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FILIPPOV-WAZEWSKI THEOREM
FOR CERTAIN SECOND ORDER DIFFERENTIAL INCLUSIONS

GRZEGORZ BARTUZEL — ANDRZEJ FRYSZKOWSKI

ABSTRACT. In the paper we give a generalization of the Filippov—Wazewski
Theorem to the second order differential inclusions

(%) Dy =y’ — A’y € F(t,y),
with the initial conditions
() y(0) = o, y'(0) =5,

where A € R?%? and F: [0,T] x R? ~ ¢(R?) is a multifunction satisfying
for each t € [0, T the Lipschitz condition in y

du(F(t y1), F(¢,y2)) < 1)y — y2l,
where I(+) is integrable. The main result is the following:

THEOREM 5.1. Assume that F: [0,T] x R* ~ c¢(R%) is measurable in t,
Lipschitz continuous in x € R? (with integrable constant) and integrably
bounded. Let r € W21 be a solution of the relaxed problem
(%) Dy =y" — A%y € cleo F(t,y),
with (x+). Then, for each ¢ > 0, there erists a solution y € W21 of (x)
with (%) such that

ly —rllcijo,m <e

The proof goes via a version of the Fillipov Lemma (Theorem 4.4) for
inclusions (x).
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1. Introduction

In the differential inclusion theory one of seminal results is the Filippov—
Wazewski Theorem. In the classical statement it concerns the set of all absolutely
continuous solutions of differential inclusions of the first order

(1'1) y/ € F(t’y)v y(O) = Yo,

where F': [0,T] x R? ~» R is a Lipschitzean in y multifunction. It states that
the solution set is dense in the uniform convergence topology on [0,7] in the
solution set of the so-called relaxed differential inclusion

(1.2) y eclcoF(t,y),  y(0)=uyo,

where clco A means the closed convex hull of a set A C R%.

The importance of the Filippov—Wazewski Theorem follows not only from
its purely mathematical elegance. The celebrated theorem also gives the wide
spectrum of applications in optimal control theory and differential inclusions (see
cf. [1], [2], [4]-[13], [15]-[19], [21]-[24] and many others). It can be generalized
in many ways. In particular, lately there is observed increase of interest in the
field of ordinary differential inclusions of higher order in the form

(1.3) Dy € F(t,y),

where D is an ordinary differential operator. For example there have been ex-
amined initial value problems for certain evolution inclusions [8], [9], [17], [3],
[20] and n-th order of the form ™ — Ay € F(t,y) in [7].

In this paper our attention is focused on the differential inclusions in the
form

(1.4) Dy =y" — A’y € F(t,y),

where F: [0,T] x R ~» R? is a multifunction and Dy = y" — A2y is a matrix
differential operator with a nonsigular matrix A € R4, For (1.4) we impose

initial conditions

(1.5) y(a) =a,  y'(a) =B,

where a € [0,T] and a, B € R%. By a solution of (1.4) with initial conditions (1.5)
we mean a function y € W21[0, 7] satisfying (1.4) almost everywhere in [0, 7]
and (1.5). Our considerations are based on the convolution form of solutions of
the differential equation Dy = f, where f € L'([0,T],R%). We present them in
Section 2, while in Section 3 we give a Gronwall type inequality for a sequence
of iterations. In Section 4 we present (Theorem 4.4) an analogue of the Filippov
Lemma for (1.4) with an arbitrary initial condition (1.5). It usually plays the
crucial role in the proofs of relaxation results (see cf. [1]-[3], [5]-[10], [13], [15],
[17]-[19], [21], [22], [24]). That result generalizes Theorem 3 from [3], where
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conditions concerning the multifunction F: [0,7] x R? ~ R? were stronger.
Section 5 is devoted to the proof of our relaxation result:
THEOREM 5.1. Assume that F: [0,T] x R? ~ ¢(R?) is:

(a) for each y € R? measurable in t,

(b) for each t € [0,T] Lipschitz continuous in x € R? with a constant I(t)
and 1 € L*([0,T],R,),

(c) integrably bounded by v € L*([0,T],Ry), i.e.

sup{|z| : z € (t,y)} <~(t) a.e. in[0,T).
Let r € W21 be a solution of the relazed problem
Dy =y" — A%y € clco F(t,y) with y(0) =, y'(0) = B.
Then, for each € > 0, there exists a solution y € W21 of (1.4) with y(0) = «,
y'(0) = B such that ||y —r|lcijom) < €.
2. An IVP for matrix second order ODE

Let (R%|-|) be a Euclidean space. By L!([a,b],R?) we mean the Banach
space of Lebesgue integrable functions u: [a,b] — R? with the norm |julj; =
f[a’b] lu(t)| dt and by V = V[a,b] = {y € W?1([a,b],R%) : y(a) = y'(a) = 0} with
the norm [lylly = 3”1

For a given function f € L!([a,b],R?) and a nonsingular matrix A € R¥*4
we shall consider the differential equation

(2.1) Dy =y’ — A’y =,
with initial conditions
(2.2) y(a) =0, y'(a) = 0.

By a solution of (2.1) with (2.2) we mean a function y € V satistying (2.1) almost
everywhere (a.e.) in [a, ).
Let us observe first that the solution of (2.1) has the convolution form
y(t) = (Raf)(t) = (A7" sinh(Az) x4 f)(1),
where (x4 f)(t) = fat ¢(t—z)f(z) dz. Indeed, for each function ¢ € C*(R, R4*?)
we have
(2.3) (©*a )'(8) = (¢ *a f)(t) + 0(0)f(2).

Thus evaluating the derivatives, we obtain
y'(t) = (cosh(Az) =, f)(t) and y"(t) = (Asinh(Az) *, f)(t) + f(t).

Hence we get v/ (t) = (Asinh(Ax) = f)(¢) + f(t) = A%y(t) + f(t). Checking the
IC is straightforward.
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Denote
(2.4) 20(t) = A7 sinh(A(t — a))B + cosh(A(t — a))cv.

Then the function y(t) = (Raf)(t) + z0(t) is the unique solution of (2.1) with
initial conditions (2.2). Note that y € W = z5 + V.
Let us recall that by the norm ||A|| of the matrix A = [a;;] € R¥? we

d
mean the number || 4| = max{ > aij|]. We shall need the following pointwise

j=1
inequalities:
(2.5) [A™] < A", |Isinh(At)|| < sinh([|A][2),
A S AR sinb(A])
A~ h(At)|| = =
| A7 sinh(A)]| = HZ o+ 1) Z @2n+1)! Al

which hold for all ¢ > 0.
In what follows we shall assume that [a,b] C [0,T]. Observe that for any
f € LY([a,b],RY), for all t € [a,b] we have the inequality

(2.6) A (sinh(Az) % £)(D)] < (W y |f|) (t).

As a consequence of the later estimate we have for all ¢ € [a, T

[Rau—Rav|(t) < (Ryaylu—v|)(t).

3. A Gronwall type lemma

In the case d = 1 take pg,l € L'([0,T],R;) and w > 0 and consider the
sequence (pn)n>0 C L([a,b],Ry) satisfying for n = 0,1,... the inequalities

(3.1) pra) <10 (D, Y o),
where [a,b] C [0,T]. Let
(3-2) e(t) = palt)

n=0

Then we have the following estimates:

LEMMA 3.1. Assume that the sequence (pp)n>0 C L*([a,b],Ry) satisfies for
n=0,1,... inequality (3.1). Then:

(a) Forn>1

33 i [ (TR )OS )

where m(t) = fg I(z)dz.
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(b) The function @, given by (3.2), is integrable and for almost all t € [a,b]
we have

o0 <)+ 1) [ =D ke, ()i

a

where K (t,z) = exp(sinhw(t — z)(m(t) — m(z))/w). Then,

(3.4) D) o< [ IR gy ey,
(3.5) cosh(wa) %q ¢ < / cosh(w(t — 2))K (¢, 2)po(=) dz.

(¢) If for 1 >0 and n > 0 we have
sinh(wzx
poa ) =10 (s, )0
Moreover, 1 = (p — pg)/l is the solution of the IVP

P = (W DY =po,  Y(0)=4'(0) =0

PROOF. (a) We shall use the induction argument. For n = 1 the statement
is obvious. Assume that (3.3) holds for n. Then for n + 1 we proceed as follows:

P (1) th)(smh(”) o pn) =i [ LD g

<ut) /t sinh(wwt —z)) I(2)
# (sinh(w(z — 7))\ " (m(z) — m(z))"*
. (/a ( " ) CE po(x) dx) dz.
Applying the Fubini Theorem, we get
Prt1(t) < 057(1?1

m(z) — m(z))" !

[ tsinh(w(t—z))l(z)(sinh(w(z—x)))”( T dz ) po(x) da
[/ o=

But d(m(z) —m(x))/dz = I(z) and sinh(wt) is increasing. Hence for all 0 < z <
z <t <T we have

sinh(w(t — 2)) < sinh(w(t —x)) and sinh(w(z — z)) < sinh(w(t — x)).
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Thus
o= 8 [ it 22

-sinh™ ™ (w(t — 2))po(z) dz

_ uffl?l /: (/t i(W) dz) sinh™ ! (w(t — 2))po(x) dz

i [ (St =) ) i)

w n!

what ends the induction step and the proof of (a).
(b) By (a) we have

= t /sinhw(t —2)\" (m(t) —m(z))" !
o) < it + 3oty [ (T2 O T ) o

w (n—1)!

S l(t)/ (Sinhwu(}t —2) exp <sinhw(t - Z)Lm(t) - m(z))))po(z) I

= pol@) +1(0) [ T g 2y 2
To see the next inequalities we can proceed as follows:

o for (3.4)
inh(wz) = sinh(wx)
1) 2 o)) = S ) %o D | (1)
()0 - Lo (= wn)

! sinhw(t — 2)

» K(t, 2)po(z) dz;

<3 pua() = olt) - i) < 100) [
n=0

a

o for (3.5)
t

(cosh(w) 40 9)(t) = 3 / cosh(w(t — 2))pn(2) dz < / cosh(w(t — 2))po(2) dz
n=0va

a

+ i/atcosh(w(t —2))I(2) /:<sinhw£}z — x)>n (m(Z)(ninl(;))nl po(x) dz dz.

Now the same Fubini Theorem argument yields

/a " cosh(w(t — 2)i(2) / Z (Smhwc(f - x))n (m(z)(; - f;))n_lp ole) didz

([ ottt (Y (Y 1,

But for all 0 <z < z <t < T we have

cosh(w(t — 2)) < cosh(w(t —x)) and sinh(w(z —z)) < sinh(w(t — x)).
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Therefore
t

(cosh(wz) *4 @) (t) < / cosh(w(t — 2))po(z) dz

a

L[ (] () o)

. <sinhw(t —z)

w

_ 2 / " (m(®) _n!m(””))" <Smh°"(t —2) >ncosh(w(t — 2)po(z) da

)" cosh(w(t — x))po(x) dx

W

_ / exp sinhw(t — z)(m(t) — m(x))

" cosh(w(t — x))po(z) dz,

what gives (3.5).
(c) For almost all ¢ € [a,b] we have

e(t) =po(t) + Y pnra(t)
n=0

w

@)+ 3 10T )0 = polt) + 100 (T, ) )
n=0

Hence ((¢ — po)/1)" —w?(p — po)/l = ¢, what gives the claim. O

4. A Filippov Lemma on |[a,b]
Consider an IVP problem
(4.1) Dy € F(t,y),
(4.2) yla)=a,  y'(a) =5,

where a, 3 € R? are arbitrary but fixed. By a solution of (1.4) with initial
conditions (4.2) we mean a function y € W = zo + V satisfying (4.1), where 2
is given by (2.4).

We shall pose the following assumptions on F: [0,7] x R? ~~ ¢(R?), where
c(R%) stands for the family of all nonempty compact subsets of R%:

CONDITION 4.1. For every y € R? the multifunction F(-,y) is Lebesgue
measurable in t.

CONDITION 4.2. The multifunction F(t, -) is Lipschitz continuous in y with
an integrable function 1(-), i.e. for every yi,yo € RY the inequality

du (F(t,y1), F(ty2)) < U [y — v2l

holds for almost all t € [0,T), where dg (K, L) stands for the Hausdorff distance
between sets K, L € c(R%).
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CONDITION 4.3. The multivalued mapping t — F(t,y) is integrably bounded
by some v € L'[0,T), i.e. for each y € RY

sup{|z| : z € F(t,y)} <~(t) a.e. in[0,T].
Below we present a version of the Filippov Lemma for (4.1) with (4.2). Tt

generalizes our result from [3], where in Condition 4.2 we have assumed that
there is a constant [ > 0 such that

dg (F(t,y1), F(t,y2)) < ly1 — vl

holds for almost all ¢ € [0,T]. The main result of this section is the following:

THEOREM 4.4. Assume that F': [0, T] x R ~~ c(R9) satisfies Conditions 4.1—
4.3. Fiz [a,b] C [0,T] and let yo € Wa,b] = 2o + V]a,b] = W be an arbitrary
function with (4.2) such that:

2d(Dyo(t), F'(t, y0(t))) < po(t) a.e. in [a,b],
where po € LY0,T] and d(y,A) = inf{ly — x| : © € A}. Then there exists
a solution y € W of (4.1) with (4.2) such that

Dy(t) - Dyo(t)| < U(t) / Sinh«t”;lnz)nA)

ly(t) — wo(t)] < / W¢<t,z>po(z> i

a

D(t, 2)po(z) dz + po(t),

and
t

[y (t) —yo(t)| < [ cosh((t — 2)||Al|)®(t, z)po(z) dz,

where ®(t, 2) = exp[((m(t) — m(2)) sih((t — )| A]))/[IAll.

T~

PROOF. Observe first that for any y € L>([a,b],R?) the multivalued map-
ping t — F(¢,y(t)) is measurable and, by Condition 3, integrably bounded by

~(t), i.e.
(4.3) sup{|z| : z € F(t,y(t))} <~(t) a.e.in [a,b)].
For each u € L!([a, b], R?) denote
K(u) = {f € L*([a,b],RY) : f(t) € F(t,(Rau)(t) + 20(t)) a.e. in [a,b]}.

Since Rau + 20 € W C L>®([a,b],R%) then, by (4.3), each K(u) is nonempty.
Observe now that for every u,v € L'([a,b],R?) and any f € K(u) there is
g € K(v) such that

(4.4) £ (&) = g@)] < UE)(Ryaylu—v])(t) ae. in [a,b].
Indeed, let g € K(v) be such that
[£(t) = g(®)] = d(f(#), F(t, (Rav)(t)) + 20(t)).
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But for such g, by Condition 4.2, we have
d(f(t), F'(t, (Rav)(t)) + 20(1))
< du(F(t, (Rau)(t) + 20(1)), F(t, (Rav)(t) + 20(t)))
<U)(IRau — Rav|)(t) < 1) (Ryaylu —v[)(2)
almost everywhere in [a, b], what shows our claim.

In what follows we shall adopt the Filippov technique with some necessary
changes. Starting with yo = Rauo + 20 (Dyo = ug), we may choose, by (4.4),
uy € K(up) such that

lui(t) — up(t)| < po(t) a.e. in [a,bd],

where y1 = Rau; + 2z9. Hence for all ¢ € [a,b] we have

45) i) - wo(®)] = |(Ralur — w))(t)] < (“thA') *apo)u)
and

y1(t) = 4o ()] = [(cosh(zA) *a (ur — u0))(t)] < (cosh(z]| Al|) xa po) (t)-
Now (4.5) and Condition 4.2 yield

d((Dy1)(t), F(t,y1(t))) < l(t)(smhl(iw *q po)(t) =pi(t) ae. in [a,b].

Therefore, by (4.4), we may select yo = Rus + 29 € W such that ug = Dy €
K(u1) and

lua(t) —ur(t)| < p1(t) a.e.in [a,b].
Observe that, for all ¢ € [a, b]

ly2(t) —y1 ()] = [(Ral(uz — u1))(t)]
= |A7 (sinh(Az) %, (ug —u1))(t)| < <Slnh|(z||||A”) *q Pl) (t)
and

Y5 (t) — i (8)] = [(cosh(Az) *q (uz — u))(t)] < (cosh(z[|Al]) *a p1).
The latter together with (4.4) yields
sinh(z|| A .
d((Dy2)(t), F(t,y2(t))) < I(t) (|(A||H) *g pl) (t) =p2(t) a.e.in [a,b].
Continuing this procedure we obtain, by mathematical induction, the sequences
(pn) € L*([a,b]), (un) € L*([a,b],R?) and (y,) = (Run + 20) € W such that for
n=0,1,...

sinh(z|| A
P (8) = z(t)((A"'”) o pn) O, wosr €K@w)s g = Raun + 20,
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and

[unt1(t) = un(t)] = [(Dyn+1)(t) — (Pyn) ()] < pa(t) ace. in [a,b].
Then

s (1) — 9 (0)] < (nhlfA'lA') o pn) (1),

[Yn 1 (8) = 4 ()] < (cosh(z|[Al]) xa pn)(t)
and thus almost everywhere in [a, ]
di(Pyn+1) (), F(t, yn11 (1)) < UE)(Ryajpn)(t) = Pt (t)-

We are going to show that (u,) = (Dyn), (yn) and (y,,) are Cauchy sequences.
By Lemma 3.1 (a), for w = ||A|| we conclude first that for n > 1

' (Sinh((t - Z)AI)>" (m(t) — m(z)" "

46)  palt) <I(0) /

a

”AH (TL— 1)! pO(Z) dz,

where m(t) = fgl(z) dz. Moreover, from Lemma 3.1 (b) we know that ¢(t) =

[&.°]
>~ pa(t) is integrable and we have the estimate
n=0

o0 <mol0) +10) [ *‘%””A"w, polz) e,

where ®(t,z) = exp(sinh((t — 2)||A||)(m(t) — m(2))/||A|]). Therefore @, (t) =
3" pi(t), with pg = ¢, are integrable and ,, — 0 pointwisely in L! as n — oo.
6’t7)lserve now that for n =0,1,... and k =1,2,... we have

n+k—1
(4.7) Dynik(t) = Dyn(t)| < D pi(t) < @n(t) ae. in [a,b].

i=n

So, for almost all ¢ € [a, b]

(48) aatt) ~ (0] = 3 (TG w0 = (G w00 )0

1=n

and

(4.9) [Ynx (8) =y (8)] < (cosh(z[|A]]) *a on)(?)-

Therefore the sequences {u,} C L'([a,b],R?), {yn} = {Rau, + 2} C W and
{y/.} © Wy'[a,b] + 2 are convergent pointwisely and thus, by the Lebesgue
Dominated Convergence Theorem, strongly.

Denote lim Dy,, = Dy. Thus limy, = y and limy), = y’. Since, for each
n=0,1,..., (Dyns1)(t) € F(t,yn(t)) almost everywhere in [a, b] and each F(¢, -)
is Lipschitz continuous, then y is a solution of (4.1). We shall check that it is
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the required one. Indeed, taking n = 0 in (4.8), (4.9) and passing to the limit
with & — oo, we have

|Dy(t) — Dyo(t)| < p(t) a.e. in [a,b].

So, for almost all ¢ € [a, b]

y(®) — yo()] < (“thA') o @) (0

and
[y (t) = y6(1)] < (cosh(z||A]]) *a ¢)(£).
Using Lemma 3.1 (b) again, we obtain that almost everywhere in [a, b]

IDy(t) ~ Do (0] <mlt) +100) | W@(t, po(2) dz,

" sinh((t — 2)[|All)

) —w(o) < [ =

a

D(t, z)po(z) dz

and
t

' (t) = yo ()] < / cosh((t — 2)[[A)@(, z)po(2) dz.

a

This ends the proof. O

5. A Filippov—Wazewski Theorem on [0, 7]

We are going to give a version of the Filippov—Wazewski result concerning
the relation between the solution sets of the problem:

(5.1) Dy € F(t,y),

(5.2) Dy €clcoF(t,y),
with the same IC’s

(5.3) y(0)=a,  y'(0)=p5,

where F': [0,7] x R? ~~ ¢(R?) satisfies Conditions 4.1-4.3. Namely, we have the
following:

THEOREM 5.1. Let r be a solution of (5.2) with (5.3). Then, for each € > 0,
there exists a solution y of (5.1) with (5.3) such that ||y — r|c1j0,1) < €.

PrOOF. Fix € > 0 and denote

t _
M=1+ sup </ sinh((t = NN g, (2 iz,
tefo,11 \ Jo 1Al

| costite - A () dz),
where B(t, 2) = explsinh((t — )| Al (m(t) — m())/A]l.
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Take a partition 0 = ¢y < t; < ... < tyy1 = T such that for each k& =
0,..., N the following inequalities hold:

€
y(x)dr < ——,
/[tk,tk+1] 2M

/ sinh(|| A (tx+1 — x))y(x) de < =,
[tk strt1]

(Al 2M

€
cosh(| ]| (b1 — 2))1(z) do < ==
/[tk,tk+1] 2M

Let Dr = v, where v(t) € clco F(t,r(t)) almost everywhere in ¢t. For ¢ € [ti, txy1]
denote by zp = zx(t) the unique solution of

Dz =0, with IC’s z(tg) = r(tx), 2’ (tx) = r'(tx).

Then, for ¢ € [tx, tyt1], we have

r(t) —z(t) | _ [
l Y(t) - 24 (0) ] B /
Therefore

r(trt1) = 2k (thg) /

! / €
' (trr1) = 2 (tet1) [tk thsn]
But by the properties of the Aumann integral (see cf. [12] and [15]) we have

V(x)clco F(z,r(z)) = U(2)F(z,r(z)),
/m,tw() (2, () / (@) F (z,7(x))

[thstrt]

A7Lsinh(A(t — x))
cosh(A(t — x))

1 v(z) de.

A7l sinh(A(tgyr — 7))
cosh(A(tg+1 — x))

1 cleo F(z,r(x)).

where ¥(z) are n x d-matrices with essentially bounded entries. Thus

T(tk+1) - Zk(tk+1) c /
7 (trt1) — 2, (teg1) [t s 1]

and this means that, for each k£ = 0,..., N, there exists an integrable selection

A~ tsinh(A(tgy1 — x))

cosh(A(tg+1 — x)) Fz,r(z))

ug(t) € F(t,r(t)) almost everywhere in [t, tx+1] such that
T(tkt1) — 2k (tk+1) :/
' (tkv1) — 2 (tes1) [trtrra]

N
Take u =} ug - x|
k=0
for t € [0,t1], we have

r(t1) —zi(t) | _
[ ' (t1) — 21(t1) 1 - /[O,tl]

A~ sinh(A(tgy1 — x))
cosh(A(tg41 — x))

] ug () dx.

; and let yo be a solution of Dy = u with (5.3). Then,

trotht1

A~ 1sinh(A(t; — 1))
cosh(A(t1 — x))
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So yo(t1) = r(t1), yo(t1) = r'(t1). Moreover,

() —yo(t)] < / IA™" sinh((t — 2) A)[[[o(x) — o ()| dz

[O,tl]

2 sinh (|| Al|(f, — ) e
< dor < —
< /H A @S 57

and
' (t) =y ()] < / cosh([|Al(tk+1 — @))[v(z) — uo(z)| d
[0,£1]
€
M.

IA

< [ 2eosh(lAlten — 0D () da
[0,¢1]

Hence, for almost all ¢ € [0, #1]

d((Dyo) (1), F(t, yo(t))) = d(u(t), F(t, yo(t))) < U(B)|r(t) — yo(t)| < Lj\(;)

Similarly, for ¢ € [t1,t2], we conclude that

r(t) — 22(t) _ /t A~Lsinh(A(t — 7))
r'(t) — z5(t) t

“ cosh(A(t — x))
where wu; (t) € F(t,r(t)) almost everywhere in [t1, t2]. Hence

r(ty) —za(t) | _ [
[ ' (t2) — z5(t2) 1 a /tl

] ul(z) dxa

A7Lsinh(A(ty — )
cosh(A(te — z))

1 u (z) dz

y'(t2) — 21 (t2)
Thus r(t2) = yo(t2) and ' (t2) = y{(t2). Moreover, for almost all ¢ € [t;, t2]

() =y ()] < / A= sinh((t2 — ) A)[[[v(2) — ua(2)| do

[t1,t2]

< / 5 sinh(||A||(t2 — x))v(x) dr < €
[t1,t2] ||A||

_ l y(t2) — 21 (t)

| IS

and

[r(8) = yo(1)] < / cosh([|Al|(ta — x))[v(x) — uo()| dx

[t1,t2]

Sk

< / 2 cosh(||Al|(t2 — z))vy(z) dx <
[t1,t2]

Hence, for almost all ¢ € [t1, 2], d((Dyo)(¢), F(t,yo(t))) < el(t)M.
Continuing this procedure from [t, t541] tO [tk+1, tk+2], we conclude that for
the function yo we have, for all ¢ € [0, T

) B < o W0 Ol < (DO, Flt(n) <

and, for k=1,...,N + 1 r(tx) = yo(tx) and ' (tx) = y{(tx).
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Now from Theorem 4.4 for po(t) = el(t)/M we conclude the existence of the

solution y of (5.1) with (5.3) such that

and

O(t,2)l(z)dz + #,

[Dy(t) — Dyo(t)]

IN

el(t) [ sinh((t - 2)||A[)
/ 1Al

sinh((t — 2)||A])
y(t) — (0] < - / 7 e COLOLE

(O =) < 57 [ coshl(t = ADB(E ()

Hence

Thi

[1]
2]

3]

[4

[5

6

7]

(8]

[0 ——,

(10]

(11]

(12]

ly'(t) —r'(1)] < <1+/ cosh((t — z)[|A[)(®(#, ))l(Z)dZ) <e,

Sk

y(t) — r(t)] < < ( - / sinh(( t|2|Z)HAH)<I>(t,z)l(z)dz> <

s ends the proof. O
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