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p-REGULAR NONLINEAR DYNAMICS

BEATA MEDAK — ALEXEY A. TRET YAKOV

ABSTRACT. In this paper we generalize the notion of p-factor operator
which is the basic notion of the so-called p-regularity theory for nonlinear
and degenerated operators. We prove a theorem related to a new con-
struction of p-factor operator. The obtained results are illustrated by an
example concerning nonlinear dynamical system.

1. Introduction

There are many situations where classical regularity conditions are not sat-
isfied. We call such situations degenerate and we often meet them in the field of
nonlinear differential equations or systems of equations. The paper concerns the
problem of solving of a nonlinear system of differential equations of the form

(1.1) &= f(u,x), z(0) = z(7),
where f € CP(R x R") — R™ and f(p,0) = 0. We will consider an equivalent

equation

(1.2) F(p,z) =& — f(p,z) =0

and apply to it the p-regularity theory.
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In the literature there are only a few applications of p-regularity theory to
dynamical systems. In paper [3], M. Buchner, J. Marsden, S. Schechter applied
the so-called Lyapunov—Schmidt procedure (which is similar to the construction
of p-factor operator) to some bifurcation problem of the form (1.1). The authors
proved a theorem about Andronov-Hopf bifurcation, which refers to periodic
solutions of system (1.1) with period near 27. They consider the case p = 2. For
p > 2, our application of p-regularity theory to dynamical system are quite new.
To this purpose we define the modified p-factor operator and search the periodic
solutions with period 27. This is more general result for the solutions existence
of the mappings which are not 2-regular.

Regular problems are usually given in the form

F(z)=0

where F' is a sufficiently smooth map between Banach spaces X and Y. If
a solution x* of this equation is regular, i.e. the operator F’(z*) is surjective,
then the above equation describes a regular submanifold of X near the point x*.

The p-regularity theory [4], [6]-[11] deals with irregular cases. In [11], it was
shown that the notions of nonlinearity and irregularity are strongly connected.
The main idea of our p-regularity construction is to replace the operator F’(z*)
(which is not surjective) with another linear operator (constructed by means of
the first and higher order derivatives) which is surjective. The latter operator is
denoted by ¥, (z*, h). Here the vector h belongs to the tangent cone to the set
{zx € X : F(z) = 0} at * and p is taken so large (if ever exists) that the operator
U, (z*, h) is turned out to be surjective (the so-called p-regularity condition). In
the next section, we will recall the main concepts of p-regularity theory.

We begin with some notation. Suppose X and Y are Banach spaces and
denote the space of all continuous linear operators from X to Y by £(X,Y).
Let p be a natural number and let B: X x ... x X (p-copies of X)— Y be
a continuous symmetric p-multilinear mapping. The p-form associated to B is
the map B[-]P: X — Y defined by B[z|’ = B(x,...,z) for x € X. Moreover,

for ¢ < p (see [1]). Alternatively we may simply view B[-]P as homogeneous
polynomial Q: X — Y of degree p, i.e. Q(ax) = o?Q(z). Throughout this
paper we assume that the mapping F': X — Y is continuously p-times Fréchet
differentiable on X and its pth order derivative at x € X will be denoted as
F®)(z) (a symmetric multilinear map of p copies of X to Y) and the associated
p-form, also called the pth order mapping, is

F® (z)[h]P = F®)(z)[h,...,h].
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We also use the notation
Ker? F®) (z) = {h e X : F®)()[h]P = 0}

and refer to it as the p-kernel of the pth order mapping. Note that this set is
a (non convex) closed cone.

The set M = M(z*) = {x € X : F(x) = F(2*) = 0} is called the solution set
for the mapping F. We call h a tangent vector to the set M C X at z* € M if
there exist £ > 0 and a function r: [0,¢] — X with the property that for ¢ € [0, ¢]
we have z* 4+ th + r(t) € M and ||r(t)|| = o(t). The set of all tangent vectors at
x* is called the tangent cone to M at z* and is denoted by T« M (see [6]). In
the regular case, the tangent cone to the solution set coincides with the kernel
of the first derivative of the map F. Recall the following theorem:

THEOREM 1.1 (Classical Lusternik Theorem). Let X and Y be the Banach
spaces and let the map F': X — 'Y be reqular at x* € X. Then

Ty« M = Ker F'(z").

The notion of regularity is generalized to the notion of so called p-regularity.

2. Elements of p-regularity theory

Assume that z* € U C X, U is a neighbourhood of the element z*. Let a
map F: U — Y be p-times Frechet differentiable in U and Im F’(z*) # Y (the
regularity condition does not hold). To define the notion of p-regularity, let us
first define the so called p-factor operator (see [6]). Assume that the space Y is
decomposed into a direct sum

(2.1) Y=Y16...86Y,

where Y7 = cl(Im F’(z*)) (the closure of the image of the first derivative of F'
evaluated at ©*) and the next spaces are defined as follows. Let Zs be a closed
complementary subspace to Y7, that is ¥ = Y; @ Z5 (we assume that such
a closed complement exists) and let Pz,: Y — Z be the projection operator
onto Zy along Y;. Let Ya = cl(spanIm Pz, F”(x*)[-]?) C Zs (the closed linear
span of the image of the quadratic map Pz, F”(x*)[-]?). More generally, define

(2.2) Y; = cl(spanIm Pz, FO (z*)[-]) C Zi, i=2,...,p—1,

where Z; is a closed complementary subspace to Y1 & ... ®Y;_1, ¢ = 2,...,p
with respect to Y, and Pz, : Y — Z; is the projection operator onto Z; along
Yi®...®Y;_1,1=2,...,p with respect to Y. Finally Y}, = Z,.

Now, let us define the following mappings

fi:U_>}/ti7 fz(x):HZF(x)7 z’:lu"wp?
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where II;: Y — Y} is the projection operator along Y1 ®...@Y;,_1®Y;11®... QY.
Then the mapping F' can be represented as

(2.3) F(z)= fi(z)+ ...+ fp(x),
or equivalently
F(z) = (fi(@), ..., fol2))-

Let us recall some important definitions of p-regularity theory for the further

considerations.

DEFINITION 2.1. The linear operator mapping X to Y
Uy (h) = Wp(a™, h) = fi(z") + ...+ fiP (@*)[A)
such that
Up(h)z = Uy(a*, )z = f{(z)z + ...+ fP (") WP '2, z€X,
is called p-factor operator.

Sometimes it is convenient to use the following equivalent definition of p-
factor operator:

U, (h) = Uy(a* h) = (fi(x%),..., [P (@) [h]P~)
= (I F'(z"), ..., I, F® (z*)[p]P~Y)

for h € X.
We say that F is completely degenerate at 2* up to the order p if F(*) (z*) =0,
i=1,....,p— 1.

REMARK 2.2. In the completely degenerate case the p-factor operator reduces
to F(®)(z*)[n]P~1.

REMARK 2.3. For each mapping f;, i = 2,...,p we have ([6, p. 145]):
(2.4) fP@ =0, k=1,...,i—1, foralli=2 ..., p.

REMARK 2.4. According to the Remark 2.3 the expressions

@ = ILFO @) R, =2, p

are i-factor operators corresponding to completely degenerate mappings f;. So
the general degeneration of F' can be reduced to the study of completely degen-
erated mappings f;.

DEFINITION 2.5. The p-kernel of the operator ¥, (h) is a set

H,y(a*) = Ker W, (h) = {h € X : W, (h)[h] = 0}
={heX: fi@)[h] +...+ fP(z*)[h]P = 0}.
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Note that the following relation holds
P
Ker?¥,(h) = { ﬂ Kerifi(z)(:c*)}.
i=1

Again, this set is a non convex closed cone. Furthermore, p-kernel of the operator
F®)(2*) in the completely degenerate case is a set

Ker? F®P) () = {h e X : F®) (z*)[h]P = 0}.

DEFINITION 2.6. A mapping F is called p-regular at z* along h if Im ¥, (h) =
Y (i.e. the operator ¥, (h) is surjective).

DEFINITION 2.7. A mapping F' is called p-reqular at x* if either it is p-regular
along every h € Hp(z*) \ {0} or H,(z*) = {0}.

The following theorem gives the description of the tangent cone to the solu-
tion set M in the degenerate case.

THEOREM 2.8 (Generalized Lusternik theorem, [6]). Let X and Y be the
Banach spaces and let the mapping F' € CP(X,Y) be p-reqular at x* € M. Then

Ty M = Hp(z™).
We conclude this section with lemmas which will be used later.

LEMMA 2.9. Let Ay,..., A, € L(X,Y),Y =Y16...8Y,. LetImI[ A, =Y,
where l: Y — Yy is a projection operator from the space Y onto Yy along
Y1®...@Yk,1@yk+1@...@yp, k:].,,p andH1A1 :Al. Then

p—1
(A +.. . +1,A)X =Y < (n,,Ap)( N KerHiAZ-) =Y,.
i=1

From this lemma we obtain:

COROLLARY 2.10. Under assumptions of Lemma 2.9, the following relations
hold:

k—1
Vi®...0 =LA +.. . +1LA)X < (HkAk)( ﬂ KerHiAi> =Y,
=1
fork=2... p.

Let X and Y be the Banach spaces. By the mapping ®: X — 2Y we
mean a multivalued mapping (multimapping) from X to the set of all subsets of
a space Y. Let p(z,y) = ||z — y|| be the distance between elements z and y in
a Banach space and let p(z, M) = inf{||z — z|| : z € M} be the distance from
element z to subset M in this space. By disty (A1, A2) = max{sup{p(z, A2) :
x € A1}, sup{p(x, A1) : © € As}} we denote the Hausdorff distance between sets
A; and As.
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LEMMA 2.11 (Multimapping contraction principle, [5]). Let Z be a Banach
space. Assume that a multimapping

®: Us(zo) — 27

on a ball Us(z0) = {2 : p(z,20) < €} C Z, (¢ > 0), where the sets ®(z) are
non-empty and closed for any z € Us(2p) is given. Further, assume that there
exists a number 6, 0 < 8 < 1, such that

(a) distgy (®(21), P(22)) < Op(z1,22) for any z1, 22 € Us(20),
(b) p(z0, ®(20)) < (1 —0)e.

Then, for every number €1 satisfying the inequality

p(z0,P(20)) < e1 < (1 —0)e,
there exists z € B., j1-9) = {w: p(w,20) < e1/(1 —0)} such that
(2.5) z € B(2).

Moreover, among the points satisfying (2.5), there exists a point z such that
2
p(z,20) < ml)(zo,@(zo))-

For a linear operator A: X — Y we denote by A™! its right inverse, that is
A~ Y — 2% which maps any element y € Y on its complete inverse image of
the mapping A, A~y = {z € X : Az = y}, and of course AA~! = Iy.

By the “norm” of such right inverse operator we mean the number

(2.6) A7 = sup inf{||z| : Az = y,z € X}.
lyll=1

Note, that if A is one-to-one, than ||A~!|| can be considered as the usual norm of
the element A~!. In our considerations, by A~! we shall mean just right inverse
multivalued operator with the norm defined by (2.6).

LEMMA 212, Let F: X =Y, y=y1+ ...+, €Y, Y =Y, 0...0Y,,
v €Y, i=1,...,p, ||h]| =1 and

HF (%) + M2 F" (@)[A] + .. + T, F@ (@) [RP 1 = ¢ < oo,

Then
{aaF' (%) + ... + apIl, F (@) [th]P =} yn + .- + )|

> 1 Y1 ptpil Yp )

where a; € R\ {0}, i=1,...,p, t #0.
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LEMMA 2.13 (Mean value theorem, [5]). Let X, Y be the Banach spaces, U
an open subset of the space X, [z,xz + A] a closed segment inU. If F: U - Y
and F € CY([z,x + A]), then for any A € L(X,Y) we have:

27) [Pz +A4) - F(z) - AA[| < sup |[F'(z +04) — A] - [|A]l.
0€[0,1]

LEMMA 2.14. Let X, Y be the vector spaces, B[-]P: X — Y be the ho-
mogeneous p-form defined on the space X associated to continuous, symmetric,
p-multilinear mapping B: X X ... x X (p copies of X) =Y and h € X. Then
the p-th derivative B®) of the mapping B[-]? is equal

(2.8) B [h]P = p!BIAP,
and
(2.9) BW [P~ = (p — HI(BIAP) .

The proof of this lemma follows from properties of homogeneous p-form.
3. Modification of p-factor operator and generalization of theorem
on tangent cone

3.1. The case of complete degeneration up to the order p — 1 and
modified p-factor operator. We will prove the following theorem:

THEOREM 3.1. Let F: U C X — Y, z* € U, F(z*) =0, F(z*) = 0 for
i=1,...,p—2, FP=Y(2*) £ 0, where p > 3. Assume that there exists h # 0,
such that

FED(@)[pp= =0, I, F® (z")[h]" =0,
0FW @A =0, TFE @)[hp =0,
I, q: Y—>}7p71 IT,: Y—>}7p{1,
where Y = ?p,l @ f’p{l and
Ypo1 = Im F®= D (2*)[h]P~2 C Y,_; = cl(span Im F®~Y (z*)[.]P71).

Let for such settled h there exists a number t # 0 such that the operator

U,(th): X =Y,
— — 1 1
= * = — (pil) * p—2 JE— (P) * p—1
U, (th) = U, (", th) = 2)!F (z*)[th] + - 1)!HpF (x™)[th)P~,
is surjection. Then
(3.1) h € T,-M.

REMARK 3.2. The surjectivity of p-factor operator @p(th) does not depend
on nonzero coefficients at its components.
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Before we prove the above theorem, let us illustrate it on a simple example.

EXAMPLE 3.3. Let F': R? — R be defined as follows:
(3.2) F(x) = z123 + 2ixs.
Note that for * = 0 we have F(0) = 0 and
F'(z) = (23 + 32320, 20125 + 23), F'(0) = (0,0),
F"(z) = ((6x122, 229 + 32%), (229 + 327, 221)), F"(0) = ((0,0),(0,0)),
F®(z) = (((622,621), (621,2)), ((621,2),(2,0))),
F™(0) = (((0,0),(0,2)), ((0,2),(2,0))).

Let us note that here and in the sequel we write matrices and tensors as simple
vectors of appropriate dimension.
We will point out 3-kernel Ker® F®)(0). Let h = (hy, hz). Then

3 (0)[h] = ((0,2h3), (2ha,2h1)),

FO(0)[A]* = (2h3, 4hohy),
FO(O0)[R)* = 6hih,

and hence

(3.3) Ker® F®)(0) = span{(1,0)} Uspan{(0,1)}.

Let us note, that 3-factor operator of the form
U3(h) = F"'(0)[h)?

considered on the element h; = (1,0) is not a surjection, because for every
element (z1,72) € R?, we have

U3((1,0)) (21, 22) = F"(0)(1,0)* (1, 22) = (0,0)(21,22) = 0,
i.e. Im W3((1,0)) = {0}. For element hy = (0,1) we obtain:
\113(0, 1)($1,£C2) = F//I(O)(O, 1)2(1'1, £CQ) = (2,0)(1’1, QCQ) = 2351,

and Im ¥3(0,1) = R.

Therefore the map F is 3-regular on the element hy = (0,1). Then it is not
3-regular on the element h; and thus we can not guarantee, that h; belongs to
the tangent cone ToM ().

Now, we proceed to the verification of the conditions of Theorem 3.1 for
mapping (3.2). Here we have p =4, F(0) =0, F'(0) =0, F”(0) =0, F""(0) £ 0

(1) Directly from the definition of map (3.2), we can see that the element h; belongs to
the tangent cone ToM, because F(thi) = 0, r(t) = 0. Generally it can be difficult to prove
that if F' is not p-regular on element h, then h belongs to the tangent cone. This is an open

problem.
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and for the vector b = h; = (1,0) the result is Y3 = ImF"/(0)[h]> = {0},
Y3H = R. Using this facts we define the following projections:

II3: R? — {0}, II3 =0, I,: R? 5 R, II, =1.
Now let us find:

FY(x) = ((((0,6),(6,0)), ((6,0), (0,0))), (((6,0). (0,0)),((0,0), (0,0))))

= F%(0),
FO (z) =0=F®(0),
F@(0)[h] = (((6h2,6Mh1), (611,0)), ((6h1,0), (0,0))),
FO(0)[R)* = ((12h1hs,6h3), (6h7,0)),
FW(0)[h)? = (18h2hy, 613),
FW0)[n]* = 24h3h,.

Using the forms this and the forms of projections defined above, we see that:
IFWO)R* =0, MFDO0) R = FD0)R*=0, IFO0)R° = 0.

We are now ready to describe the form of the modified 4-factor operator and
we will prove that it is a surjection on the vector A = (1,0). Note that

F30)[R]* = (0,0),  ILFW(0)[A? = (0,6).

Hence the modified 4-factor operator considered on the vector h = (1,0) has the

form:
(k) = HTLFD O = £(0.6) = (0,1) £ (0,0),

therefore, it is a surjection. Since all the assumptions of Theorem 3.1 are satisfied,
we have h = (1,0) € TyM.

Additionally we will prove that ToM = span{(1,0)} U span{(0,1)}. Note
that

heToM & 0+th+r(t) e Mo F(th+rt) =0, |r@t)] =o(t).

Hence we have

F(thy +11(t),thy + r2(1))
= (thy + ri(t))(the + r2(t))* + (thy 4+ r1(t))* (the + r2(t)) = 0.
The latter is equivalent to the identity
(thy + r1(t))(the 4 72(t)) (the + ro(t) + (thy +11(t))?) = 0

Since ||r1(t)|| = o(t) and ||r2(t)|] = o(t) we have hy = 0 and hy = 1 or hy = 0
and hy =1 or
the 4+ 12(t) = —(t*hT + 2thir(t) + ri(t)).
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Dividing the each sides of the last identity by ¢ and letting ¢ — 0 we obtain
he = 0, hy — arbitrary. Then ToM = span{(1,0)} Uspan{(0,1)}, that is, in the
presented example, 3-kernel of the map F' (see (3.3)) coincide with the tangent
cone at the point x* = 0.

3.2. Proof of Theorem 3.1.

PROOF. Let t # 0. Define a multivalued mapping ®: U(0,¢) — 2Y as follows
(3.4) ®(z) =2 — {U,(th)} 'F(z* +th+z) forallz € U(0,¢).

First we will prove that the mapping ® satisfies on U(0,¢e) the conditions of
multimapping contraction principle for € = @? where ¢ will be described later.
Let us recall that || ®(0)|| < et3, that is ||®(0)|| = O(¢3). It follows that:

12(0)] = Il = {¥p(th)} " (M F (2" + th) + I F (2" + th))]].

This and Lemma 2.12 imply:

(p—2)lcr . (p— Dy N
[@0)]| < ——=— -1 F(z* +th)|| + ———— I, F(z" +th)|.
tP tP
Expanding the expressions II, 1 F(z* 4+ th) and II,F(z* + th) in Taylor’s series
and by assumption we have:

—2)! —1)!
(3.5) () < L2 tpf; g L} tpff St = o

where ¢ = ((p —2)! + (p — 1)!)eq and
(3.6) [@(0) < 4det® =et?
for ¢ = 4c. Therefore ¢ = @3, which completes the proof that [|®(0)]| = O(3).
We next show that for all z1, 2o € U(0,t?) the following estimate holds
(3.7) disty (®(21), P(z2)) < 0|21 — 22|,
where 0 < 6 < 1, § = c3t, c3 > 0 is a constant independent of ¢.
First let us note that W, (th)®(z;) = ¥, (th)x; — F(z* + th+ x;) for i = 1,2.
Let z1 € ®(x1), 22 € ®(z2). Then we have:

distg (®(z1), (x2)) = inf{||z1 — 22| : z; € P(x;),i = 1,2}
‘I’p(th)‘l{[ LoD () ]2 (o, — o)

- inf{ (p—2)!
I, (F(z* +th+21) — F(z" +th+ xg))]

1 (P) (1 =1y _ o
| P e o~ )

—I,(F(z* +th+a1) — F(a® + th+ xz))} }H}
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Further, by the Lemma 2.12, we can give the following estimate

dista (@) 0(03)) < C= 20, (P +th+ 1) — Flo* +th +2)
O - 2! FO=D (@) [th]P =2 (1 — ) |
* @;7}1)!6 [T, (F(x* + th + 1) — F(z* 4 th + 3))
- (p%l)! L, F®) (&) [th)P~ (z1 — z2)|| = A + B,

where A and B stand for the first and the second components of the above sum
of the norms multiplied by scalars.

For components A and B we apply the mean value theorem, the Taylor’s
formula and Remark 2.3. Finally since |z < @2 the result is

C _9_ C _
A< (tplz P2 —tpf2 tP 1) 21 — @2

S (C1t2 + Cgt)Hl‘l — QSQH S 2d1tH{E1 — IQH = 91“171 - I2||7 91 = 2d1t
and

tP—
S (C3t + C4t2)||$1 — ,IQ” S 2d2t||171 — IQH = 92“931 - x2||7 92 - 2d2t,

B< (;31 2143 C41tp+1> |21 — 2o

because t € (0,9), where ¢ > 0 is sufficiently small.

Finally, taking 8 = 01405, we get: disty (®(z1), P(x2)) < A+B < 0||z1—1x2],
where 0 < 6 < 1 and € = dst. Therefore the mapping ® is a contraction on
U(0,ct?).

According to multivalued contraction principle (Lemma 2.11) we will next
prove, that o(0,®(0)) = [|®(0)| < (1 — 0)e, where § = dst, ¢ = ¢t3, ¢ = 4c for t
sufficiently small.

We can take § = dst < 1/2. This inequality is equivalent to 1 < 2(1 — dst).
This and the inequality |[|®(0)|| < ct3 < 4et? (see (3.5), (3.6)) imply:

[2(0)] < ct® < 2(1 — dst)et® < (1 — dst)det® = (1 — O)e.

For zg = 0, the multivalued contraction principle implies that there exists
an element z = 7(t) such that ||r(¢)|| < (2/(1 — 6))[|®(0)]| < 4[|®(0)|| = 16¢t? or
lr(®)|| = o(t) and r(t) € ®(r(t)). Then r(t) is a fixed point of the mapping ®.
Hence 0 € {—{W,(th)} ' F(z* + th+r(t))}. Thus we get F(z* +th+r(t)) =0
and ||r(¢)|| = o(t) or h € Ty,» M and this finishes the proof (?). O

(?) Under the assumptions of theorem 3.1 we obtained t3 (precisely O(t3)) as the rank of
tangency. This result is much finer then o(t). Probably the assumptions of theorem could be

weakened but then we obtain a rougher rank of tangency o(t).
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3.3. The case of general degeneration. Now we generalize the Theo-
rem 3.1 on the case of general degeneration. Assume that the space Y is the
following direct sum:

Y=Y10Y 1 ®Yo®Y31 DY30D Y1 DYao...BYp_1,1 DYp_12DY,,
Yo Y3 Yy Yp—1

where, for some h,

Y1 =ImF'(z*),

Y21 :ImP(yl)LFH((E*)[hL Yv21 @ }/22 = Y27
Y2 @ Va1 =Im Py, gy P (27) B, Y31 ® Y3z = Y3,
}/32 ® }/41 :ImP(Yl@---@Yiil)J‘F(él) (x*)[h]?)’ }/211 ©® }/212 = Y47

Yy 22®Y, 11 :ImP(Yl@...@yp,g,l)LF(pil)(z*)[h]p%, Y 110Y12 =Y, 1,

Y, 120Y, :Imp(yl@...@yp,l,l)iF(p) (z*)[h]P!

and Y; is defined in (2.2) for i = 2,...,p.
Define the corresponding projection operators as follows:

M:Y - Y,

Il =1ls1: Y — Yoq,
I3 =2 ® 1I31: Y — Yoo @ Y3, Ipo: Y — Yoo, II31:Y — Y3,
Iy =Tl32 ®1M41: Y — Y32 ® Yy, M32: Y — Y32, 41:Y — Y,

I, 1 =1y 02, 11:Y =Y, 202®Y,_1,1,

I, 22:Y =Y, 29, I,_11: Y = Y, 11,
Hp =1, 12 @Up1: Y =Y, 1@ Y),
Hp,LQZ Y —» Ypfl’g, Hp,I: Y —» Yp.

Under the above assumptions, we formulate the next theorem:

THEOREM 3.4. Let F € CPTY(X)Y), F(z*) = 0, p > 3 and assume that
there exists h # 0 such that

F/((,C*)[h] 207 H1F//($*)[h]2 :0
L P (z*)[h]? = 0, o P (a*)[h)* = 0,
3P (2*)[h)° = 0, 3 P (2)[h]* = 0,

I, FP= (@) [P~ =0, M, F® (27)[h]? =0,
HpF(p) (z*)[h]P = 0, HPF(p+1)(m*)[h]p+l —0.
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Let, for the above settled h and some t # 0, the modified p-factor operator
U,(th): X =Y,

T, (th) =T, (2", th) = F'(z*) + T F" (z*)[th] + %Hg,F”’(x*)[th]Q
1
(p—2)!

1 D * p—1
+ anﬂ ) (@) [th]P~1,

be surjection. Then

1
+ ST FW (@) [th)? + ... + I, FP=Y () [th]P~2

3!

(3.9) h € Ty M.

The proof of Theorem 3.4 is similar to the proof of Theorem 3.1.

3.4. Applications of theorems on modified p-factor operator to non-
linear dynamics.

ExampLE 3.5. Consider the following nonlinear dynamical system of ordi-
nary differential equations:

iy — 9 + pz? + (V10/3)pa — pdzy = 0,

(3.10) ) ) 5 s
To + 1 + prs — plre — pxs =0,

subject to the conditions x1(0) = x1(27), x2(0) = x2(27), where u € R is the
parameter. Therefore we are looking for periodic solutions with settled period.
We will show that the assumptions of theorem 3.4 are fulfilled for the vector

V10

(3.11) h= :I:T,cost,—sint .
for this problem. We first consider a reduced form of the system (3.10), that is:

i — @9 + pa? 4+ (vV10/3)pa? = 0,

(3.12) _ ) 5
To + 1 + prs — pre =0,

subject to the above conditions x1(0) = x1(27), 22(0) = z2(27).
To analyze the structure of solutions of system (3.12), we write it in the form

(3.13) F(p,x1,20) = (&1 —2o+pai+(vV10/3) px?, Botry+puri—pdas) =0,

where F': R x C?(R,R?) — C(R,R?) and z1(0) = z1(27), 22(0) = z2(27).
Note that z* = (0,0,0) is a trivial solution. Let us describe the kernel of

first derivative

d d
Ker F(0,0,0) = {(,u,xl,xQ) €ER xC2 (R,R?): % —x9 =0, % +a = 0}’
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where C3_(R, R?) denotes the space of 2r-periodic functions from R to R? of the
class C2. In other words, we must solve a system of equations, which we can

d X1 0 -1
— 4+ L =0 here Lg =
(dt+ 0>{$2] e o {1 0]

with settled above boundary conditions. Thus we have

write as

d
(3.14) Ker F'(0,0,0) = R x Ker(dt + L0> = R X span(¢1, ¢2),
where
cost sint
o= ] wa s 20]
—sint cost

Observe also that ¢] = —¢2 and ¢ = ¢;.
Now we define the space Y7 = Im(d/dt + Lg). Define the adjoint operator

d - d . d T
<dt+L0> ——%‘FLO—_a—FLO-

Let us choose the basis {11, 92} of the space Ker(d/dt+ Lg)* using the conditions
,(/)i = _wQa ¢/2 = ¢1 and <w7,7 ¢]> = 6ij7 where

27
(9, h) = / (9(r), h(r)) dr

and (g(7),h(7)) is a standard scalar vector product in R?. Since
2m 2m 2m
/ cos’rdr = / sin® rdr =, / sin7cosTdr =0,
0 0 0
we put ’l/)l = ¢1/(27’(’), wg = (,252/(27'() and

(3.15) Ker(jt + L0> = span(11,12) = span(¢1, p2) = Ker(jt + Lo).

d d *\ L
Y :Im(dt—l—L0> = (Ker(dt +LO) )

— {g € Cor(R,R?) : /OQW(g(T),@) dr =0, i = 1,2},

Finally,

where Ca, (R, R?) denotes the space of 27-periodic, continuous functions from R
to R2.

Let h € Ker F’(0,0,0). Hence F’(0,0,0)[h] = 0 and next F"(0,0,0) = 0,
F"(0,0,0)[h] =0, F"(0,0,0)[h]? = 0.

Let us observe that for the projections II;: Y — Y7 and II; = Io1: Y — Yo
the relations

I, F"(0,0,0)[r)> =0,  TI,F"(0,0,0)[h)> =0
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evidently hold. Moreover, let us note that Yo; = Im Py, F(0,0,0)[h] = {0},
Yo1 @ Yoo = {0} @ Yoo = Y5. This implies that ITo = 0. We have also:

Yoo @ Y1 = Yo @ Y31 = Im Py, gy, ) F77(0,0,0)[h]* = Im Py, F"(0,0,0)[h]*.

In the next step, it must be Y3, @ Y3y = Y3. Note that for h = [hy, hy,, he,] We

have
F"'(0,0,0)[h]* = ((2R2,,4hyha,,0), (2h2,,0,4h,h,,)),
F"'(0,0,0)[h]*> = (6h,hZ ,6h,h2.).

xry?

Now, let us compute Im Py, F(0,0,0)[h 2. To this end according to Corol-
lary 2.10 for elements [e, u1, us] € Ker F’(0,0,0), we obtain:

(3.16) Py, F"(0,0,0)[h]*[e, ur, uo]

27
= ¢ /O [(2h2 € + 4R, hy,ur) cos T + (2h2 € + 4hyhy,us)(—sinT)] dr

27
+ &9 / (202 € + 4R, hy wy) sinT + (2h2 e + 4y, hg,us)(cos T)] dT.
0

Now substitution h,, = acosT + bsint, hy, = —asinT + bcos7T and u; =
ccosT +dsinT, ug = —csinT + d cos T give the following form of formula (3.16):
(3.17) Py~ F"(0,0,0)[h]*[e, u1, up] = 0.

Then Y22 D }/31 = Y2 D Y31 = ImP(yl)LF’”(O,O,O)[h]Q = {0} Since H2 =
M1 Y — Yo = {0} we have II;F"(0,0,0)[h]? = 0 and also note that

II3 =1l ®Il31: Y > Yoo B Y3 =Yo P Y3 = {0}
Thus we obtain II3 = 0 and II3F"(0,0,0)[h]?> = 0. We also have
ImIIsF"(0,0,0)[h])* = {0} and TIsF™*(0,0,0)[A]* = 0.

Let us compute the fourth derivative of the mapping F' and consequently we
obtain F4(0,0,0) = F® (u, 21, 22) and

F¥(0,0,0)[n]* = ((2V10h2,,6V10h,h2 ,0), (—18h2hy,,0, —6R3)),

1
- 3!((\/;0}121 ,V10h,h2 o) ,(=3h2hg, 0, —hi)),

10 ,
(3.18) F™(0,0,0)[h]* = (8V/10h,h3 ,—24h3h,,) = 4! (\ghuhil,hjhxz).
Note that

(3.19) Iy =13 P Ils1: Y = Y3 B Yy,
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but Y32@Ys = Im Py, gy, @ vasave )~ £ (0,0,0)[h]? = Im Py, F*)(0,0,0)[R]3,
because Yo; = {0} and Y @ Y3; = {0}. Since F®(0,0,0) = 0 we have
Iy = Py,)+. Hence

I, F*(0,0,0)[h]* = Py, F*(0,0,0)[r]*

2
=& / [8V/10h,,(acos T + bsinT)? cos 7 — 24hi(—a sinT + bcosT)(—sinT)] dr
0

2
+ ¢ / [8V/10h,(acos T + bsinT)®sin T — 24hi(fa sin T 4 bcosT) cos 7] dr.
0

Now from the condition IT; (4 (0,0, 0)[h]* = 0 (see (3.8)) we obtain the equation
8\/ﬁh#37r/4 — 24hf17r =0fora =1and b = 0. From this we conclude that
h,, = £+v/10/2 and the vector h can be chosen as (3.11).

Then we check if the mapping T4 F(4(0,0,0)[h]? is a surjection on a settled
element h. The Lemma 2.9 shows that for the element [, u1, us] € Ker F’(0,0,0)
and for the element h = [h, he, , hy,| We have:

IL,F™(0,0,0)[h%[e, 1, us] = Py,y F™(0,0,0)[A]*[e, ur, us]

2
= / [(2V10eh3, + 6V10h,h2 uy) cos T + (—18h%hg,e — 6h3ug)(—sinT)] dr
0

2
+ @2 / [(2@6/121 + 6\/ﬁhuhilu1) sinT + (—18hih$25 - 6]’);,:1“2) cos 7] dr.
0

It is sufficient to substitute the element & (3.11) and €, u; = ccos T +dsin 7,uy =

—csinT 4 dcos T into above equation for receiving a dependence

cv/10
2

I, F™(0,0,0)[2)*[e, u1, ug] = 377@( —ex )¢1 =pp1, peER

Then the mapping IT,F*)(0,0,0)[h]* on the given element A is not a surjection
and the projection 11y = Pyli = Il pange,}- Moreover, the modified 4-regularity
does not hold for the system (3.12). However above calculations considerably
make easier the next ones.

Therefore let us come back to the system (3.10), and write it as follows:

Fp, a1, 22) = (&1 — 22 + pat + (V10/3)p}
— pPwy, kg + 1 + pay — pPay — pal) =0,

where F': R x C?(R,R?) — C(R,R?) and z1(0) = z1(27), 22(0) = z2(27).
Continuing in the same way (see (3.19)), we conclude that IIy = II3o @
II4: Y — Y35 ® Yy and

Y30 @Yy =Im P(Y1€BY21€BY22EBY31)J‘F(4) (0,0, 0)[h]3
= T Py FO(0,0,0)[4] = spanf6n],
because Y2; = {0} and Yas @ Y31 = {0}.
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Moreover, F()(0,0,0) =0, F©®)(0,0,0)[h]° = 0 and
Yo ® Y51 =Im P(Yl@Yzl@yn@ygl@yw@nlwF(S) (0,0,0)[]*
= Im Py, gepanfsr )~ F(0,0,0)[R]* = {0}.

Since Il5: Y — Yy @ Y5 = {0} we have II5 = 0 and II;F®)(0,0,0)[h]® = 0,
M5 F©)(0,0,0)[h]® = 0. Then

Yaz ® Y6 = I Py, 0v3, 0 Yas 0V 0Vea0vi 0Yasavan)~ F0 (0, 0,0)[A)°
= Im Py, gspansr )~ F @ (0,0,0)[h]°
= Im Pypangs,} (0,0, 0)[R]°.
Continuing, we could find a form of F(%)(0,0,0)[h]°. Let us write
F9(0,0,0)[1] = 6![=h) ey, —hyuhl ),
where h = [h,, ha, , hy,] and B[h]® = [=h)h,,, —h,h3,]. Note that (Lemma 2.14)
BO[h]® = F©(0,0,0)[h]® = 5/(B[h]°)’
= 51((=5hhg,, —h3,0), (—h3

5.0, =Bh,hi ).
From this we obtain
F(0,0,0)[h)°[e, u1, uz] = 5/(=5hhaye — Rour, —hS, e — Shy,hs us)

and
Pspan{¢2}F(6) (Oa Oa 0) [h]5 [5’ Uy, u2]
27
= 5lgy /0 [(—5hihx1£ - hiul) sin7 + (—h3,e — bhyhi us) cos 7] dr.

Next we substitute the element h (3.11), €, u; = ccosT + dsinT and uy =
—csinT 4+ dcos T to the above equation and this implies a following result:

Propan{o) F9(0,0,0)[R]°[e, ur, us) = qpa, q € R.

This shows that Yso @ Y5 = span{¢2} and a projection Ilg: Y — Y52 @& Y5 is
described by Ig = Hypan{ést = Prpan{eot- Then Hipanie, (9 (0,0,0)[h]°
Papan{éo} F©(0)[R]° is a surjection along the vector h.

REMARK 3.6. Note that the modified 6-factor operator has the form:
WG(E) :EG«O, 0, 0)75)
1 — 1 —
=F'(0,0,0) + §H4F(4)(0, 0,0)[A)® + 5H6F<6) (0,0,0)[R]°

1 — 1 —
= F/(Oa Oa 0) + gnspan{qﬁl}Fu) (Oa 07 O)[h]3 + EHspan{qﬁz}F(G) (Oa Oa O)[h}B
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If [e,u1, uz] € Ker F'(0,0,0) then

1
U (h)[e, u1,uz] = F'(0,0,0)[e, u1,us] + §H4F(4) (0,0,0)[A]3[e, uq, us]

cv/10

1 _
=T F©(0,0,0) [P [, u, us] = g\/ﬁ(—g +

Sdm
“a

i.e. the modified 6-factor operator is a surjection along the vector h onto the

)¢2 :ﬁgbl +6¢27 5766R

space Y;- and consequently, by the Lemma 2.9, onto the space Y.

Let us remark also that Hspan{¢2}F(6)(0, 0,0)[h]% = 0. Of course
I FM(0,0,0)[h]" = Mepanteny 7 (0,0,0)[h]7 = 0,

which is clear from F(7)(0,0,0) = 0.

We verified all assumptions of the theorem on modified p-factor operator.
Hence the element h = [++v/10/2,cost, —sint] belongs to the tangent cone
T(0,0,00M. Therefore the theorem guarantees the existence of the solutions of
system (3.10) for each p # 0. The following theorem allows to find these solu-

tions.

THEOREM 3.7. For sufficiently small p € (—e¢,€) the system (3.10) has two
(trivial and nontrivial) solutions of the form:

4

z(p) = (1,0,0),  Z(w) = (i @u, prcost, —p Sint> +7(w),
where ||r(p)|| = o(u).
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