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ON THE ASYMPTOTIC RELATION
OF TOPOLOGICAL AMENABLE GROUP ACTIONS

WOJCIECH BULATEK — BRUNON KAMINSKI — JERZY SZYMANSKI

ABSTRACT. For a topological action ® of a countable amenable orderable
group G on a compact metric space we introduce a concept of the asymp-
totic relation A(®) and we show that A(®) is non-trivial if the topological
entropy h(®) is positive. It is also proved that if the Pinsker o-algebra
7, (P) is trivial, where p is an invariant measure with full support, then
A(®) is dense. These results are generalizations of those of Blanchard,
Host and Ruette ([3]) that concern the asymptotic relation for Z-actions.
We give an example of an expansive G-action (G = Z2) with A(®) trivial
which shows that the Bryant—Walters classical result ([3]) fails to be true
in general case.

1. Introduction

One of important characteristics of topological dynamical systems with Z as
the group of time is the asymptotic relation. Let A(T) denote the asymptotic
relation of a dynamical system (X,T). It is known ([10]) that A(T) is trivial
(i.e. equals the diagonal relation A) for deterministic systems in the sense of
[10], in particular for distal systems. On the other hand, A(T) is non-trivial
for expansive T (cf. [3]) and also for systems with positive topological entropy
h(T) (cf. [2]). An interesting characterization of systems with zero topological
entropy by use of A(T) is given in [6].
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If T admits an invariant probability measure p with full support such that T’
is a K-automorphism with respect to pu, then A(T) is dense in X x X ([2], [10]).

The aim of this paper is to extend the concept of asymptoticity to topological
actions of countable amenable orderable groups.

First we show that if the topological entropy h(®) is positive then A(®) is
non-trivial (Corollary 4.5).

Next we prove that if ® satisfies a stronger condition, namely if the Pinsker
o-algebra 7, (®) is trivial for an invariant measure p with full support then A (®)
is dense in X x X (Proposition 4.6).

In order to show these results we first prove that for any invariant measure
1 there exists a measurable partition n with properties analogous to those of the
Rokhlin extreme partitions (cf. [16]) and such that any pair of points from the
same atom of 7 belongs to A(®).

We also give an example of an expansive Z2-action (Z? is equipped with the
lexicographical order) with A(®) trivial.

2. Preliminaries

Let (X,d) be a compact metric space and suppose p is a Borel probability
measure on X.

We assume X is equipped with the o-algebra B being the completion of the
Borel o-algebra with respect to u. The extension of u to B will be also denoted
by u.

We denote by M(X) the lattice of measurable partitions of (X, B, ). For the
definition and basic properties of M(X') we refer the reader to [16] (see also [12]).

Let F(X) C M(X) denote the set of finite partitions.

For any £ € M(X) we denote by Re C X x X the equivalence relation deter-
mined by & and by EA the o-algebra of &-sets, i.e. measurable unions of elements
of £&. We denote by N the o-algebra corresponding to the trivial partition vx
of X.

Let &,n € M(X). The relation £ < n means that any atom of 7 is included
in some atom of &.

If £ < n then obviously £cC 7.

For a countable family {&; t € T} C M(X) we denote by \/ & its join. It

teT
is known ([16]) that \/ & € M(X). Moreover, if the elements of &, t € T, are
teT
Borel sets then the elements of \/ &; are so.

teT
Let (G, -) be a countable amenable group equipped with a set I' C G called

an algebraic past satisfying the following conditions:
e I'NI ! =9,
e TUTtU{e} =G,
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e 'T'CT,
e gTg~' CT,
where e is the identity of G, g € G.
For a finite set A C G we denote by |A| the number of elements of A.
It is well known that the amenability of G is equivalent to the existence
of a Folner sequence (A,,) of finite subsets of G, i.e. a sequence satisfying the

condition

lim ————

n—oo ‘An|

=1 foranyge€G.

It is also known (cf. [14]) that every countable amenable group has a Fglner
sequence (A,,) such that

A»,_Ll:A'ru AnCAner 77/21, UATL:G
n=1

Such sequences will be called summing ones (cf. [8]).

The existence of an algebraic past in G is equivalent to the fact that G
is orderable, i.e. there exists in G a linear order < compatible with the group
operation. We have I' = {g € G; g < e}.

It is well-known that all free groups are orderable and abelian groups are
orderable iff they are torsion free ([7]).

Let H(X) be the group of all homeomorphisms of X and let ® be a topological
action of G on X, i.e. a homomorphism of G into H(X).

For g € G we denote by ®9 the homeomorphism corresponding to g.

Let h(®) be the topological entropy of ®. We denote by P(X,®) the set
of all ®-invariant probability measures. Given a measure u € P(X,®) we use
h,(®) and 7,(®) for the entropy and the Pinsker o-algebra of ®, respectively.

The generalized variational principle ([15], [18]) says that

h(®) = sup{h,(®); pn € P(X,®)}.

3. Generalized Pinsker formula

Let p € P(X,®). From now up to the proof of Corollary 4.4 we will omit
subscript p in the notation of entropies H,, and h,.
For a partition £ € M(X) and a set A C G we put

§(A4) =\ @%.
geA
Let £~ =&(T), &€& = &(G). Let 0 € M(X) be totally invariant, i.e. 0p = 0.
Proceeding in the same manner as Safonov in the proof of Theorem 1 ([17])
we obtain the following relative version of that theorem. Namely, we have
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PROPOSITION 3.1. For any Folner sequence (Ay) in G and any € € F(X) it
holds that

lim —— H(£(A,)5) = H(EE™ VF).

Taking 0 = vx (i.e. ¢ = N) we put

h(€,®) = lim —— H(E(A,)) = H(EIET)

n—oo |An|

and we call this limit the mean entropy of £ w.r. to ®.
LEMMA 3.2. If A C G is finite, then
h(§(A), @) = h(E, ®).
PROOF. Let (A,,) be a Fglner sequence. It is easy to see that
H(EANA) = 1( 96 = (e, - )
gEAR

for any n > 1. It is also easy to check that (A, - A)p>1 is a Fglner sequence and

lim [An - Al =

n—o0 ‘An|

1,
which implies our result. U

Next three results are generalizations of facts well-known in the case of Z-
actions (see for example [5]).

LEMMA 3.3 (generalized Pinsker formula). For any &,nm € F(X) we have
hEV 7, @) = h(§, @)+ Huli~ v ).

PROOF. Let (A,) be a summing sequence and let &, = £(4,), nn = n(An),
for n > 1. We have

H(gn \ 77n) = H(gn) + H(nn‘fn) > H(En) + H(T/n|2<1>) for all n > 1.

Hence, dividing both sides of the above inequality by |A,|, taking the limit as
n — oo and applying Proposition 3.1, we get

h(EV 7, ®) > h(€, ) + H(ni~ V &)

To prove the converse inequality we take ng such that e € A,,, and let n > nyg.
Applying Proposition 3.1, Lemma 3.2 and simple properties of entropy we have

h(EV 7, ®) <h(E V0, ®) = H(E, VnléEy Vi)
=H(& |67 V) + HlE, VET V™) < H(EET) + H(ni~ V &)
= h(&n, @) + H(n|i~ V &) = h(€,®) + Hn[i~ V &,).
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Since A,, /' G we have &, / £g and so taking the limit in the above inequality
as n — oo we get

h(EVn, @) < (& @)+ Hnli~ V &a)
which completes the proof. O

Let (Ag)gec be a net of sub-c-algebras of B. We denote by \/ A, the
geG
smallest o-algebra containing all A, and by [\ A, the intersection of all A,
geG
g € G. We say that (Ag)geq is increasing (decreasing) if for any g1, g2 € G such

that g1 < g2 we have A, C Ay, (A, D Ag,).

THEOREM 3.4 (Martingale Convergence Theorem). If the net (Ay)geq of
sub-o-algebras of B is increasing (decreasing), then for every f € L*(X,u) it

holds
V) (2(r]N))

One can show this theorem applying standard methods of the theory of

hm E(f|A (

in the L?-norm.

projections of Hilbert space (cf. [13]).
In the proof of the next proposition we need the following corollary of the
above theorem.

COROLLARY 3.5. If the net (Ay)geq is increasing (decreasing), then for every

partition £ € F(X) we have
\/ ) ( (5 g))
geG

geG
The proof of this corollary is based on the fact that the convergence in the

hm H(¢|Ay) (

L%-norm implies the convergence in measure x4 and on the natural generalization
of the Lebesgue dominated convergence theorem for the nets of functions indexed
by G.

PROPOSITION 3.6. For any &,1,¢ € F(X) with £ < n we have
lim H(n™ v eI¢™) = H(Em).
gel’

PRrROOF. First we consider the case & = 7. By Lemma 3.3 and the invariance
of u w.r. to ®, we have

h(EV ®IC, B) = h(E, ) + H(BIC|DIC~ VEg) = h(¢, D)+ H(C|C ™ VEs), geT.
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On the other hand,
h(EV @I, ®) = H(EV SICIE v IT)
= H(®ICIE~ v ®IC) + H(EE v/ (CVET))
= H(CIC™ Vo E7) + H(EE varC Vi)
Combining the two above equalities, we get
h(g, @) = H(E[E™ VI (CV ) +HEIC var €)= H(CIC VEs)
SH(EJE™ Va9 ) + H(CIC™ Ve €7) — H(CIC V &)
From Corollary 3.5 we get
lim H(C|C™ V@9 €)= H(CC™ V).
gel’
Therefore
ggH@K_V¢%_)Zh@¢)=H@K_)

Since the converse inequality is obvious we obtain the desired equality.
Now, let £ < n. Thus we have

H(ER™V®ICT) =H(EVnH~ vV eICT) — H(nli~ v &IC~ VE)
Hnlf~ v &™) = H(nln~ v &9~ vV §)
>H(nli~ V&) — Hnli = v §).
By the first part of the proof, we get
lim H (€[~ v ®9C7) > Hnli ™) = HGnli~ v &)
=H(EVn[R~)—Hni~ vE) = HER™).

Since the converse inequality is clear we obtain the result.

4. Asymptotic relation

DEFINITION 4.1. For a given topological G-action ® on X the relation

A(D) = {(x,x') €X xX; lim d(®%z, ®%2') = 0}

ger—1
is said to be the asymptotic relation of ®.
The limit in the above definition has the following meaning:
Ve>0 3Jgoel™' Vg>g d(®9z, d92) < e.
It is clear that A(®) is an equivalence relation.

THEOREM 4.2. There exists a partition n € M(X) with
(a) @I =m, gel,
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(b) \G/G 97 = B,
() QG 97 C mu(P),

(d) R, C A(®),

where R, denotes the equivalence relation associated with 7.

PROOF. Let (a,) C F(X) be a sequence of Borel measurable partitions such
that

(4.1) an Rapt1, n €N and diama, -0 asn — oo.

It is well-known (cf. [1]) that a,, n > 1, generate the Borel o-algebra.
Now we modify (a, ), applying a technique similar to that of Rokhlin from [16],
to get a new sequence (§,) C F(X) with

(4.2) H(&IE) — HE 65 < }9 for any p,t > 1.

For a sequence (gi) C G with g < gr+1, k € N, we put
P -1
= \/ DIk Ak, P > 1.

Now we shall choose (gx) in such a way that (4.2) holds. Let g; € G be
arbitrary. Suppose that gi,...,g;—1 are defined. Applying Proposition 3.6, we
choose g; > g;_1 such that

o o 1 1 .
H(§i|£j71) _H(fi‘fj ) < ; ’ Fa I<i<j-—-1
Now let p,t > 1 be arbitrary. We have

N N pHt—1 ~ N 1 t—1 1 1
HG ) = HG ) = 3 (HGIG) — HGIE)) < ) 55 < -
Jj=p j=1
We put
¢=\& n=¢.
p=1
Taking in (4.2) the limit as t — oo we get
~ B 1
(4.3) H(&le, ) = HGlm) < 2, p=1.

It is clear that 7 satisfies (a).
In order to prove (b) observe that taking any h € T we get

Vo= \ Verrg, 5\ Ve,

geG g€G hel p=1 g€eG p=1

VV@”h”% V%
k=1 =1
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i.e. (b) is satisfied. Since (f:,)@ contains &, for all p > 1, we have
(4.4) V &)s = B.
p=1

Now we shall show that (c) is also true. Indeed, let @ € F(X) be measurable

w.r. to [] @97 and let p € N. Applying Lemma 3.3 we have
geG

h(aV &, ®) = h(a, ®) + H(&|E, V ae) = h(g, D) + H(ala ™V (&)e).
Hence
hler, @) = h(&, ®) = H( |, v @a) + H(ala ™V (§)a).
Since the o-algebra [ ®97 is ®-invariant, we have dp C (| @97 C 7). There-

geG geG
fore, applying the inequality (4.3), we get
(4.5) h(a, ®) <h(&y, @) — H(E|E, V) + H(ala™ v (§)a)

= H(&|€,) — H(& M) + H(ala ™V (§)s)

< % +H(ela™ Vv (&)s).
Hence taking in (4.5) the limit as p — oo and applying (4.4) we get
(4.6) h(a,®) =0,

i.e. a is measurable w.r. to 7, (®), which proves (c).

Now we shall check that R,(z) C A(®)(z), for any € X. Indeed, let
y € Ry(z), g € T71, € > 0 be arbitrary. We take p € N with diama, < e.
From the definition of 7 we have y € Ry,-1,(x). The relation § = &, = <I>9171ap
gives y € Rq)(gp_g)qap(x). This means that (®9 9z, ®99y) € R, , and so
d(®9r 9z, d9»9y) < e. In other words, d(®9z, P%y) < ¢ for all g > g,, le.
y € A(D)(x). O

In the proof of the next corollary we shall use the following.

REMARK 4.3. In order to show (4.6) it is enough to assume ag C 7. The

relation ag C () P97 is not necessary.
geG

Let (X,®), (Y,¥) be topological G-actions and let (Y,¥) be a factor of
(X,®) given by a continuous surjection ¢: X — Y. We denote by R, the
relation {(z1,22) € X x X; ¢(x1) = p(z2)}. It is clear that R, is a closed
equivalence relation in X.

The following result is a generalization of Proposition 2 of [2].

COROLLARY 4.4. If (X, ®), (Y, V) are topological G-actions,(Y, V) is a factor
of (X, ®) with a factor map ¢: X =Y such that A(®) C Ry, then h(¥) = 0.
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ProOOF. Let v € P(Y, V) be arbitrary. We shall show that h,(¥) = 0.

Applying standard methods ([4, Proposition 3.11]) one can find u € P(X, ®)

such that v = po =1

Take 7 € M(X) given by Theorem 4.2 for the measure p. Hence R, C A(®)
and so, by our assumption R, C R,. This means that

(4.7) n= ¢ ey).

Let a € F(Y) be arbitrary. We have ¢~ la < ¢~ !(ey). Since p~1(ey) is
P-invariant (p~'a)e < ¢ (ey). By (4.7) (¢ ra)e < 1, ie. (¢ ta)y C 7 and
so applying Remark 4.3 we get

hy(a, W) = h, (¢ a, ®) = 0.

Therefore h,(¥) = 0. Using the variational principle ([15], [18]) we receive
h(¥) = 0. O

Applying the above result for ¢ being the identity we obtain at once the
following.

COROLLARY 4.5. If ® is a topological G-action with A(®) = A then the
topological entropy h(®) = 0.

PROPOSITION 4.6. If (X, ®) posesses a measure u € P(X, ®) with full support
such that 7, (®) = N then A(®) is dense in X x X.

PROOF. Let p satisfy our assumption and let n be the partition given by
Theorem 4.2. It follows from (a), (c) that

(en=(2H=N.
gel’ geG

For g € I' let Ay be the following relative product:

Ag = X .
dIN

Applying Theorem 3.4 and proceeding in the same way as in the proof of
Lemma 5 (iv) ([2]) we see that p X p is the weak limit

Xp=puxp=lmA,.
pox == lim g
Therefore and since we deal with a closed set, we get

(48) (¢ ) (AT®)) > Fimsup A, (ATE)).

By Lemma 6 of [2] we have

(1 x p)(Ry) =1

n
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and so, by the inclusion R,, C A(®) C A(®) we obtain

(1 x 1) (A(@)) = 1.

Hence the ® x ®-invariance of A(®) implies \,(A(®)) = 1, g € G, and therefore
the inequality (4.8) implies (1 x 11)(A(®)) = 1, i.e. Supp p x p C A(D).

By our assumption Supp 4 = X and so Supp p X ¢ = X X X which implies
A(P) =X x X, ie A(®)is dense in X x X. O

It is known (cf. [3]) that for any expansive homeomorphism T of X the
asymptotic relation A(T) is nontrivial. We shall show that if we take G = Z2

and we equip it with the lexicographical order < then we can obtain the trivial
relation A(®P) for an expansive action P.

ExaMPLE 4.7. We consider the group (Y = {0,1}22,4—) where + is the
coordinatewise addition mod 2. The set Y is equipped with the metric

z(g) — '
o) = Y EO =)
gEZ?
where z,2' € Y, |g|| = |m|+ |n|, g = (m,n) € Z2. Tt is clear that (Y,+) is
a compact metric abelian group.
Let ® be the shift Z?-action on Y, i.e.

(®"z)(9) =z(g+h), z€Y, ghel’
We put F = {(_17_1)a (070)7 (LO)? (07 1)7 (1?1)} and F‘] =F +g7 g € Zz' We
define a continuous homomorphism ¢: Y — Y by
p(@)(g9)= > =z(u), z€Y, geZ’
u€Fy

It is clear that ¢ commutes with the action of ®. Hence the set X = ker ¢ is ®-
invariant (the identity element of YV is a fixed point for ®-action) and obviously
compact. From now on ® shall denote the restriction of the ®-action to the
set X. We claim that ® is expansive and A(®) = A. The expansiveness of ® is
obvious.

Suppose (z,y) € A(®). There exists go = (mo,no) - (0,0) such that for all
g = go we have d(®9z, 9y) < 1 and therefore

2(g) = 72(0,0) = 299(0,0) = y(g).
In particular,
(4.9) z(m,n) =y(m,n) if m>mo+ 1.
Let g = (mo + 1,n). Then, by definition of X,

Z z(u) =0= Z y(u).

u€Fy u€F,
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Due to (4.9) four summands in above sums (corresponding to w’s with first
coordinate greater than my) are the same, hence

x(mo,n - 1) = y(m07n - 1)7

thus
x(m,n) =y(m,n) if m >my

and induction gives z(g) = y(g) for all g € Z2, i.e. (z,y) € A.
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