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THREE SOLUTIONS FOR SECOND-ORDER
IMPULSIVE DIFFERENTIAL INCLUSIONS
WITH STURM-LIOUVILLE BOUNDARY CONDITIONS
VIA NONSMOOTH CRITICAL POINT THEORY

Yu TiAN — JoHN R. GRAEF — LINGJU KoNG — MIN WANG

ABSTRACT. A second-order impulsive differential inclusion with Sturm-—
Liouville boundary conditions is studied. By using a nonsmooth version
of a three critical point theorem of Ricceri, the existence of three solutions
is obtained.

1. Introduction

In this paper, we will study a second-order impulsive differential inclusion
subject to Sturm-Liouville boundary conditions

—(p(2) @y (u'(2)))" + () Pp(u(x)) € AF(u(x)) + pG (2, u(z))

in [a,b]\ {z1,..., 21},
—Ap(er)@p(u'(21))) = Tk (u(z)), k=1,....1,
au'(a) — Bu(a) =0, ~u/'(b) + ou(b) =0,

(1.1)
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where p > 1, ®,(u) := |u[P~%u, p,s € Cla,b], p(x) >0, s(z) >0, a, 8,7,0 > 0,
anda=2p <z <...<z1 <241 =D.
Here,

Alp(ai) @y (v (2:))) = plaf ) @p(u' () — pla; ) 2p(u' (7)),

where u/(z;") (respectively, u/(x;)) denotes the right hand limit (respectively,

left hand limit) of v/(z) at x = a;, I; € C(R,R), i = 1,...,1, A\, i are positive
parameters, F' is a multifunction defined on R satisfying:
(F1) F: R — 2 is upper semicontinuous (u.s.c.) with compact convex values;
(F2) min F,max F': R — R are £ x B-measurable;
(F3) [€] <8(1+ |s[P~1) for all s € R and € € F(s), for some & > 0;

and G is a multifunction defined on [a,b] X R satisfying:

(G1) G(z,-): R — 2% is u.s.c. with compact convex values for almost every
x € [a, )\ {z1,...,21};

(G2) minG,maxG: [a,b] \ {z1,...,21} X R — R are L x B-measurable;

(Gs) 1€l <6(1+|s[P1) for almost every z € [a,b], s € R and & € G(z, 5).

We shall apply a nonsmooth version of the critical point theory of Ricceri to
prove that, if A is large enough and p is small enough, then (1.1) admits at least
three solutions. Moreover, we obtain estimates of the solutions’ norms that are
independent of G, A\, and p.

The study of impulsive differential equations and inclusions is linked to their
utility in simulating processes and phenomena subject to short-time perturba-
tions during their evolution. The perturbations are considered to take place in
the form of impulses since the perturbations are performed discretely and their
durations are negligible in comparison with the total duration of the processes
and phenomena (see [9], [14]). In recent years, there has been an increasing in-
terest in the study of differential inclusions and impulsive differential inclusions
due to the fact that they often arise in models for control systems, mechanical
systems, economical systems, game theory, and biological systems to name a few
(see [1]-[5], [7], [11]-[13], [15], [19]). The first work dealing with partial differen-
tial inclusions with a general set-valued right hand side via variational methods
was, to the best of our knowledge, that of Frigon [10]. Ribarska et al. [17] de-
fined a single-valued energy functional that was locally Lipschitz and proved
that its critical points were just the solutions of the original problem. With this,
nonsmooth variational methods can be applied to differential inclusions.

In papers [20] and [21], the impulsive differential equations with Sturm-Liou-
ville boundary conditions are studied by variational methods.

In this paper, we apply this approach to impulsive differential inclusion with
Sturm—Liouville boundary conditions. We need to overcome certain difficulties
such as: how to define the weak solutions; how to prove that a weak solution
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is a classical solution of the original problem; and how to verify the regularity
assumptions in view of the presence of impulsive terms. This paper is a gener-
alization of the results on impulsive differential equations with Sturm-Liouville
boundary conditions found in [20] and [21]. We note that the nonsmooth version
of the critical point theory of Ricceri has been studied and applied extensively,
e.g. [11] and [12]. This paper is the further application of nonsmooth version of
the critical point theory.

Our paper is organized as follows. In Section 2, we recall some basic concepts
from nonsmooth analysis and the abstract result we are going to apply. We also
present our main result. In Section 3, we introduce a variational method for
problem (1.1), and in Section 4, we prove our main result and illustrate it with
an example.

2. Some nonsmooth analysis and the main result

We begin by collecting some basic notions and results on nonsmooth analysis,
namely, the calculus for locally Lipschitz functionals developed by Clarke [6], and
Motreanu and Panagiotopoulos [16].

Let (X, - ||x) be a Banach space, (X*,|| - || x+) be its topological dual, and
¢: X — R be a functional. We recall that ¢ is locally Lipschitz (I.L.) if, for all
u € X, there exist a neighborhood U of v and a real number L > 0 such that

lp(v) — p(w)| < Lljv —w|x for all v,w € U.

If ¢ is L.L. and u € X, the generalized directional derivative of ¢ at u along the
direction v € X is
©%(u;v) = limsup plwt7v) - <p(w)

w—u, 7—0t T

The generalized gradient of ¢ at u is the set
dp(u) = {u* € X*: (u*,v) < ¢’ (u;v) for all v € X}.

Thus, d¢: X — 2% is a multifunction. We say that ¢ has a compact gradient
if dp maps bounded subsets of X into relatively compact subsets of X*.

LEMMA 2.1 ([16, Proposition 1.1]). Let ¢ € C1(X) be a functional. Then ¢
1s I.L. and

(2.1) O (u;v) = (¢’ (u),v) for all u,v € X;
(2.2) Ap(u) ={o' (w)}  forallue X.

LEMMA 2.2 ([16, Proposition 1.3]). Let ¢: X — R be an [.L. functional.
Then

(2.3) ©%(u; +) is subadditive and positively homogeneous for all u € X;
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(2.4) @ (w;v) < L|v||  for all u,v € X,
with L > 0 being a Lipschitz constant for ¢ around u.

LEMMA 2.3 ([16, Proposition 1.6]). Let ¢,9: X — R be an I.L. functional.
Then

(2.5) (M) (u) = Nop(u) forallue X, X € R;
(2.6) Ao+ ) (u) C dp(u) +Y(u) for allu e X.

LEMMA 2.4 ([11, Lemma 6]). Let ¢: X — R be a functional with a compact
gradient. Then ¢ is sequentially weakly continuous.

We say that u € X is a critical point of an L.L. functional ¢ if 0 € dp(u).
In the proof of our main results, we shall use Theorem 2.6. For this, we first
present an important definition.

DEFINITION 2.5. An operator A: X — X* is of type (S) if, for any sequence
(up) in X, up, — v and limsup(A(uy,), u, — u) < 0 imply u, — u.

n— oo

The following theorem is a special case of [11, Theorem 14].

THEOREM 2.6. Let (X, | -||) be a reflezive Banach space, I C R be an in-
terval, N' € C1(X) be a sequentially weakly l.s.c. functional whose derivative
is of type (S), F: X — R be an LL. functional with a compact gradient, and
p € R. Assume that

(2.7) | lﬁg N(u) = AF(u)] = +o0  for all X € I;
(2.8) sup 1n§([/\/(u) +Ap—F(u)] < ing( sup|N (u) + A(p — F(u))].
NI ueX Nel

Then, there exist o, € I (o < ) and r > 0 with the following property: for
any A € [a, B] and any l.L. functional G: X — R with a compact gradient, there
exists & > 0 such that, for all p € (0,6, the functional ¢y, = N — AF — uG
admits at least three critical points in X, with norms less than r.

The main hypothesis of Theorem 2.6 above is the minimax inequality (2.8).
An easy way to satisfy it is illustrated by the following result due again to
Ricceri [18].

LEMMA 2.7 ([18, Proposition 3.1]). Let X be a nonempty set, N, F: X — R
be functions, u, u € X, and T > 0 be such that

(2.9) N () = F(u) = 0;
(2.10) N (@) > 7;

su u L(a)
(2.11) N(u)p<T]:( ) < N

Then, there exists p € R such that (2.8) holds.
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Here is our main result for problem (1.1). We need to define the constant

7= 20 {1/ (00" (i @) )
oo )}

where 1/p+1/q=1.

THEOREM 2.8. Assume that (F1)—(F3) hold. Furthermore, we assume:

(F4) there exist k > 0 and 7 > 0 satisfying

ﬁ /“b =3 /k Lis)ds + POy P@B,

pyPt pap~1

> sup min/ F(s)ds,
0

lu|<7(rp)t/»

where

ko p(b)a?~t o pla)prt

E/a s(x) dx + P kP + P kP > T;
t

(Fs) min/ F(s)ds <n(1+[t|') fort e R, >0,1<1<p;

0
(I;) L(0)=0, Li(x)z <0 forxeR,i=1,...,1L
Then there exist a nondegenerate interval [a, 8] C (0,+00) and r > 0 with the
following property: for any A € [, B8] and any multifunction G satisfying (G1)—
(G2), there exists 6 > 0 such that, for all u € [0,6], problem (1.1) admits at least
three solutions with norms in X less than r.

3. Variational structure and related lemmas

For convenience, we consider the differential inclusion

—(p(@)®p(u'()))" + s(2)Pp(u(x)) € H(z, u(z))
in [a,b] \ {z1,..., 2},
—A(p(x)Pp (v (21))) = Lr(u(zr)), k=1,....1
o/ (a) — Bu(a) =0, ~u/(b) + ou(b) =0,
where the multifunction H satisfies:

(Hy) H(x,-): R — 2% is us.c. with compact convex values for almost every

LS [avb]\{xla"',xl};
(He) min H,max H: [a,b] \ {z1,...,2} X R — R are L x B-measurable;
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(Hs) [€] < 6(1+]s[P~1) for almost every = € [a,b]\ {z1,...,7;}, and all s € R
and & € H(x,s) for some ¢ > 0.

REMARK 3.1. Notice that condition (Hs) implies that £ € L%[a,b] where
1/p+1/q=1.

We introduce the Banach space X = W1 ([a, b]) endowed with the norm

lellx = ( / A @ + @) dx)”p

for all w € X. Clearly, (X,| - ||x) is a reflexive Banach space and the norm
||| x is equivalent to the usual one (fab |/ (2)|P + |u(zx)? dw)l/p. Clearly, X is
compactly embedded into L7[a,b], endowed with the usual norm || - ||~ for all
v=1

LEMMA 3.2 ([20, Lemma 2.3]). For u € X, we have ||u||co < F||lu|lx, where
the constant X is defined before Theorem 2.8.

DEFINITION 3.3. A function v € X is said to be a weak solution of problem
(3.1) if there exists u* € L!([a,b], X) such that u*(z) € H(x,u(z)) for almost
every z € [a,b], and

(3.2) / p(2)®p(u' ()0 (2) + 5(2)Pp(u(z))v(z) — v (2)v(2) dz

- izi;fxu(xi))v(xi) o0, 742000+ plare, (24 Yot =0

a
for all v € X and for almost every x € [a, b].

DEFINITION 3.4. By a solution of the differential inclusion (3.1) we mean
a function u: [a,b]\{z1,...,2;} — R that is of class C' with ®,(u’) being abso-
lutely continuous and satisfying

—(p(@)®p (' ()" + s(2)Pp(u(x)) € H(z,u(x)) inla,b]\{z1,..., 2z},
—A(p(xr)Pp(u (z1))) = In(u(zy)), k=1,...,1,
av'(a) — Pu(a) =0, ~u'(b) + ou(b) = 0.

LeMMA 3.5. If a function u € X is a weak solution of (3.1), then u is

a (classical) solution of (3.1).

PROOF. Let u € X be a weak solution of (3.1). Then there exists u* €
H(z,u(z)) satisfying (3.2) for all v € X and u* € H(x,u(z)) for almost every
x € [a,b]. So (3.2) holds for all v € C§°(a,x1) with v(z) = 0 for > 1. Then,
(3.2) becomes

| ol), 0 @)0' (@) + @)@y ()l — (o) i = 0
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Hence, p(z)®,(u'(z)) has a weak derivative (p(z)®,(u'(x)))" and
(3-3) —(p(2)2p(u'(2)))" + 5(2)Pp(u(2)) — v () =0
for x € (0,21). Similarly,

—(p(2)2p(u'(2)))" + 5(2)Pp(u(2)) — " (x) =0

holds for = € [a, b]\{z1, ..., Ty }. Since u € X and u* € Lt[a,b], p(z)®, (v (z)) is
continuous in [a, b]\{z1,. .., Zm } and absolutely continuous. So w is a solution of
the differential inclusion (3.1). We need to show that the boundary and impulsive
conditions hold.

Integration of the equality

(p(2)p (v’ (2))) v(@)
= (/x(P(S)@p(u’(s)))’dsv(m)) - /x(p(s)fbp(u’(s)))’dsv’(x)
from a to b gives

b
(3.4) / (o) B (' (2))) 0(x) da

-/ b ([ vy )

b
:/ (p(w)®, (u (2))) daro(d)

!

- [ )Y ds' (@) ds

b
-/ [p<x><1>p<u’<x>> — p(0)®(u (@)
S A(p(m)%(u’(zi»)]v'(x)dx

alz; <z
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=p(b) @, (' (b))v(b) — p(a)®p(u'(a))v(a)
l b
- ZA(p(rf:i)@p(U’(wi))v(%)) —/ p(z) Dy (' (x))V' () da.

Substituting (3.4) into (3.2), we have

/ab[‘(P(x)‘I’p("’(x)))’ + 5(2)@p (u(x) — u* (2)]v(2) da
ool o (2

(67

*Z ) + Liu(@:)]o(zs) = 0.

Since u satisfies (3.3), for all v € X, we have

35 00|20 + 2, ( ) ot
+(a)| - 20 @) + @ (5“(“) )]ot@

@
—Z 1)) + Li(u(xi))]v(zs) = 0.

We shall show that u satisfies the impulsive conditions in (3.1). If this is not
the case, without loss of generality, we may assume that there exists i € {1,...,1}
such that
(3.6) A(p(w:)@p(u'(2:))) + Li(u(xs)) # 0.

I+1

Let v(z) = T[] (x — ;). Substituting v(x) into (3.5), we have

yJ#

e

l
= [Alp(ar)@p(u (24))) + T (ulzr))o(zr)

o

+ pla) [ - 2,/) + 2, (24
—o0)| 2,00 ( H T (o)
o I+1

+p(a)[ P, (u'(a)) + (BUOEG)” II @o—=)

=0, j#i

Jj=




SECOND-ORDER IMPULSIVE DIFFERENTIAL INCLUSIONS 9

l +1
= [Alp(xr) @y (v (k) + Te(ulae)] [ (2 — )
-1 J=0, j#i
+1
= — [A(p(xi)Pp(u/ (x:)) + Li(u(x:)] [ (@i —a;) #0,
=0, j#i

which contradicts (3.5). Thus, = satisfies the impulsive conditions in (3.1). Si-
milarly, u satisfies the boundary conditions. Therefore, u is a solution of prob-
lem (3.1). O

LEMMA 3.6. Let R(u) = |||}, for u € X. Then R(u) is weakly lower
semi-continuous.

PROOF. First we show that ||u] ||}, is lower semi-continuous. Let u, € X
be such that w,, = u as n — co. Hence,
(3-8) [, — ||, =0
as n — oo. Recall that
(3.9) e+ yllee <llzllee +lyllLe  for any z,y € LP[0,T].
On one hand, by (3.8)—(3.9), we have

(3.10) lunlze = 1w l7e < (lup = @llee + [0/l 2)” = ||, — O

as n — 0o. On the other hand, we have

Ca W —d||P o 4+ u —aul |IP
3.11 / pp _ / pp — Up, n _ n n
( ) ||un||L ||U ||L 9 + 9 . 9 + 9 o
> ul + B ul, — pi ul, + u —ul, p%O
2 Lr 2 Lp 2 Lp 2 Ir
as n — oco. From (3.10) and (3.11), it follows that lim |Ju,||7, = |||}, and so
n—oo
R(u) is lower semi-continuous. Also, since R(u) is convex, R(u) is weakly lower
semi-continuous (see [22, Proposition 38.7]). O
Let
! :
i ) p(b)o>! pla)sr!
_ p
312) M) = =32 [ ) do e E P+ 2 o
Then,

b
<N'(U)7v>:/ p() @y (' (2))0' (2) + 5(2) Py (u(x))v(2) da

holds for all v € X.
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LEMMA 3.7. N': X — X* is of type (S)4.

PRrROOF. Let u, — w and limsup(N’(u,),u, —u) < 0. In view of Defini-
n

tion 2.5, we need to show that u, — u. Assume, to the contrary, that there exist
e > 0 and a subsequence (u,, ) such that

(3.13) ttny, — ullx > e.

Since u,, — u, we have |ju,||x < M, ||ul |}, < Mo, M; > 0,1 =1,2, u, - u
in Cla,b], and |luj, ||}, has a convergent subsequence, which without loss of

generality, we again denote by (uy,, ), i.e.
(3.14) lup, 1T = c1-

Since lim sup(N” (uy,), u, — u) < 0, we have

lim sup(N” (uy, ), wn — )

n

b
= fimsup U () (], () (), (2) = ' (2)) + 5(2)p (un (@) (i () — u(x)) da
l
+ Zfi(un(xi))(un(xi) — u(z;))

+ p(b)®p (Uun(b)

) tunl®) = o)+l (22 Y 0) = uta]] <.

Since u, — u in C[a, b], it follows from the above inequality that

b
(3.15) lim sup/ p(2)®p(ul, () (ul, (z) — u'(x)) dz < 0.

From (3.14)—(3.15) and the convexity of |u|?, we have
b b b
(3.16) / o (@) de > / )y ()P dz + / B, (u,, (1)) (' (z) — ul, (x)) da

> ||u;

MK Hip - C1.

By Lemma 3.6, we have

(3.17) [’z < liminf [l 17, = e,
so from (3.16)—(3.17),

(3.18) 11, = 1.

From Lemma 3.6, it follows that

u’ +ul p
(3.19) c1 = []|7, <liminf || ———"
n

Lp
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From [8, Theorem 2], for any x, y € LP[0,T],

z+y|” z—yl? 1
(3.20) : < e, i, pe2
Lp Lp
and
-1
z 4yl z -yl 1 q
(3.21) HE < s i 1<p<e
Lp Ly
By (3.13), (3.14), (3.18) and (3.20), for p > 2 we have
/+ !/ P
(3.22) limsup [ "me
ng—00 2 p
) 1 u —ul ||P
<limsup | S([lvl[7, + Jup, I70) — || —=—5|| | Sa—en,
Nk —>00 2 2 Lp

for some €; > 0, which contradicts (3.19) and proves u, — u in X.
Now by (3.13), (3.14), (3.18) and (3.21), for 1 < p < 2 we have

/ !/
u' +up, ||

(3.23) limsup 5

N —>00

1 ot
<timsup { |01, + s, 12| -

N —>00

Lr

!/ !/
U= Uy,

q ypr/q
=)

< (C‘lz_l —Eg)p/q < C1

for some €5 > 0. Again, this contradicts (3.19) and so u, — u in X. Therefore,
N is of type (S). O

We introduce, for almost every = € [a,b] and all s € R, the Aumann-type

set-valued integral
s S
/ H(z,t)dt = {/ h(z,t)dt ’ h:[0,T] x R— R
0 0

is a measurable selection of H }

and set

b u
H(u) = / min/ H(z,s)dsdz for all u € L"[a,b|.
a 0

LEMMA 3.8 ([12, Lemma 7]). Assume that (Hy)—(Hs) hold. Then the func-
tional H: L7[a,b] — R, v > 1, is well defined and Lipschitz on any bounded
subset of L7[a,b]. Moreover, for all w € L"[a,b] and all u* € OH(u), we have
u*(x) € H(x,u(x)) for almost every x € [a,b].

We define an energy functional for the problem (3.1) by setting, for all u € X,

1 m w(x;) b)gP—1 p—1
o) = === [ (o) ds+ L+ £ o
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LEMMA 3.9. The functional ¢: X — R is I.L. Moreover, for each critical
point u € X of v, u is a weak solution of (3.1).

PrOOF. For any u,v in a bounded domain Q of X, we shall show that ¢ is
Lipschitz in Q. Let ¢(u) = ¢1(u) + @2(u), where

m o peu(wi) op-1 p—1
e =l =Y [0 s ds + POT o + A,
i=1

Pt par~1

p2(u) = —H(u). Clearly ¢; € C*(X). By Lemma 2.1, ¢; is LL. on X. By
Lemma 3.8, 2 is locally Lipschitz on LP[a,b]. Moreover, X is compactly em-
bedded into LP[a,b]. So ¢5 is L.L. on X. Therefore, ¢ is 1.L. on X.

Now we show that each critical point u of ¢ is a weak solution of (3.1). Let
u € X be a critical point of ¢. Then,

(3.24) 0€dp={u"cX*:(u,v) <’uw) forall v e X}.

Set

- i (et + 02, (742 o) + e, (74 Yoo

for all u,v € X. By (2.2), (2.5), (2.6), and (3.24), 0 € A(u) — OH(u), i.e. there
exists u* € OH(u) satisfying

(3.25) A(u) =u* in X*.

We extend u* to an element of L%[a, b]. Hence, we regard X as a closed subspace
of LP[a,b].

First we observe that u*, as a linear functional on X, is also continuous with
respect to the topology induced by the norm | - ||z». By Lemma 3.8, H admits
a Lipschitz constant L around u with respect to ||-||z». Then, by (2.4), we obtain

(3.26) (u* vy < L||v||g» for all v € X.

Moreover, HO(u; - ) is a subadditive, positively homogeneous function on LP][a, b]
and

(3.27) (u*,v) < HO(u;v)

for all v € X. By the Hahn-Banach theorem, u* extends to a bounded linear
functional defined on LP[a, b] satisfying (3.27) for all v € LP[a,b]. This implies
two facts. First, by Lemma 3.8, we have u*(z) € H(z,u(z)) for almost every
x € [a,b]. This implies u*(x) € L9[a, b] (see Remark 3.1).

Second, we may rewrite (3.25) as
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b
/ p(2) 2y (W' (2))V'(2) + 5(2) Py (u(2))v(z) — u*(z)v(2) do

- zl: Li(u(z:))v(a:) + p(b) @ <Uu,y(b)>v(b) + p(a)®, (,6’11@))1](@ =0.

: «
i=1

Thus, by Definition 3.3, u is a weak solution of (3.1). O

4. Proof of main results

PRrROOF OF THEOREM 2.8. We shall apply Theorem 2.6 to prove Theorem 2.8.
The operator A is defined above in (3.12). We define F: X — R by

b u(x)
Flu) = / min/ F(s)dsdx
a 0

for every u € X. Clearly, N is a sequentially weak ls.c. functional. By
Lemma 3.7, N7 is of type (S)y. By Lemma 3.8, F: X — R is Lipschitz on
bounded subsets of X.

To prove that the gradient F: X — 2% is compact, choose a bounded
sequence (up) in X with u* € 0F (u,) for all n € N. Let L > 0 be a Lipschitz
constant for F, restricted to a bounded set containing the sequence (u,); then
|luf||x« < L for all n € N. A subsequence of (u}), which we again denote by
(ul), weakly converges to some u* in X*. We shall show that the convergence
is strong.

Assume, to the contrary, that there exists € > 0 and a subsequence (uy,, ) of
(un) such that [Juy, —u*||x~ > e for all k € N. Then, for all k € N, we can find
vp € X with |lug]|x <1 and
(4.1) (U, —u™,vp) > €.

Passing if necessary to a subsequence, we can assume that vy — v in X, while
vy — v in L[a,b] and LP[a,b]. From (F3) and the Holder’s inequality,

*

(Up, —u™,vk) = (up, ,vp —v) + (up, —u*,v) + (U, v — o)

< Lijvg = v||pe + (uy,, —u*,v) + (u*,v —vp) =0

as k — oo, which contradicts (4.1).
Next, we verify that condition (2.7) in Theorem 2.6 holds. By (Iy), for all
u€E X,

u(z;)
(4.2) / Ii(s)ds <0, i=1,...,1,
0
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which together with (Fs), (I1), and Lemma 3.2 implies

N(u) -
”u”p )\/ (1 + [u(@)|') do + p(b)aP~ 1|u(b)| n pla)BP~ 1| ()P

pyP! par—1

u
> ”Z')'X “es(+ [lull)

for some c3 > 0. Since 1 <[ < p, | lim  MN(u) — AF(u) = +o0.
— 400

flell x

We shall show that condition (2.8) in Theorem 2.6 holds by using Lemma 2.7.
Set @(x) = 0 and u(x) = k > 0. Clearly, %, u € X and (2.9) in Lemma 2.7 holds.
Now

ok ~ " p)o? ", pla)fr
(4.3) N(u)—f/a s(x)dx—;/o Ii(s) ds + 20+ DO

p
b _
>§/ sy do . POy o)

py?t par~!

From (F4), (2.10) in Lemma 2.7 holds.
For all u € X with NV (u) < 7, we have

1 ! u(z;) b)oP—1 p—1
Sl =30 [ ras+ A e+ A2 <

pyP! par
which together with (Iy), gives |lulx < (7p)*/?. So

{fue X :N) <7} c{ueX:|ulco <7(rp)/P}.

Thus,
u(x)
(4.4) sup F(u) = sup /mln/ s)dsdz
N(u)<t N(uw)<r Ja
sup / mln/ s)dsdx
\u|<*/(7p)1/1’ a
< sup (b-— a)mln/ F(s)ds.
lu| <5 (rp)t/» 0
Therefore,
5 /mm/ F(s)dsdx
(45) TF(U)

Nﬂ o p—1 p— 1
) k/bs(x)dx—Z/ Ii(s)ds+p(b)0 kP + pla)

1 1
—Jo PP paP—
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k
7(b—a) min/ F(s)ds
0

b l k _ _ ’
ﬁ/ s@)dr—3 /0 1(s)ds + PO gy PO
a i=1

P pyPt pap~1

From (F4), we have
k
7(b—a) min/ F(s)ds
0

b l k — ~
E/ s(z)dz — Z/o I;(s)ds + pfob)a?’ 1k‘p + pla)B? 1kp
@ i=1

(4.6)

p Pt part
> sup (b—a) min/ F(s)ds,
lu]<3(rp)t/P 0
so by (4.4)—(4.6), we see that (2.11) holds. Then, we have that (2.8) holds for
some p € R.
Let [a, 0], 0 < a < B, and r > 0 be as in Theorem 2.6. Choose A € [a, (]
and a multifunction G satistying (G1)—(Gz). Set

b u
g :/ min/ G(s)ds
a 0

for all w € X. By Lemma 3.8 and an argument analogous to that used for F,
it follows that the functional G: X — R is LL. and its gradient 0G is compact.
Then, there is § > 0 such that, for all u € [0,4] the functional

@A,M:N—A}'—ug

admits at least three critical points wug,u1,us € X with |lu||x <7, 7=10,1,2.
For all A > 0 and p > 0, the multifunction H defined by setting H(z,s) =
AF(s) + pG(x, s) for all (z,s) € [a,b] x R satisfies (H;) and (Hz). Therefore, by
Lemmas 3.5 and 3.9, ug, u1, us are three solutions of problem (1.1). O

We conclude this paper with an example.

EXAMPLE 4.1. For all s € R, set I;(s) = —s and

{0} if |s| < 22/3,
[0,1] if |s| = 22/3,
{(s = 22/3 + 1)15) if 5 > 22/3
{|s +2%/3 + 1%} if s < —22/3,

F(s) =

Consider the impulsive differential inclusion
—(®3(u'(2)))" + P3(u(x)) € AF(u(2)) + pG(z, u(z)), € [0,1],
(4.7) —AD3 (v (x1)) = I (u(z1)), z1=1/2,
' (0) —u(0) =0, (1)+u(l)=0.
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For any multifunction G satisfying (G1)—(Gs), any function I; satisfying (I;),

(4.7) admits at least three solutions (uniformly bounded) for A and p lying in

appropriate intervals.

In (1.1), we have p =3, p(z) =1, s(x) =1, a=0,b=1,and a = =7 =

o = 1. Clearly, assumptions (F1)—(F3), (Fs), and (I;) hold. To show (F4) holds,
let k=2 and 7 = 1/3; then

ko[ pb)a?~t . pla)prt 4 1
;)/a s(z) dx + P kP + v k =3>7=73

Also,

l e Ry
k/(lbs(l')dx—z:/kfl(s)ds+p(b)a lkp+p( )ﬁ 1/€p

7 Jo pyP! par~!

1 1
:Emin/o F(s)ds >0

and

sup min/ F(s)ds= sup min/ F(s)ds =0,
0 0

lu|<5(rp)/» lu<22/2

so (F4) is satisfied. By Theorem 2.8, (4.7) has at least three solutions.

(1]
2]
(3]

(4]

[5]

[6]
[7]

(8]
(9]

(10]

REFERENCES

J.P. AUBIN AND A. CELLINA, Differential Inclusions, Set-valued Maps and Viability The-
ory, Springer, New York, 1984.

M. BENCHOHRA, J. HENDERSON AND S. NTOUYAS, Impulsive Differential Equations and
Inclusions, Hindawi Publishing Corporation, 2006.

V.I. BLAGODATSKIH AND A.F. FiLippov, Differential inclusions and optimal control, Trudy
Mat. Inst. Steklov. 169 (1985), 194-252, 255 (Russian).

A.I. BULGAKOV, Integral inclusions with nonconvexr images and their applications to
boundary value problems for differential inclusions, Mat. Sb. 183 (1992), 63-86 (Rus-
sian); transl.: Acad. Sci. Sb. Math. 77 (1994), 193-212.

A.I. BuLGAKOV AND L.I. TKACH, Perturbation of a convex-valued operator by a Hammer-
stein-type multivalued mapping with nonconvexr images, and boundary value problems for
functional differential inclusions, Mat. Sb. 189 (1998), no. 6, 3-32 (Russian); transl.: Sb.
Math. 189 (1998), 821-848.

F.H. CLARKE, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

D.A. CARLSON, Carath’eodory’s method for a class of dynamic games, J. Math. Anal.
Appl. 276 (2002), 561-588.

J.A. CLARKSON, Uniformly convez spaces, Trans. Amer. Math. Soc. 40 (1936), 396-414.
L. ERBE AND W. KRAWCEWICZ, Existence of solutions to boundary value problems for
impulsive second order differential inclusions, Rocky Mountain J. Math. 22 (1992), 519—
539.

M. FRIGON, On a critical point theory for multivalued functionals and application to
partial differential inclusions, Nonlinear Anal. 31 (1998), 735-753.



SECOND-ORDER IMPULSIVE DIFFERENTIAL INCLUSIONS 17

[11] A. IANNIZZOTTO, Three critical points for perturbed nonsmooth functionals and applica-
tions, Nonlinear Anal. 72 (2010), 1319-1338.

, Three periodic solutions for an ordinary differential inclusion with two parame-
ters, Ann. Polon. Math. 103 (2011), 89-100.

[13] N.N. KrRASOVSKII AND A.I. SUBBOTIN, Game-Theoretical Control Problems, Springer Se-

(12]

ries in Soviet Mathematics, Springer, New York, 1988.

[14] Y.C. L, J. Wu AND Z.X. L1, Impulsive boundary value problems for Sturm-Liouville
type differential inclusion, J. Syst. Sci. Complex. 20 (2007), 370-380.

[15] M.D.P. MONTEIRO MARQUES, Differential Inclusions in Nonsmooth Mechanical Problems,
Progress in Nonlinear Differential Equations and Their Applications, Birkhduser, Basel,
1993.

[16] D. MOTREANU AND P.D. PANAGIOTOPOULOS, Minimaz Theorems and Qualitative Prop-
erties of the Solutions of Hemivariational Inequalities, Kluwer, Dordrecht 1999.

[17] N. RIBARSKA, T. TSACHEVA ND M. KRASTANOV, A note on: “On a critical point theory
for multivalued functionals and application to partial differential inclusions”’, Nonlinear
Anal. 43 (2001), 153-158.

[18] B. RICCERI, Existence of three solutions for a class of elliptic eigenvalue problems, Math.
Comput. Modelling 32 (2000), 1485-1494.

[19] G.V. SMIRNOV, Introduction to the Theory of Differential Inclusions, Graduate Studies
in Mathematics, vol. 41, Amer. Math. Soc., Providence, 2002.

[20] Y. T1iaN AND W. GE, Applications of variational methods to boundary value problem for
impulsive differential equations, Proc. Edinburgh Math. Soc. 51 (2008), 509-527.

, Variational methods to Sturm—Liouville boundary value problem for impulsive
differential equations, Nonlinear Anal. 72 (2010), 277-287.

[22] E. ZEIDLER, Nonlinear Functional Analysis and its Applications, Vol. III, Springer, New
York 1985.

21]

Manuscript received May 10, 2012

accepted September 7, 2015

Yu TIAN

School of Science

Beijing University of Posts and Telecommunications
Beijing 100876, P.R. CHINA

E-mail address: tianyu2992@163.com

JoHN R. GRAEF AND LINGJU KONG
Department of Mathematics

University of Tennessee at Chattanooga
Chattanooga, TN 37403, USA

E-mail address: John-Graef@Qutc.edu, Lingju-Kong@utc.edu

MiIN WANG
Equifax Inc.
Alpharetta, GA 30005, USA

E-mail address: mwang808@Qgmail.com

TMNA : VOLUME 47 — 2016 — N° 1



