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PULLBACK ATTRACTORS
FOR A NON-AUTONOMOUS SEMILINEAR DEGENERATE
PARABOLIC EQUATION

XIN L1 — CHUNYOU SUN — FENG ZHOU

ABSTRACT. In this paper, we consider the pullback attractors for a non-
autonomous semilinear degenerate parabolic equation ut — div(o(z)Vu) +
f(u) = g(x,t) defined on a bounded domain Q C RY with smooth bound-
ary. We provide that the usual (L2(Q), L2(Q2)) pullback Zj-attractor in-
deed can attract the Zy-class in L219(Q), where § € [0, 00) can be arbitrary.

1. Introduction

In this paper, we consider the following non-autonomous degenerate para-
bolic equation:

ug — div(o(x)Vu) + f(u) = g(z,t) in Q x (1, +00),
(1.1) u=0 on 09 x (7, 4+00),
ul=r = u, € L*(Q),
where (2 is a bounded domain in RY (N > 3) with smooth boundary 91, the

diffusion coefficient o, the nonlinearity f and the external force g satisfying the
following conditions:

(C1) o(z) is a non-negative measurable function such that o € Li (©2) and

for some «a € (0,2), liminf |z — z| =% (x) > 0 for every z € Q.
rT—z
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512 X. Lt — CH. SuN — F. Znou
(C2) The function f € C'(R, R) satisfies, for any s € R,

(1.2) ar|s|P —ag < f(s)s < asls|P +aq, p>2,
(1.3) F0)=0, f(s)=-1,

where a;, 1 = 1,2, 3,4 are positive constants.
(C3) g € L2 (R; L*(Q)) satisfies

loc

0
(1.4) | gl ds <+

— 00

where A > 0 is the first eigenvalue of the operator —div(o(z)V-) in Q
with the homogeneous Dirichlet boundary condition.

Assumption (C1) indicates that the function o(-) may be extremely irregu-
lar, for example, o( - ) could be non-smooth, such as o(z) = |z —z|* for a € (0, 2)
and every z € ). The physical motivation of assumption on the diffusion vari-
able () is to model the “perfect insulator” or “perfect conductor” of the media
somewhere, see [1], [2], [4], [9], [10] for detailed discussions.

For equation (1.1) with degeneracy, the existence and uniqueness of solutions
have been studied extensively, see for example, [4], [5], [14], [15] for the elliptic
case and [8], [15], [18] for the parabolic problem.

The main purpose of this paper is to consider the dynamics of the dissi-
pative dynamical systems, using the so-called pullback attractor ([6], [7], [11]),
generated by the weak solutions of (1.1).

Before we continue with the setting of the problem, let us introduce a notation
that will be used in the sequel.

Let Ry be the set of all functions p: R — [0, 00) such that

pA(t) = 0 as T — —o0,

where A > 0 is the first eigenvalue of the operator —div(o(z)V -) in  with the
homogeneous Dirichlet boundary condition; and the attraction universe

(1.5) 2y be the class of all families D = {D(t) : t € R, D(t) C L*(Q)},
such that D(t) C {u € L*(Q) : |Ju||p2() < pp(t)} for some p5 € Ry.

Under assumptions (C1)—(C3), the existence of a pullback Zy-attractor as
well as analysis of its properties in the phase space L?(2) for problem (1.1) has
been studied extensively. Let us recall some typical results among them.

In [1], Anh and Bao proved that under assumptions (C1)—(C3), there ex-
ists an (L?(Q), L?(Q)) pullback Zj-attractor for the process generated by the
weak solutions of (1.1), and then, they also proved that such attractor can
attract in 23(Q,0) N LP(Q)-norm (where the power p comes from (1.2)) if
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g € WE2(R; L2()) satisfies

ocC
0
(1.6) / e (Ilg(5)[72(0) + 19/ (8)l[72() s < +oo.
Furthermore, the authors in [2] show that the pullback attractor obtained in [1]
is in fact an (L%(Q), Z3(Q,0) N L?**72(Q))-pullback attractor if g satisfies the
additional condition:

O !
/ e**|lg’ ()] L (o 48 < 00,

—00
where my, =285+2 /(2852 4+ 1-2p8%+1) and mj, =2p*+1 with f=N/(N — 2 + «a)
and k € Nsatisfies 0 < k < loggz(p—1)+1. Note that, in the previously mentioned
two papers [1], [2], the authors used essentially the method of differentiating
the equation with respect to time t to get some estimates about higher-order
integrability of wu;, and then obtained the higher-order integrability of u(t) to
obtain the attraction in L?(Q) and L*~2(Q).

Recently, for a stochastic version of equation (1.1), under the same assump-
tions (C1)—(C2), Yang and Kloeden in [19] proved the existence of a random
attractor in L%(Q), and then Zhao in [20] proved that the random attractor ob-
tained in [19] indeed can attract in Z§ (2, o) N LP(Q)-norm, where the power p is
the same as in (1.2). On the other hand, for an autonomous equation (1.1) with
the same assumptions (1.2)—(1.3) on nonlinearity, but with a different assumption
on the degenerate function o, Li, Ma and Zhong in [12] established the existence
of a global attractor in L?(f2), and the attraction can be the 2} (Q2,0) N LP()-
norm too, where the power p is also the same as in (1.2).

In this paper, we will extend the known results, without any additional con-
ditions except (C1)—(C3), by showing that the known (L?(2), L?(2)) pullback
P-attractor indeed can attract the Zy-class in L?+°(Q)-norm for any § € [0, 00).
That is,

THEOREM 1.1. Under assumptions (C1)—(C3), let U(t,7) be the process
generated by the weak solutions of (1.1) and o = {(t) : t € R} be the
(L2(), L%(Q)) pullback Dy -attractor. Then, for any § € [0,00) and any D =
{D(t) : t € R} € Dy, the following properties hold:

(a) o can attract the Dx-class in L*+9-norm, that is,

(1.7) EIEI distravs (U(t,7)D(7), & (t)) =0 forallt € R;

(b) for any complete trajectory v(t) € () (t € R) of U(t,7), there exist
two sequences T(t,d,ﬁ,szf) and M;s(t) (which depend only on t,0,N,
fioo e)‘3||g(s)||%2(m ds and the L?-size of </ (t)), such that

(1.8) / \U(t, T)ur —v(t)]*F° de < Ms(t) for any t — 1 > T(L, 6,13,,52?5.
Q
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REMARK 1.2. Theorem 1.1 (a) implies immediately both the (L?(9), LP(£2))-
pullback attractor obtained in [1] and (L?(£2), L?~2(Q))-pullback attractor ob-
tained in [2]. Theorem 1.1 (b) implies that 7 (t) —v(¢) is bounded in L?+9(Q) for
any 0 € [0,00) despite the fact that we do not know whether «7(t) is bounded
in L>9(Q) or not.

REMARK 1.3. Note that our external forcing term g satisfies only the L2-
integrability (C3), thus we cannot obtain the L>°-estimate for the solution; at the
same time, from (1.4), even for the non-degenerate equation (e.g. as that in [13]),
the solution of (1.1) at most belongs to W?22P=2(Q), however, since our spatial
dimension N > 3 is arbitrary, in general we do not have W22P=2(Q) — L>(Q).
Therefore, the L**°(Q)-attraction for any § € [0,00) is not trivial, and seems
un-expectable to some extent.

The rest of this article consists of three sections. In Section 2, we recall the
main concepts and results about function spaces, solutions of (1.1) and abstract
results about pullback attractors we will use in this paper. In Section 3, we recall
and give an outline of proof about the existence of an (L?(£2), L?(£2)) pullback
Py -attractor. Finally, we prove the main result, Theorem 1.1, in Section 4.

2. Notation and abstract results

In this section, we will firstly introduce the function spaces and recall the
existence and uniqueness of the solution to equation (1.1), and then, we will
recall some abstract results related to pullback attractors which will be used
later.

2.1. Weighted Sobolev spaces. We recall some properties of weighted
Sobolev spaces with weight function o(z).

DEFINITION 2.1. Assume that (2 is a bounded domain in RY (N > 3) and

() and for some
a € (0,2), liminf |z — 2| ~“o(x) > 0 for every z € Q. The Hilbert space 24 (€, o)
r—z

is defined as the closure of C§°(§2) with the norm

1/2
lll oy = ( / a(qude) 7

<“,’U>93(sz,a) iz/a(a:)Vqudx.
Q

o(x) is a non-negative measurable function such that o € L

and the product

The following lemma refers to the continuous and compact inclusions of

2L(Q,0).

LEMMA 2.2 ([2], [4], [5]). Assume that ) is a bounded domain in RN (N > 2),
and o(x) satisfies (C1). Then the following embeddings hold:
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(a) 23(Q,0) is continuously embedded into L% (Q);
(b) Z¢(Q,0) is compactly embedded into LP(Q) as p € [1,2}), where 2}, =
2N/(N — 24 «) and a comes from (1.1).

REMARK 2.3. The exponent 2} plays the role of the critical exponent in the
classical Sobolev embedding. 2 > 2 when a € (0,2).

Under condition (C1), the operator A := —div(o(z)V -) is positive and self-
adjoint with the domain of definition,

Dom(A) = {u € 2}(Q,0) : Au € L*(Q)}.

The space Dom(A) is a Hilbert space endowed with the usual scalar product.
Moreover, there exists a complete orthonormal system of eigenvectors (e;, A;) en
such that

(ej,A\j) =0;; and —div(e(z)Ve;) = Nje;, 4,j=1,2,...,

O</\1<>\2§...7 /\j—)—|—OO7 j — +oo.
Noting that
HU”2 (Q0) 1
(21) )\:Alzlnf W €@O<Q,U), U#O s
L2(Q)
we have
(2.2) Hu||2@é(ﬂ70) > )\||u||%2(m for all u € 73 (%, 0).

LEMMA 2.4 ([2]). Assume that Q is a bounded domain in RN (N > 2), and
o(x) satisfies (C1), then the following estimate holds:

/\||uH2@é(Q’U) < / |Aul? dz,
Q
where X is the positive constant given in (2.1).

2.2. Solutions for equation (1.1). For the readers’ convenience, in this
subsection we will recall the definitions of solutions of equation (1.1), see [1], [2],
[12] for more details.

DEFINITION 2.5 (Weak solution). A function u(z,t) is called a weak solution
of (1.1) on [r,T] if and only if

u € C([r,T]; L*(Q)) N L*(1,T; 25 (Q,0)) N LP (1, T; L (Q))

and u|;—; = u, almost everywhere in  such that

/T/<‘37;¢+0V1N<p+f( >dmdt //spdxdt

holds for all test functions ¢ € L?(1,T; 24 (Q,0)) N LP(1,T; LP(Q)).
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DEFINITION 2.6 (Strong solution). A function u(x,t) is called a strong solu-
tion of (1.1) on [r,T] if and only if

u e C([r,T); 25 (Q,0)) N L*(1,T; Dom(A)) N L= (1, T; LP(2))

and the three equations in (1.1) are satisfied almost everywhere in their corre-
sponding domains.

The following two lemmas refer to the existence and uniqueness of the global
weak solution and strong solution for the degenerate parabolic equation (1.1),
which can be obtained by the Faedo—Galerkin method (see [8], [15], [17], [18]).
Here we only state them as follows.

LEMMA 2.7. Assume that Q C RY is a bounded domain with smooth bound-
ary, o(x) satisfies (C1), g € L2 (R; L*(Q)) and f satisfies (C2). Then for any
initial data u, € L*(2) and any T > 7, there exists a unique weak solution u of

equation (1.1) which satisfies
ue O([r, T]; L*(Q)) N L*(7, T 25 (2, 0)) N LP (7, T LP(2)),
and the mapping u, — u(t) is continuous in L*().

LEMMA 2.8. Assume that Q C RN is a bounded domain with smooth bound-
ary, o(x) satisfies (C1), g € L (R;L*(Q)) and f satisfies (C2). If u, €

DL(Q,0) N LP(Q) then there exists a unique strong solution u of equation (1.1)
which satisfies

ue C([r,T]; @& (Q,0))N LZ(T, T;Dom(A)) N L*®(1,T; LP(Q)).

2.3. Abstract results on pullback attractors. In this subsection, we
recall some results about the existence of pullback attractors and their properties,
see [6], [7], [11] for more details.

Let us consider a process U on a metric space X, i.e. a family {U(¢,7) :
—00 < 7 < 400} of continuous mappings U(t,7) : X — X, such that

(a) U(r,7) =1d;

(b) U(t,7)=U(t,r)U(r,7) for all 7 <r < t.

Let 2(X) denote all bounded sets of X, 2, be a class of parameterized sets
D ={D(t):te R} C Z(X).

DEFINITION 2.9. A family & = {(t) : t € R} is said to be a pullback
P-attractor for the process {U(t,7)} if

(a) /(t) is compact in X for all t € R;

(b)  is P-pullback attracting in X, i.e.

lim distx(U(t,7)D(7),2/(t)) =0, forall D€ &, and all t € R;

T——00
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(c) & is invariant, i.e.
Ut,7)o (1) = /(t), forall o<1 <t<+00.

We call &/ minimal if for any family € = {C(¢) : t € R} C 2 of closed
sets such that EIEl distx (U(t, 7)D(7),C(t)) = 0, we have &7 (t) C C(t).

Denote by £ the collection of all complete trajectories of U (¢, 7), that is,
Hoo={u={u(t):t e R} : U(t,7)u(r) = u(t) for any co < 7 < t < o0}.

The following result gives conclusions about the construction of attractors
(see e.g. [11]).

LEMMA 2.10. Let U(t,7) be a process on Banach space X, and o = {(1):
t € R} € Dy be the pullback Dy-attractor of U(t, 7). Then, for any t € R,
dt)=J ),
uEA NDy

consequently, there exists at least one complete trajectory v of U(t, ) which sa-
tisfies U € Dy.

We also need the following abstract result given in [16] to get the higher-order
attraction.

LEMMA 2.11. Let Z — Y — X be the three Banach spaces with continuous
embeddings, U( -, -) be a process defined on X and P be a class of parameterized
sets D = {D():t € R} C Z(X). Moreover, assume that

(a) U(-, ) has a pullback D-attractor o = {(t) : t € R} in X, and

,;a/f\e D;

(b) v ={v(t):t € R} € Dy is a complete trajectory of U(t,T);

(c) W(t,7) (oo < 7 < t < o0) are a family of operators defined on X

satisfying

Ult,7)- =v@t) + W(t,7)(- —v(r)) forall T <t;

(d) there exists By = {By(t) : t € R} with By(t) is bounded in Z for each
t € R, satisfying that for any t € R and any D € P, there exists
7o = 1o(t, D) < t such that
(2.3) W(t,7)(D(1) —v(T)) C Bo(t) for all ™ < 1p.
Then, the following hold:
() # = {v()}er + Fo = {B(t) =
set in X for the process U(-, - );
(i) distx (27, %) =0, i.e.

(2.4)  distx (&, v(t) + Bo(t)) = distx (o —v(t),Bo(t)) =0 for allt € R;

v(t) + Bo(t) : t € R} is a Dr-absorbing
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(iii) if Bo(t) is closed in X for allt € R, then
(2.5) & (t) —v(t) C Bo(t) forallteR;

further, we assume that the space Y satisfies || - ||y < C|- %] - I for
some 0 € (0,1] and constant C, then for any D € P and any t € R,

(2.6) disty (U (¢, 7)D(7), #(t)) = 0 as T — —o0.

In the sequel we shall need the following lemma belonging to the family of
Gronwall type lemmas, see [13].

LEMMA 2.12. Let for some A > 0, 7 € R and, for s > T,
y'(s) + Ay(s) < h(s),

where the functions vy,y’, h are assumed to be locally integrable and y, h nonneg-
ative on the interval t < s <t +r, for somet > 1. Then

9 t+r/2 t+r
y(t+7) < e*”/zf/ y(s) ds + e AT / e h(s) ds.
T Jt t

3. The existence of pullback attractor in L?((Q2)

Thanks to Lemma 2.7, under assumptions (C1), (C2), g € L% (R; L3(Q)),

loc
we can define the bi-parametric family of maps

(3.1) U(t,7): L*(Q) — L*(Q), with 7 < t, given by U(t, 7)u, = u(t),

where u(t) = u(t; 7, u,) is the unique weak solution of problem (1.1), which forms
a process on L2(Q).

We start with the existence of pullback attractors in L?(Q). The following
result about the existence of pullback attractors in L?(Q) can be deduced directly
from the arguments given in [1, 19], here we recall it, and for the later application,
we give an outline of its proof.

LEMMA 3.1. Under assumptions (C1)—(C3), the process U(t, ) generated by
the weak solution of (1.1) has an (L2(R), L*()) pullback Px-attractor o/ =
{2 (t) : t € R}, that is, o € D and satisfying:

(a) (t) is compact in L?(Q) for all t € R;

(b) Q?\(t) is L2(Q)-pullback D-attracting, that is, for any D = {D(t) : t €

R} € D,

(3.2) lim distp2)(U(t, 7)D(7),</(t)) =0 for allt € R;

T——00
(¢) o is invariant, i.e.

(3.3) Ut, 7)o (1) = (t) foranyoco <1 <t<o0.
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PROOF. According to the general criterion (e.g. see [6], [7], [11]) about the
existence of pullback attractor, it is sufficient to prove the below two claims.
Moreover, since the estimates are standard, we only present it by some formal
arguments, which can be justified by means of the approximation procedure as
that for the existence of solutions (e.g. see [8], [12], [18]).

CLAIM 1. There exists a pullback Zy-absorbing set in L?().
Let u, € L*(Q) and u(t) = U(t, 7)u,. Multiplying the first equation in (1.1)

by u and integrating over €2, we deduce that

1d
(3.4) 5 dtHUHL2 @ T ”qul(Q ot alHUHLP(Q

A
< *||g(t)H%2(Q) + §||“H2L2(Q) + 2|02,

where we have used (1.2) and Young’s inequality. Applying the inequality
||U||2@5(Q70) > )\||u||2L2(Q)7 we get

d
(3.5) ||u||L2(Q) HlullZ 0,0y + 201 [[ull], ) < )\||9( MZ2(0) + 202/
and
1d A
2dt||u||L2(Q) +5 ||U||2L2(Q) +arlullf, g < )\||9( M Z2() + a2lQ.

Using the Gronwall inequality, then we have that

(3:6) Nu(®)|72(0) < e u(r)| 720
¢
—&-2042\Q|)\_1—|—4)\_1e_>‘t/ e>‘SHg(S)||2L2(Q) ds.

For each t € R, we define R(t) as a positive number given by

t

R2(1) = 1 + 200\~ +4A—16—M/ 2 19(5) 220 s,

— 00
then, from (1.4) we know that R(t) < oo for every t € R.

Define Dy := {D(7) : D(7) :={v € L*() | |v]lr2(0) < R( )}, T € R}, then,
according to the definition of 2 given in (1.5), we know that DO is a pullback Z,-
absorbing set for the process U(t, 7), that is, for any D= {D(1): 7 € R} € 9,
and any t € R, there exists a T = T(t, ﬁ) > 0 satisfying

(3.7) U(t,7)D(r) € Do = {u € L*(Q) : |[u(t)| r2() < R(t)}

for all 7 € R satisfies t — 7 < T.

CrAamM 2. The process U(t,7) defined in (3.1) is Zj-pullback asymptotic
compact in L2(2).
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We will prove that there exists a family Bof pullback Z\-absorbing sets which
are bounded in D} (€2, o), from which the pullback asymptotical compactness in
L?(2) follows immediately by the compact embedding (see Lemma 2.2).

Firstly, we multiply the first equation in (1.1) by —div(o(z)Vu) and integrate
over () to deduce that
1d . .
sl a0 + / |Aun? da + (f(u), —div(o(2)Vu)) = (g(t), ~div(o(2)Vu)).
Applying (1.3) and the embedding /\||u||_2@é(970) < [, [Au|? dz, we get

d
a”“”%&m,a) + )‘HU||_2@3(Q,U) < 21”“”%&(9,0) + 91720,

then apply Lemma 2.12 and the above inequality with » =1 to get
t+1/2
(3:8) lult + D% 0,0 < 26’A/2/t lu($)1 5 (0,0 A5

t+1
LA /t N (2 u(5) 3300 + 19(5)1132(0) ds

for every t > 7.
Now, we estimate the right-hand side in terms of the data using the energy
inequality (3.5). Integrating (3.5) from ¢ to ¢ + 1/2 and using (3.6), we get

t+1/2
6o [ Gl ds
t

t+1/2
< u)lZ2(q) + a2/Q +4/\’1/ lg(s)l|72(q) ds
t

t+1
< ()] + 2l + 4NN / A 9(3)|12c ds
<N ()2 + 022X+ 1)
A i A
LAl / 2 g(3)|22 ds.

— 00

Integrating (3.5) from ¢ to ¢ + 1 and using (3.6), we get
t+1 t+1
(310) e-X0+D) /t A u(9)|3 .0y 45 < /t ()% 0.0
t+1
< )]0 + 202l + 0 [ g ds
' t+1
< JJu(®)lZ2 () + 20210 +4>\*16*”/t *Nlg(5) |72 (e ds
< e lu(r)[[ 7o) + 202(AH + )|

41
+ 4NN / e>‘SHg(S)||2L2(Q) ds.

— 00
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Applying (3.9) and (3.10) to (3.8), we conclude that

lute+ Dl < 1+

— 00

t+1
A l9() ey ds)7

uniformly with respect to all initial conditions u(7) € D(7) for all 7 € R sat-
isfying t —7 < T (where T comes from (3.7) which corresponds to IA)), with
C = 6(\Q|,0z2,)\,1). This proves the existence of the Z\-absorbing sets in
D{(Q,0). O

4. The (L?*(Q), L**°(Q)) pullback Z)-attractor

In this section, our main propose is to obtain the existence of the pullback
Dy-attractor (L2(Q), L>T%(Q)). So we obtain a maximum principle about the
strong solutions and L?*19-type estimate for the weak solutions.

4.1. A maximum principle about the strong solutions. The purpose
of this subsection is to establish, applying the Stampacchia’s truncation method,
some a priori L™ estimates for the strong solutions with initial data (u,,g) €
(25(Q,0) N L®(Q)) x L>®(Q x (1,T)), which will guarantee the test functions
that we used in next subsection to make sense.

LEMMA 4.1. Assume (C1)—(C2). For any —oo < 7 <T < oo and any initial
data (ur,g) € (2E(Q,0) NL>®(Q)) x L=(Q x (1,T)), the unique strong solution
u of (1.1) belongs to L (2 x (1,T)).

PRrROOF. We will use the Stampacchia’s truncation method in Brezis [3], fixing
a function H(-) € C*(R) such that

(a) |H'(s)] < M < o0, for all s € R;
(b) H is strictly increasing on (0, 00);
(c) H(s) =0, for all s <0;

and defining

G(s) = /O H(5) db.

Denote K’ := max{||ur||z (), 9]z @x(r,7))}- Under assumption (1.2), there
exists a positive constant M which depends only on 3, a; and K’ such that

(4.1) f(s)>K' ass>M and f(s)<—-K' ass<-—M.

Then, we define K := max{K', M} + 1.
Note that u is a strong solution (see Lemma 2.8) and u € C([r, T]; 2}(Q, 7)),
we have that

(4.2) H(u(t) — K) € 9}(Q,0) forany t € [r,T],
(4.3) H(u(t) — K) € L*(1,T; 24 (2, 0)).
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Hence, from the definition of strong solutions, we have that

(4.4) /Tt /Q u' (z,8)H(u(s) — K) dx ds
+ /Tt /Q o(x)H' (u(s) — K)|Vu(s)|* dx ds
= - /Tt /Q flu(z,$))H(u(s) — K)dx ds + /Tt/ﬂg(x,s)H(u(s) — K)dzds.

In the following, we will deal with the terms in (4.4) one by one.
Firstly, it is obvious that

¢
(4.5) / / o(z)H' (u(s) — K)|Vu(s)|? dzds > 0.
T JQ
Secondly, from (4.3) and the definition of K', we have that
¢
0< / / K'H(u(s) — K) dx ds < oo,
T JQ
and, combining with (4.1) and the definition of K, we know that
t
—/ /(f(u(gc,s)) ~ K')H(u(s) — K)dzds <0,
T JQ
¢
/ /(g(m, s) — K')H(u(s) — K)dzds <0.
T JQ
Inserting the above estimates into (4.4), we obtain that
t
/ / W (z,8)H(u(s) — K)dxds <0,
T JQ
which implies that
/ G(u(z,t) — K) dx — / Gu(z,7) — K)dx <0 forallte [r,T],
Q Q
consequently, we can obtain

(4.6) u(z,t) < K a.e onQforallte|r,T].

Similarly, defining H(s) = H(—s) and replacing H(u(s)— K) by H(u(s)+K)
in (4.4), we can deduce that

(4.7 u(z,t) > —K ae.onforalltelr,T]|

From (4.6) and (4.7), we can finish our proof immediately. O
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4.2. L*To-type estimate for the weak solution. Throughout this sec-
tion, we denote by (Lemmas 3.1 and 2.10 guarantee its existence)

(4.8) v:={v(t) :t e R} withv(t) € &(¢t) for allt € R
a fixed complete trajectory of U(t, ), that is
U(t,7)v(r) =v(t) for any co <7 <t < +00.

To make our proof rigorous, let us consider the approximation of solutions.
Let D = {D(t) : t € R} € 2 and u(t) = U(t,7)u,, uy € D(7). For any (fixed)
7 € Rand T > 7, we know that there exist two sequences {(urm,¢gm)} and
{(Vrm, gm)} satisfying
(4.9) Urm, Vem € D3 (Q,0)NL¥(Q) and g, € L®(Q x (1,T))
such that
(4.10) Urm = Upy Vrm — v, € L2(Q)  and g, — g € L2 (7, T; L*(Q))
as m — 0o, and

(4.11) Uy —u  and v, — v € C([r,T); L*(Q)),

where u,, and v, are the unique strong solutions of (1.1) corresponding to

the regular data (trm,gm) and (Vrm, gm) respectively; note that (4.11) can be

deduced by a similar proof for the uniqueness of weak solutions, here we omit it.
Without loss of generality, from (4.10) we can assume that

(4.12) [trmll72)y < llurlfz) +1 and  [Jvrmll72(g) < llorll72e) + 1,
for all m = 1,2,... Denote w,(t) = up(t) — v, (t), then, w,,(t) is the unique
strong solution of the following equation:
Wi — div(o(@) Vo) + fum(®)) — Fom(t) =0
f )€ Qx(0,T),

i or (z,1) € x (0,T)

Wi|o0 = 0,

Win|t=r = U (T) — Uy (T).
Applying Lemma 4.1, we know that wu.,(t),v,(t) € L>(Q x (7,7)) for each
m=1,2,...,s0

Wi (1) = Uy (1) — v (1) € C([1, T); (2, 0)) NL>®(Q x (1,T))

and, for any 0 < 0 < oo,
(4.14) [win|® - wy, € L2(1,T; 28(Q,0)) N LZ(Q x (1,T)),

consequently, we can multiply (4.13) by |w,|? - w,, for any 0 < 6 < oo.
With the preparation above, we will prove the following main result of this
subsection:
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LEMMA 4.2. Let D € D, U be the fized complete trajectory given in (4.8)
and T be a fized time. Assume that g € L% (R;L?(Y)) satisfies (1.4), f sat-
isfies (1.2)—(1.3) and Urm, Vrm satisfy (4.9)—(4.12). Then, for each t € (7,T)
and each k = 0,1,..., there ewist two sequences ﬁ(t,ﬁ,ﬁ) (which depends
only on k, t, A, D and ¥) and My(t) (which depends only on k, t, \, N and
f_ e |g(s) |\L2(Q)ds), such that for any m = 1,2, ..., the solution w,, of (1.1)
satisfies

™ / o ()2 N=240D" G < TL,(8)  for any t — 7 > Ta(t, D, ),
Q

s+1 1 (N—2+a)/N L
B R ds < TTx(1)
s Q

for any s — 1 > ﬁ(t,ﬁ,ﬁ).

PROOF. Since u,, is a strong solution, similar to (3.5) we have that

d
(4.15) —fluml|Z2(0) + lumllZy 0,0y + 201 llum 7o < g )2 () + 20219,

A
then, combining with the embedding (2.2), (4.15) implies that

(s 4 b, 209
lum 20y < el (D) [F2(0) + e / g ()12 ds + 21

for all t € (7,T). Similarly, we also have

. 4 3 " s 2009
[om (#1720 < € A )||Um(T)||%2(Q)+X6 At/ e [lgm () 1172y ds + == 3 €2

for all t € (7,T). Therefore, we obtain that

(4.16) lwm ()12 () < 2”7 ([lum (7)I[72 () + lom (T)II72(0)

8 _ t s 40[2
#3672 [ X lgn()Ea s+ 520

for all t € (7,T), consequently, there exists i’vo(t, ﬁ, v) such that

417) o (@122 ) <2¢7 (lum ()22 (@) + lom ()12

8 _ t s 40[2
#3672 [ Mmooy ds + 20

< 46_’\(t_7)(||ur|\%2(9) + lorllZ2 o) + 1) + Mo (t)
<1+ My(t)
for any t — 7 > fo(t, B, v), where we have used (4.12), and set

__ 8 t s 4042
T0(0)i= 3 [ M lan ()] ds + 5219,
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Now, multiplying (4.13) by w,, and integrating with both space and time,
we have that

s+1
(4.18) / /ﬂa@)wwm(gwx do < (1 + 1)(37a(t) + 1)

for any s — 7 > Ty(t, D, 7). From the embedding Z¢ (2, o) «— L2/ (N=2+a)(()),
we have that

s+1 o
@19 [ (@ snero drde < Ch(+ D(Ea(t) + 1)
S

for any s—7 > Ty (t, lA), v), where Cy is a constant depending only on the domain
Q and the spatial dimension V.

Set Mo(t) = (1+ C%(1+1))(M'o(t) + 1). From (4.17) and (4.19) we know
that (Ag) and (Bp) hold.

In the following, we assume that (Aj) and (By) hold for k& > 0, by in-
duction, we will show that (Ag+1) and (Bg41) hold. Multiplying (4.13) by

k+1
|wm‘2(N/(N72+a)) RR)

k+1
1 N d ota)ht
4.20) S ) Sl PN 2D
2\ N -2+« dt L2(N/(N=2+a)) (©)

2((N —2+a)/N)H! —1
(N/(N =2+ a))20+D)

Wy, we deduce that

_otq))kEtL
/Q 0 (2) |V | ()] /Y 20002 g

2(N/(N—2+a))*+!

< l”wm”sz/(N—wa))Hl(Q)

for almost every t € (7,T), and we have that

d 2(N/(N—2+a))* N g 2(N/(N —2+a))*
(4.21) a||wm||L2(N/(N72+a))k+l ) < 21 7]\7 “9ra ||’LUm||L2(N/(N72+a))k+1 )

for almost every t € (7,T). Applying the uniform Gronwall lemma to (4.21) and
(Bi), we can deduce that

Codq))ktl
(4.22) / [ (PN gy < o

for any t — 7 > Tvk(t,ﬁ,ﬁ) + 1. Now, having (4.22), by integrating (4.20) over
[s,s 4+ 1], we can obtain that

s+1 b4l
(4.23) / /Q (@) V| ()| /-2 2 dg < Cor v

for any s — 7 > Tk(t,ﬁ,ﬁ) + 1.
Applying the embedding 23 (Q, o) « L2N/(N=2+2)(Q) again, from (4.23) we
finally obtain that

s+1 NN 2 o (N=2+4a)/N )
(4.24) / </Q W (@) [PV N =2e)) dx) do < CNCyp, (1),1,N .k
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for any s — 7 > T),(t, D,?) + 1. Therefore, set Tj11(t, D, ) = Tr(t, D,7) + 1 and
M(t) = max{Cf,k(t)’hj\,’k,CJQ\,CWIC(”J,]\,JC}7 from (4.22) and (4.24) we know
that (Ag+1) and (Bg41) hold. O

As a consequence of Lemma 4.2 and Fatou’s lemma, we have:

THEOREM 4.3. Let D € Dy, D be the fized complete trajectory given in (4.8).
Assume (C1)—(C3). Then, for each t € R and each k = 0,1,..., there exist two
sequences Ty(t, D, ) (which depends only on k,t,\, D and %) and My(t) (which
depends only on k,t,\, N and fjoo 6)‘S||g(8)||%2(9) ds) such that

/ Ut 7)ur = o(t) PN/ V=250 4o < W (1)
Q

for any t — T > T(t, B,i)\) and any u, € D(7).
PRrROOF. For each fixed t € R and k € {0,1,...} we take
Ty (t, D,%) = Ty(t, D, ) + 1,

where Tk(t, ﬁ, v) is the constant given in Lemma 4.2 corresponding to the pair
t, k.

Set T =t+1 and for any (fixed) 7 satisfying t — 7 > Ty (%, D, 0), we consider
the approximation on the interval [r,T]. For the interval [r,T] given above,
choose two sequences {(tUrm,gm)} and {(vrm, gm)} satisfying all conditions in
(4.9)—(4.12). Then, from (4.11), we have that there exist two subsequences
{um; (1)} C {um(t)} and {vm, (1)} C {vm(t)} satisfying that wm,,(t) — u(t) =
U(t,7)u; and vy, (t) — v(t) almost everywhere on € as j — oo (where the
sequence m; may depend on t). Then, applying Lemma 4.2, (Ay) and the
Fatou’s lemma, we can deduce that

l/)KKtnﬁuTA—UQ)FUW“N‘2+“Dkdx
Q

gnnnny/|um4n4mmj@nﬂNﬂN*%ﬂDk¢zgiwguy O
.

J—00

4.3. Proof of Theorem 1.1. Now, we are able to prove Theorem 1.1 by
checking the conditions of the abstract Lemma 2.11 in the case of our degenerate
parabolic equation (1.1).

For each § € [0,00), we know that there exists a unique k € {1,2,...} such
that

N k—1 N k
42 9 1e(of —2 of — 2 ) |,
(4.25) +o+ E((N—2+a) ) (N—2+a)}

Let
X =L2(Q), Y =L>(Q) and Z=L*N/N-2+a)" (@),
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Then, for X,Y and Z given above, we will check the conditions of Lemma 2.11
as followings:

(a) & is the (L2(R), L2(Q)) pullback Zy-attractor in Lemma 3.1.

(b) v is the fixed complete trajectory given in (4.8).

(¢), (d) Applying Theorem 4.3, we know that

(4.26) / U (t, 7)uy — v(t) 2N/ N=240" g0 < T, (4)
Q

for any t — 7 > Tj(t, ﬁ, V), any u, € D(7). Consequently, we can define

— k 2(N/(N—2+4a))* -
Bo(t) = {w € LXN/(N=240)" () ¢ oy |20/ 240 = Mk(t)}

for any t € R. Therefore, we see that all conditions in Lemma 2.11 are satisfied,
and then, the L?*°(Q) pullback Zj-attraction (1.7) follows from conclusion (c)
in Lemma 2.11, and (1.8) follows from (4.26) (where we take T(t,é,ﬁ,@ =
Tyw(t, D, ) and Ms(T) := M(t)). O

REMARK 4.4. Note that in the proof of Theorem 1.1, we used essentially
only the interpolation, hence, our results and methods are applicable to the
unbounded domain case such as that considered in [19], [20].
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