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ON FRACTIONAL SCHRODINGER EQUATIONS IN RM
WITHOUT THE AMBROSETTI-RABINOWITZ CONDITION

SIMONE SECCHI

ABSTRACT. In this note we prove the existence of radially symmetric solu-
tions for a class of fractional Schrédinger equations in RYV of the form

(=A)’u+V(z)u = g(u),

where the nonlinearity g does not satisfy the usual Ambrosetti-Rabinowitz
condition. Our approach is variational in nature, and leans on a Pohozaev
identity for the fractional laplacian.

1. Introduction

Fractional scalar field equations have attracted much attention in recent
years, because of their relevance in obstacle problems, phase transition, conser-
vation laws, financial market. Strictly speaking, these equations are not partial
differential equations, but rather integral equations. Their main feature, and
also their main difficulty, is that they are strongly non-local, in the sense that
the leading operator takes care of the behavior of the solution in the whole space.
This is in striking contrast with the usual elliptic partial differential equations,
which are governed by local differential operators like the laplacian.
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In the present paper we deal with a class of fractional scalar field equations
with an external potential,

(1.1) (=Au+V(z)u=g(u), =RV,

which we will briefly call fractional Schrdodinger equations. The operator (—A)®
is a non-local operator that we may describe in several ways. Postponing a short
discussion about this operator to the next section, we can think that the frac-
tional laplacian (—A)?® of order s € (0, 1) is the pseudodifferential operator with
symbol |£]%, i.e.
(—A)u = FH(|g[** Fu),

F being the usual Fourier transform in RY. The non-local property of the
fractional laplacian is therefore clear: (—A)®*u need not have compact support,
even if u is compactly supported.

It is known, but not completely trivial, that (—A)® reduces to the standard
laplacian —A as s — 1 (see [9]). In the sequel we will identify (—A)® with —A
when s = 1.

When s = 1, equations like (1.1) are called Nonlinear Schrédinger Equations
(NLS for short), and we do not even try to review the huge bibliography. On
the contrary, the situation seems to be in a developing state when s < 1. A few
results have recently appeared in the literature. In [10] the authors prove the
existence of a nontrivial, radially symmetric, solution to the equation

(—AYu+u=|uftu inRY

for subcritical exponents 1 < p < (N + 2s)/(N — 2s).

In [19], [20] the author proves some existence results for fractional Schrédinger
equations, under the assumption that the nonlinearity is either of perturbative
type or satisfies the Ambrosetti-Rabinowitz condition (see below).

In the present paper, we will solve (1.1) under rather weak assumptions on
g, which are comparable to those in [5]. The presence of the fractional operator
(—=A)? requires some technicalities about the regularity of weak solutions and the
compactness of the embedding of radially symmetric Sobolev functions. Since the
statement of our results needs some preliminaries on fractional Sobolev spaces,
we present a very quick survey of their main definitions and properties.

We will follow closely the ideas developed by Azzollini et al. in [3] for the
Schrodinger equation and then extended to other situations like the Schrodinger—
Maxwell equations (see [2]) and Schrédinger systems (see [16]). Several modifi-
cations will be necessary to deal with the non-local features of our problem.
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2. A quick review of the fractional laplacian

As we said in the introduction, different definitions of the fractional Schrédin-
ger operator (—A)?® can be given, but in the end they all differ by a multiplicative
constant. In this section we offer a rather sketchy review of this operator, and
we refer for example to [9] for a more exhaustive discussion.

In the rest of this section, s will denote a fixed number, 0 < s < 1.

DEFINITION 2.1. Given p € [I,+00), the Sobolev space W*P(RY) is the
space defined by

WeP(RN) = {u e LP(RV) |1;(f)y_|n7“/‘£f)s| e LP(RN x RN)}.

This space is endowed with the natural norm

)|p 1/p
s,p = pd dx d
fulwer = ([ utapaos [ OO goay)
Ju(z) — uly)P Y/
s, p — dd
e = ([ e )

is the Gagliardo (semi)norm of u.

while

For the reader’s convenience, we recall the main embedding results for this
class of fractional Sobolev spaces.
THEOREM 2.2.
(a) Let 0 < s <1 and 1 < p < 400 be such that sp < N. Then there exists
a constant C = C(N,p,s) > 0 such that

[ull o < Cllullwer

for every u € W*P(RN). Here p* = Np/(N — sp) is the “fractional
critical exponent”. Moreover, the embedding W*P(RN) c LI(RN) is
locally compact whenever ¢ < p*.

(b) Let 0 < s <1 and 1 <p < +4oo be such that sp = N. Then there exists
a constant C = C(N,p,q,s) > 0 such that

[ulla < Cllullws.»

for every u € WP (RYN) and every q € [p, +0).
(c) Let 0 < s <1 and 1 <p < oo be such that sp > N. Then there exists
a constant C = C(N, p,s) > 0 such that

lullgo.e < Cllullwe

for every u € WP (RYN) and a = (sp — N)/p.
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When p = 2, the Sobolev space W*2(R™) turns out to be a Hilbert space
that can be equivalently described by means of the Fourier transform. Indeed,
it is well-known that

We2(RN) = {u € L*(RV)

[+ )RR de < oo,
RN
It will be convenient to denote W*2(RY) by H*(RY).

DEFINITION 2.3. If u is a rapidly decreasing C° function on RY, usually
denoted by u € S, the fractional laplacian (—A)® acts on u as

(=A)*u(z) = C(N,s)P.V. ule) — uly) dy

o Jo— g
= C(N,s) lim M dy
e—0+ RN\ B(0,¢) |JL‘ — y|”+25

The constant C'(N, s) depends only on the space dimension N and on the order
s, and is explicitly given by the formula

1 1—-cos(y
[ =g
T o T
It can be proved (see [9, Propositions 3.3 and 3.4]) that

(=8)*u = F (¢ Fu)

and that
2
2 2s 2
i = argy [ P FuOF d
Moreover,
2 2 $/2, 112
s = —A 2.
(i = G -8 2l

As a consequence, the norms on H*(RY)

u = ||ul|we.z2,

1/2
Y (R T
wrs (s + 1(-8)/2u]32)" 2

are all equivalent.

A different characterization of the fractional laplacian was given by Caffarelli
and Silvestre in [7] and runs as follows. Given a function u, consider its extension
U: RY x (0,+00) — R such that

div(t2VU) =0 in RV x (0, +00),
U(z,0) = u(x) in RV,
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Then there exists a positive constant C such that

(~A)u(z) = —C lim (tl—%%[j(x,t))

t—0+

Moreover,

/ P ()P de = © / VU2 dedt.
RN

RN X (0,400)
Hence the fractional laplacian can also be considered as a “local” operator in
an “augmented space”. We will not directly use this characterization, in our
paper. However, regularity theorems for the fractional laplacian are often easier
to prove with this characterization.

3. Main results

Let us get back to our equation (1.1). We will try to solve it in the natural
Hilbert space H*(RY), where (weak) solutions correspond to critical points of
the Euler functional I: H*(RY) — R defined by

a0 1w = [ lea©PE s [ VEl@P - [ ).

2 -

Here we have denoted @ = Fu and G(s) = [; g(t) dt.

The loss of compactness associated to (1.1) is not trivial, in the sense that
Palais-Smale sequences for the functional I need not converge (up to subse-
quences). In particular, the so-called Ambrosetti-Rabinowitz condition

(3.2) w | Glu()de < / o(u(z))u(z) dz

RN RN
for some p > 2 is often assumed to deduce the boundedness of Palais—Smale
sequences.

When V:RM — R is constant (say V = 1) and s = 1, Berestycki and
Lions proved in [5] that non-trivial, radially symmetric solutions to (1.1) exist
under mild assumptions on g, and the Ambrosetti-Rabinowitz condition is not
necessary. Their approach is based on a constrained minimization that we cannot
expect to work when V' is non-constant.

To deal with this more general case for the fractional Schrodinger operator we
will follow the ideas of Azzollini et al. [3] to get both existence and non-existence
results for (1.1).

Let us fix the standing assumptions of our paper. The nonlinearity g will
satisfy

(g1) g: R — R is of class C1*7 for some v > max{0,1 — 2s}, and odd;
(g2) —oo < liminf g(¢)/t < limsupg(t)/t = —m < 0;
t—0+ t—0+

(g3) —oo < limsup g(t)/t*> ' < 0;
t——+oo
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(g4) for some ¢ > 0 there results G(¢) = focg(t) dt > 0.

REMARK 3.1. Replacing 2* with 2* = 2N/(N — 2), these are the same as-
sumptions of [5]. In particular there is no superlinearity requirement at infinity
and no Ambrosetti-Rabinowitz condition.

The regularity of g is higher than in [3] or [5], and this seems to be due to
the more demanding assumptions for “elliptic” regularity in the framework of
fractional operators, see [6].

On the other hand, the potential V' will satisfy:
(V1) V € CHRN,R), V(x) > 0 for every x € RY and this inequality is strict
at some point;
(V2) || max{{VV(-), -),0}|n/2s <25
(V3) lim V(z)=0;

|| —+
(V4) V is radially symmetric, i.e. V(z) = V(Jz]).
Here S is the best Sobolev constant for the critical embedding, viz.
(—A)*2ul|7

S= inf ”
wer*®Y)  |lullper
u#0

and H*(RN) is the homogeneous Sobolev space consisting of the measurable
functions u such that [,y [(—A)2u|? < 4oc0. See [8] for a discussion about S
and its minimizers. Now we can formulate our main result about existence of
solutions of equation (1.1).

THEOREM 3.2. Assume that1/2 < s < 1, g satisfies (g1)—(g4) and V satisfies
(V1)—(V4). Then there exists a nontrivial solutionu € H*(RN) of equation (1.1),
and this solution is radially symmetric.

REMARK 3.3. As we shall see in the next section, weak solutions of (1.1)
have additional regularity. We will need this fact to prove a Pohozaev identity
for our equation.

We will comment later on the restriction 1/2 < s < 1. If we want to remove
this condition, we need to be more precise about the behavior of the nonlinear-
ity g.

THEOREM 3.4. Assume that 0 < s < 1, V satisfies (V1)-(V4) and g satisfies
(g1), (82), (g4) and

(g3)” for some q < 2*, |g(t) — mt| < CJt|9~1.

Then there ezists a nontrivial solution u € H*(RY) of equation (1.1), and this
solution is radially symmetric.
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In the second half of the paper we will show that a direct minimization
over the constraint given by the Pohozaev identity need not produce a solution
of (1.1). Let us describe what we mean.

For the local laplacian, when the nonlinearity g satisfies condition (3.2),
a powerful tool for solving (1.1) is the Nehari manifold N associated to the
functional I. Since N turns out to be a natural constraint for I, one is led to
look for a solution @ of the minimum problem

I(uw) = gélj{l/[(u)
For example, the assumption that
sup V(y) < lim V(x)

yERN |z| =400

guarantees that such a function uw exists.

However, for a general nonlinearity ¢, this technique no longer works. It
is tempting, therefore, to replace the Nehari manifold N with the Pohozaev
manifold. Since we will prove the following Pohozaev identity

63) S5 [ RO s+ [ V)
L 2 = u\x €Z
+3 [ V@ olu@Pd =N [ Glul)ds
we set

P ={uc H*RY)\ {0} | u satisfies (3.3)}.

Here is our main result about the non-criticality of the Pohozaev set. This result
was proved in [3] when s = 1.

THEOREM 3.5. If we assume (gl)—(g4), (V1), (V3) and
(V5) (VV(x),z) <0 for every x € RY;
(V6) NV (x) + (VV(x),x) > 0 for every x € RN and the inequality is strict
at some point,

then b = in7f3 I(u) is not a critical value for the functional I.
ue

4. The Pohozaev identity

To solve (1.1), we will look for critical points of the functional 7. In this
section we prove that any solution u € H*(R™) of (1.1) must satisfy a variational
identity “& la Pohozaev”. The following result in sketched in some papers ([10],
[18]), but its proof is a mixture of many ingredients that are scattered through
the literature.

PROPOSITION 4.1. Assume that u € H*(RY) is a (weak) solution to (1.1).
Then u verifies the Pohozaev identity (3.3).
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PROOF. Our argument is borrowed from [12], where the identity is proved
in dimension one. Assume that u satisfies the equation

(4.1) (=Au+V(z)u=g(u) inRY.

When s = 1, the standard strategy to prove the Pohozaev identity is to multiply
this equation by (z, Vu) and integrate by parts. We will show that this technique
works also for the fractional laplacian, but we need to be more careful, since the
gradient of u need not be integrable, in principle.

Step 1. Regularity and decay estimates.

We claim that u € H*(R"). Indeed, u belongs to every LP space by an easy
modification of the iteration method in [4, Proposition 5.1] (or, equivalently, by
the results of [11]); moreover, u is bounded and u(x) — 0 as |x| — +o00. From
[17, Remark 2.11] and recalling that g is a continuous function, it follows that
also (—A)*/%2u € LP(RN) for every finite p. Thus u € W*P(R") for all finite p.
Lemma 4.4 of [6] guarantees now that u € C># for a suitable 3 € (0,1). In
particular, the gradient of u makes sense.

Finally, we claim that, for some constant C' > 0 and every x € RV,

C
(4.2) [u(x)| + [(z, Vu(z))| < T Ve
Indeed, we recall from Proposition 7.2 in the appendix that the fundamental
solution K of the operator (—A)® + T satisfies estimates (7.1) and (7.2). If we
write (1.1) as

(4.3) u=Kx*(=Vu+u+g(u)),

by exploiting the decay of K, the estimate for v is proved in [11]. The decay of
the term |(z, Vu)| is somehow hidden in the same paper, and follows from the
estimate for u and the estimate for |VK| by differentiating (4.3). A rather similar
approach is outlined on pages 24-26 of [1]. Actually, more is true. Indeed, we
can prove that u € H2*+1(R¥Y). This follows easily from the decay of VK or,
alternatively, by mimicking the proof of Lemma B.1 in [12] for (4.3).

Step 2. The variational identity.

It is now legitimate to multiply (4.2) by (x, Vu), which decays sufficiently
fast at infinity by Step 1. Let us show the computations for the term containing
the fractional laplacian, since all the other terms are local and can be treated as
in the case s = 1. Recalling the pointwise identity

(=AY (z, Vu) = 2s(=A)°u + (z, V(—=A)’u),
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we can write
/ (z, Vu)(—A)’udz :/ u(—A)*{x, Vu) dz
RN RN

_ /RN 2su(—A)*udz + /RN w(z, V(=A)*u) dz.

Now,
e wude = [ div(a)ruw)do = [ (=A) udiv(us) da

= div((—A)°u - ux) do — / (=A)°u(Nu + (z, Vu)) du.
RN RN

Therefore
/RN (z, Vu)(—A)’udx = (2s — N) /RN u(—=A)’udz
+ /RN div((—A)°u - uz) de — /RN (—A)°u(x, Vu) dz,
and then
/RN (2, V) (A ude — 25—

RN

u(—A)udzr + % /]RN div((=A)*u - uz) dz.

Since (—A)*u = g(u) — u, if we recall the decay estimates of Step 1 and integrate
by parts, we find that the last integral is zero. We conclude that

2s — N
/ (x, Vu)(—A)’udz = 5 u(—A)*udz.
RN 2 RN
Since
[ utearude= [ eayiuPae= [ jepaeP .
RN RN RN
the Pohozaev identity (3.3) follows. O

5. Existence theory

In this section we want to prove the existence of a radially symmetric solution
to equation (1.1). As usual when dealing with general nonlinearities, we modify
the nonlinear term ¢ in a convenient way. Let us distinguish two cases, recalling
that ¢ is defined in assumption (g4):

(1) if g(t) > 0 for every t > &, we simply extend g to the negative axis:

o Ja®) if t >0,
50 = —g(—t) ift<o0.
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(2) If g vanishes somewhere in [£, +00), we call to = min{t > ¢ | g(t) = 0}

and define
g(t) if t € [0, 0],
3t) =0 i ¢ ¢ [0, 1],
—g(—=t) ift<O.

By the maximum principle for the fractional laplacian (see [23]), any solution of
(=A)"u+ V(z)u=g(u)

is also a solution to (1.1). Therefore, from this moment, we will tacitly write g
instead of g.
We then introduce

g1(t) = max{g(t) + mt, 0}, ga(t) = ga(t) — g(t),

where m is taken from assumption (g2). It is a simple task to show that

t t
lim (1) =0 and lim 91*( ) =0.
t—0 t t—+oo t2°—1

From
ga(t) >mt forallt >0

it follows that, given any ¢ > 0, there exists C; > 0 with the property that
a1 (t) < O 4 ega(t) forall t > 0.

We now define, for i = 1,2,

G;(t) = /Ot gi(s) ds.
In particular,
(5.1) Go(t) > % 2 forallteR
and for any € > 0 there exists a number C; > 0 such that
(5.2) G1(t) < % t|>" +eGy(t) for allt € R.
To construct a solution of (1.1) we introduce a parametrized family of functionals

) = [ Ea@PE 5 [ VP s

+ Ga(u(x))dz — A G1(u(z)) dx.
RN RN

Since Iy = I, we will construct bounded Palais—Smale sequences for almost every
A close to 1, and the exploit the following theorem. It is a simple modification
of [13, Theorem 1.1], stated by [3].
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THEOREM 5.1. Let X be a Banach space and let J C [0,400) be an interval.
Consider the family of functionals on X given by
Ix(u) = A(u) — AB(u),

where X\ € J. Assume that B is nonnegative and either A(u) — 400 or B(u) —
+00 as |jul| = +oo. Moreover, assume that 15(0) = 0 for every A € J. For

j € J we set

(5-3) Iy ={y€C([0,1], X) [ v(0) = 0, In(y(1)) < 0}.
If, for every A€ J, Ty # 0 and

(5.4) ey = inf max I\(v(t)) >0,

v€ET'x t€[0,1]
then for almost every X\ € J there exists a sequence {v,}, C X such that

(a) {vn}n is bounded;
(b) Ix(vn) = ex;
(¢) DIx(vy) — 0 strongly in X*.

We want to use this result with

X = H:y = {u € H*(RY) | u is radially symmetric},
1 . 1
Aw) =5 [ 1P+ 5 [ V@lu@Pde+ [ Gaulz) de,
RN RN RN

B(u) = /RN Gi(u(z))dx.

The rest of this section is devoted to the definition of an interval J such that
I'y # 0 and (5.4) holds true for every A € J.
To begin with, we recall the following result from [10]:

LEMMA 5.2. Let 3 and R be two positive numbers. Define

3 ift € [0, R,
vr(t) =q3(R+1—-t) ifte (R R+1),
0 ift € [R+1,+00).

Finally, set wr(z) = vr(|z|). Then wr € H*(RY) and ||wr||gs < C(N,s, R);
for some constant C(N, s, R) > 0. Moreover, there exists R > 0 such that
G1(wg(z)) dx — Go(wg(z))dr = G(wg(z))dz > 0.
RN RN RN
If R > 0 is the number given by the previous lemma, we keep it fixed and
abbreviate z = wg. We define J = [§, 1], where 0 < § < 1 is chosen so that

5 Gl(wR(x))da:—/ Go(wgr(x))dx > 0.
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LEMMA 5.3.

(a) For every A € J, the set T'y is non-empty.
inf .

(b) jnf ey > 0

PROOF. For any A € J. To prove (a), consider a large number 6 > 0 and set
z = z(-/0). We can define the following path in H? ;:

@ = 0 if t =0,
T 22 o<t<t.
Since
§N72s e , EN B ,
noM) < = [ ePa© R+ G [ VEm@P

—|—9N< x Go(z(z))dx — 0 Gl(z(:n))dx),

RN
we can take 0 so large that Iy(y(1)) < 0.
To prove (b), we use (5.1) and (5.2) and remark that these imply

i) 2 % /RN €7 [a(€)|* dé + % /RN V(z)|u(z)? de
+/RN G (u(x)) dx — /RN Gy (u(x)) dx
1 *lu m C. .
> 5 /]RN |£|2 ‘U(€)|2df+ (1- 5)5 /RN |u(:c)|2 do — o= N |u(x)|2 .

Recalling the Sobolev embedding H* C L?", we conclude that, for some p >0,

llul| s < p implies In(u) > 0. Let ¢ = ”il‘llf In(u) > 0. If A € J and v € Ty,
ull=p
certainly |ly(1)|| > p. Since v is continuous, there is ¢, € (0,1) such that

l7(ty)|l = p. Hence ¢y > inf er, Ix(y(ty)) > ¢ and the proof is complete. O
The next step is the verification of the Palais—Smale condition for I}.

LEMMA 5.4. For every A € J and 1/2 < s < 1, the functional I satisfies the
bounded Palais—Smale condition: from every bounded Palais—Smale sequence it
is possible to extract a converging subsequence.

PrOOF. Pick A € J, and assume {uy,}, is a sequence in H7 ; such that
(I (un)| < C,
DIy(u,) — 0 strongly in the dual space (H,4)*.

Up to subsequences, we may assume also that u,, — u almost everywhere and
Hence

25|75 2 G 25|75 2
[ e P de < it [ el o) de

weakly in H?

rad*



ON FRACTIONAL SCHRODINGER EQUATIONS 31

and
V(x)|u(z)* dr < liminf V(@) un(z)|* dz.
n—

RN +oo JrN

Applying the first part of Strauss’ compactness lemma 7.3, we conclude that

i [ gituno)h@)de = [ gi(u@)hie) ds

n—-+oo RN RN

for every h € C§°(RY), and therefore DIy (u) = 0. As a consequence,
[ e [ v
RN RN
= [ Oanut@)ute) - ga(uta))u@)) da

by the Pohozaev identity. Again by Lemmas 7.3 and 7.4 and recalling that
1/2 < s <1,
(5.5) lim g1 (un (2))un () d:r:/ g1 (u(z))u(x) dx

n—+oo JpN RN

and

/ g2(u(x))u(z) de < lim inf/ 92(tn(2))up(z) da.
RN RN

n—-+oo

We deduce now that

. 28|~ 2 2
timsup [P EOF &6+ [ V(@) do

~ limsup / 001 (ot () () — 2 ) ()

n—-+o0o

[ aule)uta)da = [ gula)uta) da
= [ lea©Pdc+ [ vl
RN RN

This means that

n—-+oo

i [ lePlan@Pds= [ Il e,
RN RN
lim V(@) |un(z)|? de = / V(x)|u(z)|? dr,
n—+oo RN RN
and finally
(5.6) lim g2(un (2))up(z) de = / g2(u(z))u(zx) d.
n—+00 JpN RN
Since we can write g2(s)s = ms? + ¢(s) for some non-negative, continuous func-
tion ¢, we conclude that u,, — u strongly in L?(RY) and in H? ;. Indeed, Fatou’s
lemma yields

(5.7) /]RN |u(z)|? do < liminf/N |, (2)|* d

n—-+o0o R



32 S. SECCHI

and

(5.8) /RN g(u(x)) dr < liminf /RN q(up(z)) dx.

n—-4o0o

Therefore, by (5.6),

/RN mluy ()] do = /RN mlu(z)|* de + /RN q(u(x)) dz — / q(un(2)) dz + o(1)

RN

and by (5.8)

limsup/ m|uy (z)]? dx
RN

n—-+oo

< [ Py ([ gutanae— [ atune)a)
< /RN m\u(x)|2dx+/ q(u (x))dthmmf/RN q(un(z)) d

n—-4oo
§/ m|u(x)|? d.
RN

This and (5.7) imply that u,, — w in L2(RY), and hence in H, . O

If we apply the previous lemmas and Theorem 5.1, we reach the following
conclusion.

PROPOSITION 5.5. For every s € (1/2,1) and almost every \ € J, there
exists u* € W 2(RN) such that u* # 0, I (ut) = ey, and DIy(u*) = 0.

5.1. The proof of Theorem 3.2. We select a sequence {\y, },, of numbers
An T 1 such that for each n € N there exists v,, € HS ,(RY) with v,, # 0 and

rad

Iy, (vn) = cx,,,

DIy, (va) = o(1) strongly in (Hig(RY))".
Each v, is a solution of the equation
(=A)°v, + Vo, 4 g2(vpn) — Angi(v,) =0,

and therefore

N -2 - 1
[ a©rd g [ Vi)l do

+ g V(2)|vn(z)|? de + N (Ga(vn(2)) — MG (v (x))) dz = 0.
RN RN

(5.9)
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If we set, for i =1, 2,
on = [ P ae)R e, 8. = | V@l@P da,
mo= [ (OV@.ln@P e = [ G da.

N

din = / gi(vn (2))vn () dz,
RN
we deduce from (5.9) that

an + B
2
(510) Qp + ﬁn + 62771 - )\n617n = 07

e N 2N IN
Oy n n -
N — 25 N—2s  N—25 " N_2s

Some algebraic manipulations imply easily that
N Mn 2N
-1 n = )
<N—25 >a N —2s N—QSC)\W'

s M
AT

and it follows that {c,}, is bounded from above. From the second equation
in (5.10) it follows that d2, — And1n = —n — By, < 0 and there exist € > 0 and

C. > 0 such that

+ Y2 — )\n'YLn = Cx,>

>\N’Yl,n =0.

i.e.

52,77. < 51,n < CE/ |Un(1')‘2* dx + 552,n~
RN

As a consequence,
(I1—¢)da, < CE/ |vn(:v)|2* dx
RN

and {02}, is also bounded from above. Finally, this implies that {v,}, is
bounded in HE  (RY), and we may assume that v, — v weakly in HZ j(RY).
Since {g1(vy)}n is bounded in (H,,(RY))*, by Lemma 7.3 and
[ an@)h@) s = [ gi(en(o)ha) o +of1)
RN RN
for every h € C$°(RY), we deduce that

DI(vy) = DI, (vn) + (An — 1)g1(vn) = (An — 1)g1(vn) = o(1).
Moreover,
I(v,) = In, (vn) + (A — 1) G1(vp(x))de = c+ o(1).
RN
Hence {vy,}, is a Palais—Smale sequence for I at level ¢, and we conclude that v

is a non-trivial solution of the equation DI(v) = 0. This completes the proof of
Theorem 3.2. (]
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5.2. The proof of Theorem 3.4. The proof of Theorem 3.4 is similar to
that of Theorem 3.2. The main difficulty is that, in Lemma 5.4, we cannot use
Lemma 7.3 and the pointwise decay of u,, to prove (5.5). However, Theorem 7.5
tells us that {u,}, is relatively compact in LI(RY), 2 < ¢ < 2*. Inserting
this information into assumption (g3)’, we conclude that {gi (uy, )uy, }» converges
strongly to g1 (u)u. The proof is then identical to that of Theorem 3.2.

REMARK 5.6. The convergence g (un)u, — g1(u)u was troublesome because
the assumptions on g are rather weak. The philosophy behind the use of radially

symmetric functions is that they rule out any mass displacement to infinity: this

is precisely the content of Strauss’ decay lemma. The fact that g(s) = o(s?> 1)

as s — +oo is a much weaker condition than a pure subcritical growth, and does
not imply the continuity of the superposition operator u — g (u)u.

6. Non-critical values

As we said in a previous section, the idea of minimizing the Euler functional I
on the set of those functions that satisfy the Pohozaev identity (3.3) can be
seen as a natural attempt to find ground-state solutions to (1.1). However, the
potential function V' can be an obstruction, as we shall see.

PROPOSITION 6.1. Let us define
(6.1) P = {uc H*RY)\ {0} | u satisfies (3.3)}.

The following facts hold true:

(a) There results

we{ [P dg

(b) There results b= inf I(u) > 0.
ueP

(c) Let w € H*(RN) be such that [onx G(w(z))dx > 0. Then there exists
0 > 0 such that w? = w(-/0) € P.

uEP}>O.

PrOOF. (a) The proof is standard, and follows from (3.3) and assump-
tion (V6).

(b) Indeed, if u € P, then
(VV (@), z)lu(x)|* dz,

02 1= [ lePaerd- g [

and the assertion follows from the previous lemma, and assumptions (g1) and (V2).
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(c) We notice that

—N—2s

_ 0 R
1) = [ PR e

5" = 2 7N
A /RN V@@ de -7 [ Gluta) da,

First of all, we remark that I(w?) > 0 when @ is sufficiently small. Since our
assumptions on V imply immediately that

lim V(0z)|w(z)|* dz =0,

5~>+oo RN
we conclude that lim I(w?) = —oco. Hence the function 8 — I(w?) must have
6——+o0
at least a critical point. For this particular 8 > 0, we have w? € P. O

Now we define
o= {uemEvor| Y52 [ eraora -y [ o)),

This set is defined exactly by the Pohozaev identity for solutions u € H*(RY)
of the equation

(6.3) (—=A)*u=g(u) in RV,

It can be easily checked that Py is a natural constraint for the Euler functional
1 P
(6.4 ) =5 [ €O~ [ Glu)ds
RN RN

and that the celebrated result by Jeanjean and Tanaka (see [14]) still holds in our
setting, so that min,ep, Io(u) coincides with the minimum of Iy(u) as u ranges
over all the nontrivial solutions of (6.3).

If we Py and y € RY, we set w, = w(- —y) € Py. Let us fix 6, > 0 such
that w, = wy(-/6,) € P.

LEMMA 6.2. There results lim 0, = 1.
|y|—=+o0

Proor. CramM 1. limsup 6, < +o0.
ly| =00
If not, 6,, — oo along some sequence {y}, with |y,| — +oo. Given

y € RN, we compute

N—2s
1@,) = 25— [ e P e
GN 2
+ L V(0y,z)|w (x - y) dx — 95’ G(w(z)) dx.
2 RN ay RN
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Now,

/RN V(0,) w<x - Hyy>

2
= / V(0yx) w(x - y) dx +/ V(0yx) w(m - y)
B(0,p) Oy RN\ B(0,p) Oy

SWie [ e@Pdet swp (Vi) fule
B(=y/0y,p) ¢ B(0,p)

2
dx

2
dzx

Pick € > 0 and choose p > 0 such that

1Vl / (@) de <
B(—y/0y,p)

for any y € RV and any p < 5. Hence

2

lim V(0yx) w(x - y) dx = 0.
ly| =400 JrN 9y
We deduce that liIJIrl I(wy, ) = —oo, which is a contradiction to Lemma 6.1.
n——+00o

This proves Claim 1.

CrLamM 2. lim 60, =1.
ly|—+oc0

Indeed, since w € Py and w, € P,
2
(6.5) N(O,—1) - G(w(x))dx

1
=50 | (V0,84 9) + V(0,0 +5).0,0 + ) (o) da.

Recalling our assumptions (V5) and (V6),
0< [ (V49 + (V6,2 + 1), 00 +y) (o) do
RN
< NV (0,2 + y)|w(z)|? de = o(1)
RN

as |y| = +oo by Dominated Convergence. Claim 1 shows that the right-hand
side of (6.5) is o(1) as |y| — +o0: we conclude that 6, = 14 0(1) as |y| — +o00.00

PROPOSITION 6.3. We define by = inf{Iy(u) | u € Po}, where Iy was defined
n (6.4). The following facts hold true:

(a) There results b < by.

(b) Let z € H*(RN) be such that [,n G(z(z))dx > 0. Then there exists

6 > 0 such that 2% = 2(-/0) € Py. In particular, this is true for any
z€P withf <1.
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PROOF. (a) Indeed, let w € H*(RY) be a ground-state solution of
(6.6) (=4)'w = g(w),

whose existence is proved in [10]. In particular, w € Py and Io(w) = bg. Since
(6.6) is invariant under translations, w, € Py and Iy(wy) = by for any y € RV,
Let us fix §, > 0 such that w, € P. Therefore

9N—25 —1
1) ~ ol = 118, ~ T < = [ eaepa
RN

aN
- / Vb, + plw(@) de+16) - 1| / , Gw(@)) dz.
R R

Letting |y| — 400, we see that I(w,) — by, and hence b < by.
(b) There clearly exists § > 0 such that

N — _
2 / PR de = NG [ Ga(x)) d.
2 RN RN

Consider now the case z € P. Since

N -2 - N
oo [ EOPd g [ V@l da

+ 1/ (VV(z),x)|2(2)|*dz = N G(z(z))dz,
RN

2 BN

by (V6) we have [,y G(z(x))dz > 0. If § > 0 is chosen so that 2% € Py, then

(6.7) %/ (NV(2) + VV(2), 2)|=(2)2) de = N(1 =) [ G(=(2)).
RN RN
Hence 0 < 6 < 1. O

6.1. Proof of Theorem 3.5. Assume, by contradiction, the existence of
a critical point z € H*(RY) of I at level b; as a consequence, z € P and I(z) = b.
Fix 6 € (0,1] such that z% € Py; by the strong maximum principle (see [23]), we
can assume that z > 0. By assumption (V6) and (6.7) we conclude that 6 < 1.
From assumption (V5) and (6.2) we infer that

b=1() =5 [ EPEORdE 55 [ (V@)@ da

89N72s
N

. £[2512(8) | d€ = Io(2?) > by.

But this contradicts Lemma 6.3 (a). O
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7. Appendix

A basic regularity theory for the fractional laplacian is based on the following
result.

PRroOPOSITION 7.1 ([11]). Assume p > 1 and 8 > 0.

(a) For s € (0,1) and 2s < 3, we have (—A)*: WP(RN) — WhH=2s2(RN),

(b) For s,v € (0,1) and 0 < p < v — 2s, we have (=A)*: COV(RY) —
COR(RN) if 25 < v, and (—A)*: CLY(RYN) — CLHRY) if 25 > ~.

For the reader’s convenience, we recall the main properties of the operator
K= ((—=A)* + 1)t Tt is known that

1 1
=7 <1+ |§|28>'
PROPOSITION 7.2 [11]. Let N > 2 and s € (0,1). Then we have:
(a) K is positive, radially symmetric and smooth on RN \ {0}. Moreover, it
is non-increasing as a function of r = |z|.
(b) For appropriate constants Cy and Ca,
Ch

(7.1) K(z) < W if o] 2 1,
Cy .

(¢) There is a constant C > 0 such that

C

§ c
R FLESRETE

|D?*K ()

if |z| > 1.
(d) Ifg>1and N—2s—N/q < s < N+2s—N/q, then |z|*K(x) € L4(RN).
(e) If 1 < q< N/(N — 2s), then K € LY(RY).
(f) |z|N+25K(z) € L=®(RY).

We collect here some useful results about compactness and function spaces.
The first is a slight modification of a popular compactness criterion by Strauss
(see [24] and [5]).

LEMMA 7.3. Let P and @ be two real-valued functions of one real variable

such that
P(s)

I

sﬁlinoo Q(s)
Let {vp}n,v and z be measurable functions from RY to R, with z bounded, such
that

=0.

sup [ 1Q(0(a)2(0)] d < +oc,

n

P(v,(z)) = v(z) almost everywhere in RN .
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Then ||(P(vn) — v)z|lLigy — O for any bounded Borel set B. If we have in
addition

P(s) _
Q)
and
(7.4) lim sup|v,(z)| =0,

|z]| —=>+00 n

then ||(P(vn) —v)z|| 1@y = 0.

Condition (7.4) means that the sequence {v,}, decays uniformly to zero at
infinity. When working with radially symmetric H' functions, this is true by
a theorem of Strauss ([24]). In fractional Sobolev spaces, the situation is more
complicated. The following theorem is proved (in a more general setting) in [21].
See also [22].

THEOREM 7.4. Let 0 < p < 4o00.

(a) Let either s > 1/p and 0 < g < 400 or s =1/p and 0 < g < 1. Then
there exists a constant C > 0 such that

|f(@)] < Cla] 2] fllyen vy

for all f € WIE(RYN).
(b) Let (N —1)/N < p. Furthermore, let either s < 1/p and 0 < ¢ < 400 or
s=1/p and 1 < ¢ < +oo. Then for all |z| > 1 there exists a sequence
{fn}n of smooth and compactly supported radial functions (depending
on x) such that || fn|lws»@yy =1 and nlig_loo | fr(x)] = +00.
It follows casily from (a) of the previous theorem that the space W3 (RN)
is compactly embedded into LI(RY) for any 2 < ¢ < 2*, provided that s > 1/2.
However, this embedding is compact for any 0 < s < 1, as proved by Lions ([15]).

THEOREM 7.5. Let N > 2, s >0, p € [1,4+00); we set p* = Np/(N — sp) if
sp < N and p* = +00 if sp > N. The restriction to W E(RY) of the embedding
WeP(RN) C LYRYN) is compact if p < q < p*.

According to Theorem 7.4, part (b), the proof cannot be based on pointwise
estimates at infinity, when p = 2 and 0 < s < 1/2. It is based on some integral
estimate of the decay at infinity, i.e.

2| N0 ulyn < Cllullwe.s

for any radially symmetric u € W*P(RY). This is enough to show the compact-
ness of the embedding, but it is too weak for a pointwise estimate of the decay
of u. If s > 1/2, then Sobolev’s embedding theorem implies that the integral
estimate gives also a pointwise estimate.
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REMARK 7.6. A “Strauss-like” decay lemma is also proved in [10] for radially
decreasing elements of H*(R”Y). Needless to say, we cannot use that result in
our setting, since we are not allowed to rearrange our functions in a decreasing

way.
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