » > 1 and that there exists a sequence (A, u,) of
positive solutions of (1.2) such that A\, < A1 and ||uy|lcc — 0 as n — co. Take
e > 0 such that 1 — bKe|Q] > 0, where K is defined in (2.2). For n large enough
we have u;, < euy,, and then

—Aug, < Uy (/\n + bs/ Uy, dT — un>.
Q

So, using again (2.2), we have

Uy < ()\n+b€/undx)\1>K,
Q

(1- st|Q|)/ wp dz < (A — A)K]Q,
Q

hence

again a contradiction.

Finally, assume that b > 0 and r = 1. By the Crandall-Rabinowitz theorem
(see [2]), there exist ¢ > 0 and two regular functions A(s),u(s), s € (—¢,¢),
such that in a neighborhood of (A1,0) the unique positive solutions of (1.2) are
(A(s),u(s)), s € (0,). We can write

u(s) = sy + 8%y + 0(82), A(8) = A1+ sAa + o(s),

where Ay € R, o € C?(Q). It is evident that the sign of Ay determines the
bifurcation direction. Substituting these expansions into (1.2) and identifying
the terms of order one in s yields

—AQDQ — )\1@2 = )\2(,01 — QD% + bgOl/ ©®1 dz.
Q

Multiplying by (1, we conclude that

/go?dx—b/go%dm/goldx
Ay = 22 & £ : O
/go%dx
Q

3. A priori bounds and non-existence results of (1.2)

In this section we obtain a priori bounds of solutions for b > 0 as well as
non-existence results of (1.2).

PROPOSITION 3.1. Assume that b > 0, » < 1. Let (A, uyx) be a positive
solution of (1.2) such that X belongs to a compact set K C R. Then, ||ux|lco < C
for a constant independent of X. Moreover, if

1 1/(r—1) 1
A< A= = 1—-
o (IQIbT> ( T>’

problem (1.2) does not possess any positive solution.
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PROOF. Since uy is a positive solution of (1.2) we have, using Proposition 2.1,
that

(3.1) uy < )\—i—b/ uh dx.
Q

Using now that [jul|, < [Q2]A=")/"|ju||;, we have

(3.2) /u,\dx—b|§22’”</u,\da:> <9l
Q Q

From (3.2) we get that if A € K, then [, uxdz < C, and so by (3.1) we get that
[lualloo < C, where by C' we denote different positive constants. On the other
hand, the function

(3.3) f(s):=As—Bs?, A,B>0,0<¢<1, s>0,

has a minimum at s = s, := (4/(¢B))"/(4~1 and

T R )
Bq q

1 1/(r—1) 1
AMQ < | ——— 1— =
0 < <b|ﬂ|2—rr> ( >

then by (3.2), equation (1.2) does not have positive solutions. O

Hence, if

PROPOSITION 3.2. Assume that b > 0, » > 1. Let (A, uyx) be a positive
solution of (1.2) such that X belongs to a compact set K C R. Then, ||up|loo < C

for a constant independent of A. Moreover, if

r/(1—r)
A>Xim Ag 4510 (/ o1 dx) /(- 1),
Q

problem (1.2) does not possess any positive solution.

PRrROOF. Using now the lower bound in Proposition 2.1, we get that

(/\/\1+b/ u?dz)cpl < uy
Q
and then

1/r
<)\)\1+b/u§dx>/cp1dz§/m\dx§|Q|(r1)/r</u§\dx) ’
Q Q Q Q

hence

1/r
(3.4) b/ v1 dac/ uy dr — |Q|(T1)/T(/ uﬁ\dm) <\ f)\)/ o1 dx.
Q Q Q Q

From (3.4) we get that if X € K, then [, u} < C, and hence by (3.1), [[ux[- < C.
On the other hand, applying again the results of (3.3) with

A=b [ o Bl g
Q
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we get that if

1/(1-r)
(A1 —\) / o1 dxﬁbl/“”( / ¢1 dz) Q=1 1)
Q Q

then by (3.4), equation (1.2) does not have positive solutions. O
For the case r = 1, the bounds depend on the size of b.

PROPOSITION 3.3. Assume that b > 0, r = 1. Assume that b < 1/|Q| or
be p1dx > 1, then there exist a priori bounds of the solution of (1.2). Moreover,
ifb<1/|Q and A <0 or bfﬂ prdx > 1 and A > Ay, then (1.2) does not possess

any positive solution.

PROOF. In this case, by (2.2) we get

(3.5) ()\—i—b/udx—)\l)@lSUS)\+b/udm,
Q Q

and so

(3.6) (1 —b|Q\)/ udz < A, (b/ p1dx — 1) / udr < (A —)\)/ p1dx.
Q Q Q Q

From these inequalities we obtain the result. O

4. Stability and uniqueness results

In this section we study the stability of a positive solution u of (1.2) when
b > 0. In order to ascertain its stability we have to calculate the sign of the
principal eigenvalue of the linearized problem around wu, that is,

—A& + (2u—)\—b/urdx>§—bru/ur_lfdx:af in Q,
Q Q
£E=0 on 0f).

(4.1)

This problem is a non-local and singular (when r < 1) eigenvalue problem
which has been analyzed in other papers (see [4] and Section 5 in [12]) and it is
included in the general problem

~A¢+ m@)é - ar(s) [ asle)éde = ot n g
Q
£=0 on 01,

(4.2)

where m,a; € C1(Q), az € C(Q), ar,az > 0 and az(x) < Kd(x,00)7?, 8 < 1,
K > 0. The existence of a principal eigenvalue of (4.2), denoted by A\ (—A +
m;ai;as), has been established. If no confusion arises, we write A;(—A + m)
when a; or as vanishes (observe that Aj(—A + m) is the classical principal
eigenvalue of a local eigenvalue problem).

In the following result we give criteria for the sign of A\;(—A+m;aq;az). The
proof, an adaptation of the characterization theorem of the maximum principle
established in Theorem 7.10 of [16], can be found in [4].
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PROPOSITION 4.1.

(a) Assume that there exists a positive function T € C2(Q) N Cy°(Q), 6 €
(0,1), such that
—Au+ m(x)u — al(x)/ az(z)ude >0 inQ,
Q
(we say that @ is a supersolution of (4.2)). Then, A1 (—A+m;aq;az) > 0.
(b) Assume that there exists a positive function u € C%(Q) N Cé’é(ﬁ), o€
(0,1), such that
—Au+m(x)u — a; (x)/ as(x)udr <0 in Q.
Q
(we say that w is a subsolution of (4.2)). Then, Mi(—A+m;ai;az) <0.

In the following result, we study the sign of the principal eigenvalue in some
specific cases.

PROPOSITION 4.2. Assume that b > 0.

(a) Assumer <1 and A > Ay. There exists by > 0 such that for 0 < b < by,
any positive solution is stable.
(b) Assume r > 1 and A < 0. Then, any positive solution is unstable.

PROOF. (a) Observe that in our case
m(z) =2up — A\ — b/ updr, a; =bruy, az= uz_l,
Q

where wuy, is a positive solution of (1.2). By the strong maximum principle, wy,
is strongly positive. Hence, there exist 0 < k1 < k2 such that kid(z,0Q) <
up < kod(z,090), and then ay verifies the hypothesis az(z) < Kd(z,0Q)~? for
B=1—r.

On the other hand, since w;, is a positive solution of (1.2), then

Al(AqLub)\b/ugdz) =0,
Q

and so, by the monotonicity of the principal eigenvalue with respect to the zero
order term, Aj(—A + 2u, — A — be up dz) > 0. Consider e, > 0 the unique
positive solution of the linear equation

—Aep + <2ub - A= b/ up, d:r) ey =Tup in €,
Q
e, =0 on 0f).

(4.3)

Now, we apply Proposition 4.1. It is clear that e, is a supersolution of (4.1) if

> / uzfleb dx.
Q

(4.4)

=
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We claim that
(4.5) up — 0y in C%(Q) as b — 0.

Observe that (4.5) implies that e, — ey in C#(Q2) as b — 0, where e, is the
unique positive solution of

—Aey + (205 — Ney =16y in Q, ex=0 on 90.

Hence, we conclude that (4.4) holds for small b, then w;, is stable.
We prove (4.5). Assume 7 < 1, then using (3.2) and (3.1) we get that

(4.6) luplloc < C(A, D),

where C' is a constant bounded when b — 0. Hence,
b/ugdx—>0 as b — 0,
Q

and we conclude with (4.5). Assume now that r = 1, in this case by (3.5) and

(3.6), we conclude that

A
4. o & ——.
( 7) HubH =1_ b‘Q|

We can repeat the above reasoning to conclude with (4.5).
(b) In a similar way, u; is a subsolution of (4.1) provided that

(4.8) up < br/ uy, d.
Q
Since up < \ + be up dz, it follows that (4.8) holds for A <0 and r > 1. O

COROLLARY 4.3. Assume 0 < b < by, 7 <1 and A\ > A1, where by is from
Proposition 4.2. Then, there exists a unique positive solution of (1.2).

PROOF. We use the fixed point index in cones. Define P := {ue€ X : u>
0 in Q}. Assume that » < 1 and b < by, then using (4.6) and (4.7) there exists
Ry independent of b such that ||u[|z-~q) < Ri, for all positive solutions u of
(1.2).

Finally, take M > 0 large enough and consider the operator £: X — X
defined by

K(u) == (—A+M)—l(u(A+M_u+b/dex)).

It is clear that K is a positive operator whose fixed points are non-negative
solutions of (1.2). Hence, the fixed point index of K over B with respect to the
cone P is well-defined, where B := {u € P : [|ul|p~(q) < R1 +1}.

Now, we are going to compute this index in particular cases. We claim that,
if A > Ay, then

(L1) ip(K,B) =1,
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(1.2) ip(K,0) =0,
(L1.3) ip(K,w) =1,
for any positive solution u; of (1.2). Of course, we conclude the uniqueness of
positive solution of (1.2).
(1.2) follows by a similar argument as the one used in the proof of Lemma
2.4. Proposition 4.2 implies (I1.3). Finally, we show (I.1). Consider the operator
H1:[0,1] X X — X defined by

Hi(t,u) := (—A+M)—1<u(A+M—u+tb/Qqux>>.

By the a priori bounds, H; has no fixed points on 98 for ¢t € [0,1]. Thus, it
follows by homotopy invariance that

ip(K,B) =ip(Hi(1, ), B) = ip(H1(0, -), B) = L.

This last inequality follows because u = H;(0,u) is equivalent to the classical
equation (2.1), and for this equation it is well-known that the fixed point index
is equal to one. O

5. Proofs of Theorems 1.1-1.4

PrOOF OF THEOREM 1.1. By Theorem 2.2, we know the existence of an
unbounded continuum of positive solutions bifurcating from the trivial solution
at A = A;1. Since —Au < u(A — u), we know that positive solutions do not exist
for A < A1 and that for any solution u < 6. Hence we conclude the existence of
positive solution for A > Aq.

We show now the uniqueness. Assume that there exist two positive solutions
u#v. If [u"de = [,v" de then we conclude easily that u = v. So, assume
that for instance [, u" dx > [, v" dx. Then,

—Au:u()\—&—b/urdx—u) <u(/\—|—b/ v’“da:—u),
Q Q

and then by Proposition 2.1 we get u < v, a contradiction.
On the other hand, we have

ug)\—f—b/qux,
Q

then u < A. So, as b — —oco we get

/urdac%().
Q

()\—I—b/urdx—)\l)(plgu and A+b [ v'dz—X >0
Q Q

Moreover, as

we conclude that b [, u” dz — Ay — A. This implies that |[ulloc — 0. O
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PrROOF OF THEOREM 1.2. Assume b > 0 and r < 1. Define
A i=1nf{\ € R : (1.2) possesses at least one positive solution}.

We know by Theorem 2.2 and Proposition 3.1 that —oo < A, < A\;. We prove
now that there exists a positive solution for all A > A, for which we are going to
use the sub-supersolution method, see for instance [3]. Indeed, take A > A, then
there exists u € [A«, A) such that (1.2) possesses at least one positive solution,
denote it by u,. Now, it is clear that (u,@) = (u,, K) is a sub-supersolution of
(1.2) for K large enough, specifically for K verifying K —bK"|Q2| > A. Enlarging
if necessary K so that u, < K we conclude the existence of a positive solution
for A.

Finally, take a sequence of positive solutions (A, u,) of (1.2) such that A, >
Ay« and A, — A.. Thanks to the bounds of Proposition 3.1 we have that u,, —
uy > 0, uy is a solution for A = \,. Since A\, < A1 and )1 is the unique bifurcation
point from the trivial solution, we conclude that u, > 0.

On the other hand, since u is bounded and

/\+b/ u da > A,
Q

and then taking b — 0 we have that A > Ay, that is limp_,0 Ax(b) = Aq.

Finally, we prove that bliglo A (b) = —o0, for that it suffices to show that for
any A < Ap there exists b > 0 large enough such that (1.2) possesses at least
one positive solution. Fix A < A1, there exists b > 0 large enough (see (3.3))
such that the function f(s) = s — s"b [, ¢} dz has a minimum s, such that
f(sm) < A — Ay Fixing such b, take £ > 0 such that f(¢) < A — A;. Then,
(u,7) = (g1, K) is sub-supersolution of (1.2) for K large enough. Indeed, u is
a subsolution if

£p — bs"/ﬂap’idx < A=A,
that is, taking into account that ||¢1]lee = 1, f(€) <X — Ay, O
PROOF OF THEOREM 1.3. Assume that b > 0 and r > 1. Define now
A" :=sup{\ € R : (1.2) possesses at least one positive solution}.

We know by Theorem 2.2 and Proposition 3.2 that A\; < A\* < 400. We prove
now that there exists a positive solution for all A € [A1, \*) and observe that for
A < A; positive solutions exist. Indeed, take A < A*, then there exists u € (A, \*¥]
such that (1.2) possesses at least one positive solution, denote it by u,. Now,
it is clear that (u,u) = (ep1,u,) is a sub-supersolution of (1.2) for ¢ > 0 small
enough, specifically for e verifying

s—bgr/ap’{dxg)\—)\l and e < uy.
Q
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Finally, taking a sequence of solutions (A,,u,) with A, < A*, A, — \* and
thanks to the bounds of Proposition 3.2, we have that u,, — u* > 0, where u* is
the unique positive solution for A = \*. Observe that since \; < A* < X, where A
is defined in Proposition 3.2 and lim A(b) = A; we conclude that lim A\*(b)=\;.
b—oo b—oco
Finally, we prove that girr(l) A*(b) = 400, for that it suffices to show that for
—

any A > Ay, there exists b > 0 small enough such that (1.2) possesses at least
one positive solution. Let us fix A > \q, take Q D Q and consider ¢; and \; the
positive eigenfunction and eigenvalue associated to (2. Consider the function

os) == s(F1) — bs" / o de,
Q

where (¢1)r, := min ¢1(x). This function attains its maximum at
z€Q

o= (o) i)
sowr= 0/ i) 1-2)

Hence for b small enough we get g(sar) > A — Ai. Take K > 0 such that
g(K) > A — A\;. Fixing such b and K, we have that (u,u) = (g1, K1) is
a sub-supersolution of (1.2) for small . O

and

PrROOF OF THEOREM 1.4. By Theorem 2.2, there exists an unbounded con-
tinuum of positive solutions bifurcating from the trivial solution at A = Aj.
Assume b < 1/|Q|, then by Proposition 3.3 there does not exist any positive
solution for A < 0 and the positive solutions are bounded. Hence the existence
of positive solution for A > \; is obtained.

Assume now that b > 1/ fQ 1 dz. In this case by Proposition 3.3 we know
that for A > \; there does not exist any positive solution and that the positive
solutions are bounded for A < A;. Hence the existence of positive solution for
A < A1 is obtained. O

6. The parabolic problem

Consider now the time dependent problem (1.1). The existence and unique-
ness of the local positive solution follows from the classical theory, see for instance
Example 51.13 in [19]. Moreover, the solution can be extended in time if the
L*°-norm remains finite. First, we show that in the case b < 0 the solution is
global and bounded.

LEMMA 6.1. Assume b < 0. Then, the positive solution u of (1.1) is global
in time and bounded. Moreover, if A < A1 we get ||u(x,t)]|cc = 0 as t — oo.
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ProOOF. If b < 0, the solution u of (1.1) is a subsolution of the local logistic
equation
U — AU =UN-U), U(z,0) = up(x).
It is well-known, see for instance [20], that the above equation is global and
bounded and that v < U. Finally, ||U(z,t)||cc — 0 as ¢ — oo for A < A\; and
this completes the proof. O

Now, we consider the case b > 0. In this case, thanks to the maximum
principle (see again [20] or [22]) we can assume that ug(xz) > 0 for z € Q and
uo(x) = 0 on ON.

THEOREM 6.2 (Global existence results). Assume b > 0.

(a) If r < 1, the solution exists globally in time for all A € R.
(b) If r =1 and b|Q| < 1, the solution exists globally in time for all X € R.
(¢) If r =1 and b|QY| > 1, the solution exists globally in time for all A < 0 if

uo () for all x € Q.

A
< _ -
—1-09]
(d) Assume r = 1. Let e be the unique positive solution of
—Ae=1 1inQ,

6.1
(6.1) e=0 on 0N.

Then, there exists a small number aq > 0 such that, if up(z) < aze(x) for
x € Q, the solution exists globally in time for all A € (—oo, 1/ma3< e(x)).
€

(e) Assume r > 1, then, there exists az > 0 (which can be computed expli-
citly) such that the solution exists globally in time, for all

e 1\
o b|Qr r

provided that ug(z) < as.

PRroOF. For the first three paragraphs, use u(x,t) = M as a supersolution,
where M is a positive constant. Indeed,  is a supersolution of (1.1) if

M > A+bQM", M > ug().

For (e), observe that the function g(M) = XA + b|QM"™ — M goes to +oo as
M — +o0o if 7 > 1 and attains a minimum at M,, = (1/(0|Qr))Y/~V. Tt is
enough to impose that g(M,,) < 0 and as will be defined by g(az) = 0. Finally,
for (d), take u(x,t) = aje(x). It is clear that @ is supersolution if

1> Xe+ aw(b/ﬁ e(x) dx — e), are(z) > uo(z).

If 1 > Ae we can take a; small enough. O
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The next result studies the case when the solution goes to zero:

PROPOSITION 6.3. Assume b > 0.

(a) If r > 0, the trivial solution is locally exponentially stable if X < Ap.

(b) If r < 1, there exists A such that for all X < \ and initial datum ug, we
have ||[u(x,t)]cc — 0 as t — oo.

(¢) If r = 1 and b small enough, then for A < A\ and for all initial datum
ug, we have ||u(x,t)]|c — 0 as t = oo.

(d) If r > 1, then for all ug there exists A(ug) such that for A < A(ug), we
have ||[u(x,t)]lcc — 0 as t — oo.

PROOF. First, take a domain €7 D ) such that, if necessary,
(6.2) A< n < A

where 7 is the principal eigenvalue associated to —A in ©; and denote by
the positive eigenfunction associated to p1 such that ||¢1]e = 1.

In all cases, we take u(x,t) = Me 7%, as a supersolution, with M > 0 and
o > 0 to be chosen. It is clear that @ is a supersolution of (1.1) if

(6.3) Myy(z) > up(z), €Q and —o+u—A>—Me “"R+bM"e "'B,
where R :=min¢;(z) and B := [, ¥} da.
z€Q

For the first paragraph, take M small enough, then it suffices to take 0 <
o < p11 — A what is possible thanks to (6.2). For the second one (r < 1), observe
that

—Me 'R+ bMTe "B < C

for some positive constant C' independent of ¢ and M. It suffices to take A
negative. When r = 1, then

~Me 'R+bMe 7'B = Me “(~R+bB) <0

for b small enough. Fixing this value of b, take A < A; and o > 0.
For the last paragraph (r > 1), for a given ug take M such that ug < M.
Fixed such M, take A small enough such that (6.3) is verified. O

THEOREM 6.4 (Blow-up in finite time). Assume b > 0.

(a) Assume r =1 and define

A= / p1 d.
Q

IfbA =1 and X > Ay the solution ||u(x, )| goes to 0o as t — oco. In
the case bA > 1 the solution blows up in finite time for X > Ay or for
any X if ug is large enough.

(b) Assume r > 1. Then, there exists X such that for X\ > X the solution
blows up in finite time for any ug.
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(¢) Assume r > 1. Then, there exists by > 0 such that the solution blows up
in finite time if uo(z) > bapr(x).

PROOF. (a) Take u(z,t) = q(t)p1(x) with ¢(¢) and ¢(0) > 0 to be chosen.
Observe that u is a subsolution of (1.1) if

¢ (1) (A =M)g—*pr1+b¢" B and  q(0)¢1(z) < uo(w),
with B := [, ¢idz. Since [¢1l = 1, we can take ¢ such that
¢'(t) = (A= M)g—q* +bg" "' B.

If r = 1 the results follow easily. Indeed, in this case the above equation can be

written as
q'(t) = (A= X\)g+¢*(—1+bA).

(b) Assume that r > 1. It can be proved that for 1 < p < r + 1, there exists
1 € R such that

A=X)g—¢*+bg" "' B > g+ ¢*.

Indeed, this is equivalent to A — A\; — 1 > ¢ — bBq" + ¢P~ !, and observe that the
function h(q) = ¢ — bq" + ¢°~! is bounded. Taking p = 0, the above inequality
for A large enough, and hence ¢’ > ¢? and so ¢ blows up in finite time.

(c) We take p < 0 with |u| large enough, and hence in this case ¢’ > ug + ¢P.
In this case, g blows up in finite time for ¢(0) > 0 large enough, that is, for ug
large enough. O

REMARK 6.5. (a) Remember that for r < 1 and b small enough the steady-
state problem (1.2) has a unique positive solution. Then, using arguments of [20]
(see for instance Theorem 5.4.4) the solution of (1.1) converges to the unique
positive solution of (1.2).

(b) The blow-up in finite time of problem (1.3) has been studied in [15]. In
order to compare the results of [15] with ours, let us assume that » = 1 and
fix the function a. In [15] it was proved that that there exists a value A* > 0
(related with some eigenvalue problem associated to a™) such that:

o If Ay < A < A\*, then the solution of (1.3) blows up if
(6.4) b> A\, ug),

for some specific positive constant A depending on A and ug. Moreover,
the maps A — A(X, ug) and ug — A(X, ug) are decreasing.
e If A > )\* the solution of (1.3) blows up for any wuyg.
Hence, as a consequence, the solution of (1.3) blows up for any b if \ is large

enough or any A and ug large enough. However, in our results we need to require
that b is large enough to obtain that the solution of (1.1) blows up.



712

M. DELGADO — G.M. FIGUEIREDO — M.T.O. PIMENTA — A. SUAREZ

Acknowledgements. We would like to thank the referee for a careful read-

ing and comments on the work.

[1]
2]
[3]
[4]
[5]
[6]

[7]

8]

9]
[10]
[11]
[12
[13]
[14]
[15]
[16]
[17]

(18]

(19]

20]
(21]

REFERENCES

W. ALLEGRETTO AND A. BARABANOVA, Existence of positive solutions of semilinear el-
liptic equations with nonlocal terms, Funkcial. Ekvac. 40 (1997), 395-409.

M. G. CRANDALL AND P.H. RABINOWITZ, Bifurcation from simple eigenvalues, J. Funct.
Anal. 8 (1971), 321-340.

F.J.S.A. COoRREA, M. DELGADO AND A. SUAREZ, Some nonlinear heterogeneous problems
with nonlocal reaction term, Adv. Differential Equations 16 (2011), 623-641.

, Some mon-local population models with non-linear diffusion, Math. Comput.
Modelling 54 (2011), 2293-2305.

F.A. DAVIDSON AND N. DoDDS, Fzistence of positive solutions due to nonlocal interactions

in a class of nonlinear boundary value problems, Methods Appl. Anal. 14 (2007), 15-27.
M. DELGADO, J. LOPEZ-GOMEZ AND A. SUAREZ, On the symbiotic Lotka—Volterra model
with diffusion and transport effects, J. Differential Equations 160 (2000), 175-262.

P. FREITAS, Nonlocal reaction-diffusion equations, Differential equations with applications
to biology (Halifax, NS, 1997), 187204, Fields Inst. Commun., 21, Amer. Math. Soc.,
Providence, RI, 1999.

J. FURTER AND M. GRINFELD, Local vs. monlocal interactions in population dynamics,
J. Math. Biol. 27 (1989), 65-80.

J. GARCIA-MELIAN, Multiplicity of positive solutions to boundary blow-up elliptic problems
with signchanging weights, J. Funct. Anal. 261 (2011), 1775-1798.

B. GIDAS AND J. SPRUCK, A priori bounds for positive solutions of nonlinear elliptic
equations, Comm. Partial Differential Equations 6 (1981), 883-901.

S. B. Hsu, J. LOPEzZ-GOMEZ, L. MEI AND M. MOLINA-MEYER, A nonlocal problem from
conservation biology, SIAM J. Math. Anal. 46 (2014), 435-459.

J. L6rPEzZ-GOMEZ, On the structure and stability of the set of solutions of a monlocal
problem modeling Ohmic heating, J. Dynam. Differential Equations 10 (1998), 537-566.

, Spectral Theory and Nonlinear Functional Analysis, Research Notes in Mathe-
matical Series 426, Chapman & Hall / CRC, Florida 2001.

, Varying bifurcation diagrams of positive solutions for a class of indefinite super-
linear boundary value problems, Trans. Amer. Math. Soc. 352 (2000), 1825-1858.

, Global existence versus blow-up in superlinear indefinite parabolic problems, Sci.
Math. Jpn. 61 (2005), 493-516.

, Linear Second Order Elliptic Operators, World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2013.

J. L6PEZ-GOMEZ AND P. QUITTNER, Complete and energy blow-up in indefinite superlin-
ear parabolic problems, Crete Contin. Dyn. Syst. 14 (2006), 169-186.

J. LOPEzZ-GOMEZ, A. TELLINI AND F. ZANOLIN, High multiplicity and complexity of the

bifurcation diagrams of large solutions for a class of superlinear indefinite problems, Com-
mun. Pure Appl. Anal. 13 (2014), 1-73.

P. QUITTNER, AND P. SOUPLET, Superlinear Parabolic Problems. Blow-up, Global Ez-
istence and steady States, Birkhduser Advanced Texts: Basel Textbooks, Verlag, Basel,
2007.

, Nonlinear Parabolic and FElliptic Equations, Plenum Press, New York, 1992.

P. ROUCHON, Boundedness of global solutions of nonlinear diffusion equation with local-
ized reaction term, Differential Integral Equations 16 (2003), 1083-1092.



LocisTic WITH LOCAL AND NON-LOCAL TERMS 713

[22] M. WaNG, AND Y. WANG, Properties of positive solutions for non-local reaction-diffusion
problems, Math. Meth. Appl. Scienc. 19 (1996), 1141-1156.

[23] Y. YAMADA, On Logistic Diffusion Equations with Nonlocal Effects, Proceedings of Semi-
nar on Partial Differential Equations in Osaka 2012 in honor of Professor Hiroki Tanabe’s
80th birthday (Osaka University, August 20—24, 2012).

Manuscript received November 2, 2014

accepted February 18, 2015

MANUEL DELGADO AND ANTONIO SUAREZ

Dpto. de Ecuaciones Diferenciales y Andlisis Numérico
Fac. de Matematicas

Univ. de Sevilla

C. Tarfia s/n, 41012 — Sevilla, SPAIN

E-mail address: madelgado@us.es and suarez@Qus.es

GIOVANY M. FIGUEIREDO
Universidade Federal do Para
Faculdade de Matematica

CEP: 66075-110 Belém — Pa, BRAZIL

E-mail address: giovany@Qufpa.br

MAarcos T.O. PIMENTA

Departamento de Matemética e Computagao
Faculdade de Ciéncias e Tecnologia — Unesp

CEP: 19060-900, Presidente Prudente-SP, BRAZIL

E-mail address: pimenta@fct.unesp.br

TMNA : VOLUME 47 — 2016 — N°2



