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REMETRIZATION RESULTS
FOR POSSIBLY INFINITE SELF-SIMILAR SYSTEMS

RADU MICULESCU — ALEXANDRU MIHAIL

ABSTRACT. In this paper we introduce a concept of possibly infinite self-
similar system which generalizes the attractor of a possibly infinite itera-
ted function system whose constitutive functions are ¢-contractions. We
prove that for a uniformly possibly infinite self-similar system there ex-
ists a remetrization which makes contractive all its constitutive functions.
Then, based on this result, we show that for such a system there exist
a comparison function ¢ and a remetrization of the system which makes
p-contractive all its constitutive functions. Finally we point out that in the
case of a finite set of constitutive functions our concept of a possibly infi-
nite self-similar system coincides with Kameyama’s concept of a topological
self-similar system.

1. Introduction

In order to generalize the notion of the attractor of an iterated function
system A. Kameyama (see [10]) introduced the concepts of topological self-similar
set and self-similar topological system as follows:

DEFINITION 1.1. A compact Hausdorff topological space K is called a topo-
logical self-similar set if there exist continuous functions fi,...,fnv: K — K,
where N € N* = {1,2,...}, and a continuous surjection 7: A — K, where
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A ={1,...,N}" such that the diagram

A—" A
KT>K
commutes for all i € {1,..., N}, where
Ti(W1 e W1 -+ +) = (W1 <. Wi Wpnp1 - .. for each wy ... Wpwmtt - .- € A

We say that (K, {fi}icq1,...n}), & topological self-similar set together with a set
of continuous maps as above, is a topological self-similar system.

He asked the following fundamental question (see [10]): Given a topological

self-similar system (K, {fi}icq1,....N}), does there exist a metric on K compatible

to the topology such that all the functions f; are contractions? Such a metric is
called a self-similar metric. L. Janos ([8] and [9]) settles the case N = 1.

On the one hand, Kameyama provided a topological self-similar set which
does not admit a self-similar metric and, on the other hand, he proved that every
totally disconnected self-similar set and every non-recurrent finitely ramified self-
similar set have a self-similar metric.

R. Atkins, M. Barnsley, A. Vince and D. Wilson [1] gave an affirmative
answer to the above question for self-similar sets derived from affine transforma-
tions on R™ (see also [12] for a generalization of this result for a Banach space
(X, ]l - |I) instead of the Banach space R™ and for an arbitrary set I instead of
the set {1,...,N}), M. Barnsley and A. Vince [4] for projectives functions and
A. Vince [14] for M&bius transformations.

The problem of the existence of a self-similar metric on a self-similar set was
also studied by K. Hveberg [7], M. Barnsley and K. Igudesman [3], T. Banakh,
W. Kubis, N. Novosad, M. Nowak and F. Strobin [2].

In [13], we modified Kameyama’s question (which, as we have seen, has
a negative answer for an arbitrary topological self-similar system) by weakening
the requirement that the functions in the topological self-similar system are
contractions to requiring that they are p-contractions. More precisely, we gave
an affirmative answer to the following question: Given a topological self-similar
system (K, {fi}icf1,..,n}), does there exist a metric 6 on K which is compatible
with the original topology and a comparison function ¢ such that f;: (K,§) —
(K, 0) is p-contraction for each i € {1,...,N}?

In this paper we study the case of a possibly infinite family of functions
(fi)icr- We introduce the concept of possibly infinite self-similar system which
generalizes the notion of the attractor of a possibly infinite iterated function
system whose constitutive functions are ¢-contractions (see Proposition 3.7).
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We prove that for a uniformly possibly infinite self-similar system there exists
a remetrization which makes contractive all its constitutive functions (see The-
orem 4.1). Then, based on this result, we show that for such a system there
exist a comparison function ¢ and a remetrization of the system which makes ¢-
contractive all its constitutive functions (see Theorem 5.5). Finally we point out
that when the set [ is finite the concepts of a possibly infinite self-similar system
and a topological self-similar system coincide. Consequently we obtain a gen-
eralization of the above mentioned affirmative answer to modified Kameyama’s
question.

2. Preliminaries

In the sequel, by N we mean the set {0,1,...} and by N* the set {1,2,...}.
Let I be an arbitrary set. By A(I) we mean the set IN and by A, (I) we mean
the set It1-"} . The elements of A(I) are written as w = w1 . . . WpWm+1 - - . and
the elements of A, (I) are written as words w = wy ...wy, where w; € I. Hence
A(I) is the set of infinite words with letters from the alphabet I and A, (1) is
the set of words of length n with letters from the alphabet I. By A*(I) we

denote the set of all finite words, i.e. A*(I) = |J An(I)U{A}, where by A we
neN*
mean the empty word. If w = wy ... wpwmt1... € Al) or f w =wq...w, €

Ay (I), where m,n € N*, n > m, then the word wi ...w,, is denoted by [w],.
By |w| we mean the length of w. For two words o = ay...,, € A,(I) and
B=Pp1...0m € An(I)or 8=201...60Bm+1--- € A(I), by a8 we mean the
concatenation of the words o and 3, i.e. af = a3 ..., B . . . Bm and respectively,
af=ai...apf1...BmbBm+1 ... On A(I), we consider the metric

01— 65 1 ifz =y,
da(a, B) = E k@k, where 0¥ = )
1 3 ‘ 0 ifzx+#uy,

O=01...0p410p42...a0d B=F1...Bnt1Bn+2---

Let (X,d) be a metric space and f;: X — X, i€ I. Forw=wj...wy, €
A (I), we consider f,, = f,, o...0 f,. and, for a subset H of X, H, = f,(H).
We also consider f) =1Id and Hy = H.

For a subset A of a metric space (X, d), we denote by diam(A) the diameter
of A (or, if necessary, diamy(A)).

3. Possibly infinite self-similar systems

A possibly infinite self-similar system generalizes the concept of the attractor
of an infinite iterated function system containing p-contractions (see [5] and [15]),
as Proposition 3.7 points out.
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DEFINITION 3.1. A possibly infinite self-similar system (PISSS for short)
consists of a complete and bounded metric space (A, d) and a family of continuous
functions (f;)ier, where f;: A — A, such that:

(a) A= U A

il
(b) lim sup diam(4,)=0.
n—= e, (I)
We denote it by S = ((A,d), (fi)ier). If, in addition, the family of functions
(fi)ier is equicontinuous, then S is called uniformly possibly infinite self-similar
system (UPISSS for short).

DEFINITION 3.2. Let (X, d) be a metric space. A family of functions (f;)ier,
fi: X = X, is called bounded if the set |J f;(A) is bounded, for every bounded

il
subset A of X.

DEFINITION 3.3. A function ¢: [0,00) — [0, 00) is called a comparison func-
tion if it satisfies the following three properties:

(a) ¢ is increasing;

(b) ¢(t) < t for any ¢ > 0;

(¢) ¢ is right-continuous.

REMARK 3.4. Note that ¢(0) = 0 for each comparison function ¢.

REMARK 3.5 (see Remark 1 from [11]). Any function ¢: [0,00) — [0,00)
satisfying (b) and (c) from the above definition has the following property:

lim @™ (t) =0

n—oo

for any ¢ > 0, where by ") we mean the composition of ¢ by itself n times.

DEFINITION 3.6. Let (X, d) be a metric space and a function ¢: [0,00) —
[0,00). A function f: X — X is called @-contraction if

d(f(z), f(y)) < w(d(z,y)), forevery z,y € X.

PROPOSITION 3.7. Given a complete metric space (X,d) and a comparison
function p: [0,00) — [0,00), if a bounded family of functions (f;)icr, where
fi: X — X, is such that each function f; is p-contraction, then there exists
a unique bounded and closed subset A of X such that A = |J A; and ((A,d),

i€l
(fi | A)ier) is a UPISSS.
PROOF. We have:

(a) For the existence of the set A see Theorem 2.5 from [5].
(b) For each n € N, we have

sup diam(A,) < o™ (diam(A)).
wEA, (I)
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Consequently, taking into account Remarks 3.4 and 3.5, we get that

lim sup diam(A,)=0.
n— oo wEA, (I)
(c) Using Remark 3.4, we infer that d(f;(x), fi(y)) < ¢(d(z,y)) < d(z,y), for
each z,y € A and i € I, and we conclude that the family of functions (f;)iers is
equicontinuous. O

The above proposition provides a large class of UPISSSs. In particular, as
the functions 7; have Lipschitz constant less or equal to 1/3, ((A(I),da), (7)ier)
is a UPISSS having the property that (A(I),da) is not compact, in case that I
is infinite.

The next two propositions emphasize a connection between the points of A(7)
and the elements of A.

PROPOSITION 3.8. Let S = ((A4,d), (fi)ier) be a PISSS. Then, for each w €

A(I), the set () Ay, has exactly one element.
neN*

PROOF. Note that Ay, ., € Ay, 50 Ay, € ALy, for each n € N* and

lim diam(A[w]n) = lim diam(A[w]n) =0.
n—oo n—oo
Then, since A is a complete metric space, basing on Cantor’s intersection theo-

rem, we conclude that [ A, has one point. O
neN*

We denote by a,, the element of [ Ap,,,s0 {au} = [ Awj,-
neN* neNx
PROPOSITION 3.9. Let S = ((A,d), (fi)icr) be a PISSS. Then, in the frame-
work of the previous proposition, for each a € A and each w € A, we have

nh_}ngof[w]n(a) = qa,.

Moreover, the convergence is uniform with respect to a and w, i.e. for each e >0
there exists n. € N* such that the inequality d( fi,),, (a),a,) < € is valid for each
neN* n>n.,acAandwe A(]).

PROOF. Since, for every n € N*|

d(f[w]n(a),aw) < diam(A[w]n) = diam(A[w]n) < sup diam(Aw),
wEA,(I)

and lim sup diam(A4,) = 0, we infer that for every a € A and every w € A(J),

n—0o0 weA,,

we have le fiw), (@) = a,, uniformly with respect to a € A and w € A(I). O
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4. A remetrization that makes contractive all the constitutive
functions of a UPISSS

In this section, given a UPISSS ((A,d), (fi)icr), we construct a metric p,
which is equivalent to d, having the property that all the functions f;: (A4, p) —
(A, p) are contractive.

THEOREM 4.1. Let ((A,d), (fi)icr) be a UPISSS. Then there exists a metric
p on A having the following three properties:

(a) p(fi(x), fi(y)) < p(x,y), for each i € I and each x,y € A; consequently
p(fu(x), fuly)) < p(z,y), for each z,y € A and each w € A*(I).

(b) p is equivalent to d.

(¢) The metric space (A, p) is complete and bounded.

PROOF. Define p: A x A — [0,00) by

plx,y) = sup d(fu(x), fu(y)), forevery z,y € A.
weA* (1)

The function p attains finite values since d(f,(z), fu(y)) < diam(A) for every
w € A*(I) and every z,y € A. Obviously, p is a bounded metric in A, satisfies
(a) and d < p.

To establish (b) we only have to prove that if (a,)nen is a sequence of ele-
ments from A and [ € A is such that nhﬁrr;o d(ap,1) =0, then nl;rr;o plan,l) =0.

Indeed, as lim sup diam(A,) = 0, for every € > 0 there exists m. € N
n—oo UJGAn(I)

such that sup diam(A4,) < ¢e/2 for every n € N, n > m,, so
weA, (1)

d(fu(an), fu(l)) < diam(4,) < sup diam(A4,) <e/2
w' €A (I)
for every n € N and every w € A*(I) with |w| > m.. Since the family of functions
(fi)ier is equicontinuous, the family (f.)wen= (1), |w|<m. has the same property,
so, for every € > 0 there exists n. € N such that the inequality d(f,(an), fu (1)) <
€/2 is valid for every n € N, n > n. and every w € A*(I) such that |w| < m..
We showed that for every € > 0 there exists n. € N such that

p(anvl) = Sup d(fw(an)vfw(l)) < E/2 <e
weA*(I)

for every n € N, n > n.. Hence nh_{r;o plan,l) =0.

Now we prove (c¢). The boundedness of (A4, p) is obvious as p(z,y) < diam(A)
for every z,y € A. We claim that (A, p) is complete.

Indeed, if (an)nen is a p-Cauchy sequence of elements from A, then (a,)nen
is also a d-Cauchy sequence. As (A,d) is complete, there exists | € A such that
lim d(an,!) = 0 and therefore nler;op(an, ) =0. O

n—oo

PROPOSITION 4.2. In the above framework ((4A, p), (fi)icr) s a PISSS.
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PROOF. According to Theorem 4.1 (c), (A, p) is complete and bounded.
As the metrics d and p are equivalent, the function f;: (4,p) — (4,p) is
continuous for each i € I (since f;: (A,d) — (A,d) is continuous) and the

equality A = |J A;, which is valid for d, is also true for p.
i€l
Moreover, for every z,y € A, n € N and w € A,,(I), we have

p(fu(@), fu(y)) = sup d(fo(fu(®)), fo(fu(¥))) = sup d(fou(2)), fou(y))

6eA*(I) 6eA*(I)

< sup diamg(Ag,) < sup diamg(Apg,),) < sup diamg(A,),
0eA*(I) 0cA*(1) weA,(I)

SO

sup diam,(A,) < sup diamg(A,), for every n € N.
w€eA, (I) weNA,(I)

Since lim sup diamg(A,) = 0, from the previous inequality it follows that
n—oo WEA, (I)

lim sup diam,(A,) = 0. We conclude that ((4, p), (fi)ier) is a PISSS. O
nHOOwEAn(I)

REMARK 4.3. According to Propositions 3.9 and 4.2, for each € > 0 there
exists n. € N* such that the inequality p(fi.),(a),a.) < € is valid for every
neN*n>n.,acAandwe A(]).

Using the method of mathematical induction, we get a strictly increasing
sequence of natural numbers (my)ren+ such that the inequality

5k71
P(flw), (@), aw) < ok
is valid for every k € N*, n € N*, n > my, a € A and w € A(]).
Note that, using the triangle inequality, we get that

5k‘—1
P(flw, (@1)s flop, (a2)) < S4k—1

for each k € N*, n € N* n > my, aj,as € A and w € A(]).

5. A remetrization that makes p-contractions
all the constitutive functions of a UPISSS

In this section, given a UPISSS ((A4,d), (fi)icr), we construct a comparison
function ¢ and a metric §, which is equivalent to d, such that all the functions
fi: (A,9) — (A4, 9) are p-contractions.

We mention that in the sequel:

n+1

e By L we mean lim L, where L,, = [] (1+27*) for every n € N. Note
that, since
n+1 n+1 n+1

InL, = [J(1+27%) =) ma+27%) <) 27" <1
k=1 k=1

k=1
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for every n € N, the sequence (L, ),en is bounded. As it is clear that it
is also increasing, we infer that it is convergent.

o 15, = 51 /241 for every k € N*.

e (my)ren~ is the sequence from Remark 4.3 and yy = Ly, /L, +1 =
2mit2 /omet2 4 1 for every k € N*.

Given a UPISSS ((A,d), (fi)ic1), we consider the function §: A x A — [0, c0]
given by
8(z,y) = sup Ly, p(fu(®), fu(y)),

weA*(I)
for every =,y € A, where p is the metric introduced in Theorem 4.1.
PROPOSITION 5.1. In the above framework, the inequality
3
oA, y) < 0(ay) < Lo(a,y),
is valid for every x,y € A.

PRrROOF. On the one hand, for every =,y € A, we have

0l 0) = D pU(@), 1(0) < 8(,0).

On the other hand, since by Theorem 4.1 (a) the inequality

Ly ip(fu(z), fu(y)) < Liwip(z,y) < Lp(z,y)

is valid for every w € A*(I), z,y € A, we get that
oz, y) = sup Ly p(fu(@), fu(y)) < Lo(z,y),
weA*(I)
for every z,y € A. O

Hence 6: A x A — [0,00) and it is a metric which is equivalent to p, so to d,
as the reader can routinely verify.

PROPOSITION 5.2. In the above framework, the inequality

6(fi(@), fi(y)) < 6(z,y),

is valid for every x,y € A and every i € I.

ProOOF. We have

L\w\p(fw(fz<x))7 fw(fl(y))) = L|w\p(fwl(m>7 fwl(y))
< Lii) p(fwi(®), fuwi(y)) < eskl*pm Ligip(fu(), fu(y)) = d(z,y)

for every z,y € A, i € I and w € A*(I), so
6(fi(x), fi(y)) = ESX*P(I)L|w|P(fw(fi(l’))7fw(fi(y))) < 0(z,y),

for every z,y € A and every i € I. (]
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PROPOSITION 5.3. In the above framework, the inequality

6<fi<x>,fi<y>>Smax{ sup Lw.p(fw«(x),m@»m}

weA* (1), |w|<my

is valid for every x,y € A, i € I and k € N*.

PRrROOF. We have

5(fi(@), fily)) = P Lywp(fu(fi(@)), fu(fi(y)))

su
weA*(T)

=max{ sup  Liplfurla) furly))s  sup me(fm-(x),fm(y))}
weA*(

I),|wl<my, weA*(I),|w|>mp

Remark 4.3
< max sup L|w|p(fwi(x)afwi(y))7[’mk )
weA*(I),|w|<my

for every z,y € A, 1 € I and k € N*. O

PROPOSITION 5.4. In the above framework, for every k € N, z,y € A and
1 €1, we have §(fi(x), fi(y)) < ypd(x,y), provided that Lxy < §(fi(x), fi(y)).

PROOF. Let us consider & € N, z,y € A and i € I such that Lz, <
5(fi(x), fi(y)). Then, taking into account Proposition 5.3, we have

ka<6<fi(x>,fi<y>>Smax{ sup Lw|p(fm(x),fm(y)),ka},

weA*(I),|w|<my
S0,

5(fi(x), fily)) < sup Ly p(fui(@), fui(y))-

weA*(I),|lw|<my

Then, for every € > 0 there exists w. € A*(I), |we| < my such that

6(fi(x), fi(y)) — & < Liw,1p(fu.i (@), furi(y))

and consequently, as the sequence (L, /Ly, t1)nen+ is increasing, we get

L, L,
3(filx), fily)) — ¢ < L\wsim(fwgi(x),f%xy))ﬁ < ﬁamy) < (e, y),

for every € > 0. Therefore §(fi(z), fi(v)) < yrd(z,y). O

THEOREM 5.5. Let ((A,d), (fi)ier) be a UPISSS. Then there exist a compar-
ison function ¢ and a metric 6, which is equivalent to d, such that

5(fi(x), fi(y)) < o(6(z,y)),

for every x,y € A andi € 1, i.e. the function f;: (A,9) — (4, 9) is p-contraction
for every i € 1.
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PRroor. Note that, in the above framework, the strictly decreasing sequence
(zk)ken+ of positive reals converges to 0 and the strictly increasing sequence
(yr)ken+ of reals greater or equal to 1/2 converges to 1.

With the notation zp = 2Lxj, one can easily check that, for every k € N*,
2k < zp—1/2 and zgyr+1 < zg—1yx. Moreover, we have

(x) Viel VkeN* Vz,ye A d(z,y) >z = 0(fi(z), fi(y)) < ypd(z,y).

Indeed, if 6(fi(x), fi(y)) < zr/2, then we have 6(fi(x), fi(y)) < zx/2 < 6(x,y)/2
< ypd(z,y) and if §(f;(x), fi(y)) > 21/2, we just use Proposition 5.4.
Now we define the function ¢: [0, 00) — [0,00) in the following way:

p(0) =0, @) =t—z(1-y)

for ¢t € (z1,00) and

p(t) = (t_Zk)ZkﬂJk + (Zk_l_t)zkykJrl,
Rk—1 — %k Rk—1 — Rk
for every k € N, k > 2 and every t € (2, z—1]. It is clear that ¢ is a comparison
function.

Now we prove that §(f;(x), fi(y)) < ¢(0(x,y)), for every x,y € A and i € I.
Since the above inequality is obvious if §(z,y) = 0, we shall treat the following
two cases:

(i) 6(x,y) € (21,00);

(i) d(z,y) € (#k, 2x—1] for some k € N, k > 2.

In the first case, from (x), we infer that 6(f;(z), fi(y)) < y16(x,y) for every
i€l. As z; <d(z,y) and y; < ya2, we obtain

18z, y) < 6(z,y) = 21(1 = 4o2) = (6(2,y))
and we conclude that 6(f;(x), fi(y)) < ¢(d(z,y)) for every i € I.

In the second case, using again (x), we get 0(fi(x), fi(v)) < yrd(z,y) for
every i € I. As z, < §(z,y) < zp_1, we obtain

o(zx,y) — =z zp—1 — O(x,
yrd(r,y) < (( y) k>zk—1yk + (k : ( y)>2kyk+1 = p(6(z,9)),
Zk—1 — 2k Zk—1 — %k

and we conclude that 6(f;(x), fi(y)) < ¢(d(z,y)) for every i € I. O

DEFINITION 5.6. Given a metric space (X,d), a possibly infinite iterated
function system is a pair S = ((X,d), (fi)icr), where f;: X — X is continuous
for every i € I.

DEFINITION 5.7. Given a comparison function ¢: [0, 00) — [0, 00), a possibly
infinite iterated function system S = ((X,d), (fi)ier) is called @-hyperbolic if
there exists a metric 6 on X, equivalent to d, such that the function f;: (X,d0) —
(X,0) is p-contraction for every i € I.
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Now, Theorem 5.5 could be restated in the following way:

THEOREM 5.8. Let ((A,d), (fi)icr) be a UPISSS. Then there exists a com-
parison function ¢ such that the possibly infinite iterated function system S =
((A,d), (fi)ier) is p-hyperbolic.

REMARK 5.9. Taking into account Proposition 3.7, which states that each
possibly infinite iterated function system whose constitutive functions form a
bounded family of yp-contractions generates a uniformly possibly infinite self-
similar system, and Theorem 5.8, that says that for each uniformly possibly
infinite self-similar system there exists a comparison function ¢ such that it
becomes a p-hyperbolic possibly infinite iterated function system, we conclude
that there exists a strong connection between uniformly possibly infinite self-
similar systems and (-hyperbolic possibly infinite iterated function systems.

6. Kameyama’s topological self-similar systems
are particular cases of possibly infinite self-similar systems

PROPOSITION 6.1. In the framework of Definition 1.1, we have

K=\ |K,.

C=

=1

<.

PROOF. Indeed, for each x € K = w(A) there exists w = w1 ... WinWm41 - - -
in A such that z=7(w)=7(wiw )= fu, (7(w")) € K., , where w' =ws ... Wy 11 - -,

N N N
sox € U K;. Thus K C K, CK,so K= K;. As K is compact, we infer
i=1 =1 =1

1= 1= 1=

N
that K = | K. O
i=1

THEOREM 6.2 (see [10, Theorem 5.1]). A topological self-similar set is metriz-
able.

PROPOSITION 6.3 (see [10, Lemma 1.6]). Let (K,{fi}icf1,...,n}) be a topo-
logical self-similar system and d any metric on K which is compatible with the
original topology. Then

lim ( max diam(Kw)> =0.
n— oo wEA"({Lu.,N})

REMARK 6.4. From Proposition 6.1 and Proposition 6.3, we infer that if
(K, {fi}ieq1,..,n}) is a topological self-similar system and d any metric on K
which is compatible with the original topology, then S = ((K,d), (f:)icr), where
I =1{1,...,N}, is a PISSS. In addition, since the functions f; are continuous
and the set [ is finite, S is a UPISSS. Consequently Kameyama’s topological
self-similar systems are particular cases of possibly infinite self-similar systems
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and Theorem 5.5 is a generalization of our result from [13] stating that given
a topological self-similar system (K, (f;)ieq1,...,n}) there exist a metric § on K
which is compatible with the original topology and a comparison function ¢ such
that f;: (K,0) — (K,0) is p-contraction for every i € {1,...,N}.

Now let us consider a PISSS S =((A, d), (fi)ier) for which the set I is finite.

PROPOSITION 6.5. In the above framework, (A,d) is a compact Hausdorff
topological space.
PROOF. From the definition of a PISSS we have A = |J A;, so
i€l

fj continuous

A= 5(U) = U@ "™ U - U

i€l i€l i€l i€l
forevery j € I. Hence A= |JA; C U 4;;, CA,soA= |J A, Inasimilar
jel ijel weAs(I)
way we can prove that
(%) A= U A, for every n € N.
weA,(I)

As lim sup diam(A4,)=1lim sup diam(A,)=0and A, () is finite, from (x)
n=0ueA, (1) n=0ueA, (1)
we infer that A is totally bounded. Since it is also complete, we conclude that

it is compact. O

Theorem 5.5 assures us that there exist a comparison function ¢ and a met-
ric §, which is equivalent to d, such that all the functions f;: (A,d) — (A,d) are

@-contractions. Since A = | f;(A), we come to the conclusion that the attrac-
i€l
tor of the iterated function system ((A4,9), (f;)icr) is A. Note that, taking into

account Proposition 3.8, we can consider the function 7: A(I) — A given by
m(w) =a, forevery w e A(I).

Then, from the standard properties of such iterated function systems (see, for
example, [6], where the more general case of iterated function systems consisting
of Meir—Keeler functions is treated) we obtain the following result:

PROPOSITION 6.6. In the above framework, the function m has the following
properties:

(a) it is onto;

(b) moT; = fiom for every i € I;

(c) it is continuous.

REMARK 6.7. From Propositions 6.5 and 6.6, we conclude that a PISSS
S = ((A,d), (fi)ier) for which the set I is finite is a topological self-similar

system, hence the concepts of PISSS and topological self-similar system coincide
for finite sets I.
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