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DERIVATIONS OF
A RESTRICTED WEYL TYPE ALGEBRA I

SEUL HEE CHOI AND KI-BONG NAM

ABSTRACT. Several authors find all the derivations of an
algebra [1, 3, 6]. For two (non)associative algebras A; and
Ag; if the additive group Der (A1) of all the derivations of Ay
and the additive group Der (Az) of all the derivations of Ag
are not isomorphic, then the two (non)associative algebras are
nonisomorphic as algebras [5]. A Weyl type nonassociative
algebra and its sub-algebra are defined in the papers [2, 3,
9]. We find all the derivations of the nonassociative algebra

W No,0,s; in this paper [4].

1. Introduction. Generally, there is an infinite dimensional simple
algebra with an outer derivation. Thus, it is an interesting problem
to find all the derivations of an infinite dimensional (non)associative
algebra [2]. The Weyl type nonassociative algebras are defined in
the papers [3, 11]. All the derivations of the restricted Weyl type
nonassociative algebras W Ny o1, and W Ny g 2, are found in the papers
[1, 2]. In this paper, we find all the derivations of the restricted Weyl
type nonassociative algebras W Ny o s,. We show that Der (W Ny .5, ) is
(s?+s)-dimensional. The nonassociative algebra W Ny,0,s, contains the
matrix ring M,(F), and we show that Der (M,(F)) is s*>-dimensional
2, 4].

2. Preliminaries. Let F be a field of characteristic zero (not
necessarily algebraically closed). Throughout this paper, N and
Z will denote the nonnegative integers and the integers, respec-
tively. Let F[z1,... ,Zm+s] be the polynomial ring with the variables
Zly.-. s Tmts- Let g1,...,gn be given polynomials in Flz1, ... , Zms)-
For n,m,s € N, let us define the commutative, associative F-algebra
Fy oms=Fleto ... ,eig",xfl, cesxEl T1, o o Tmys) in the for-
mal power series ring F[[z1, ... ,Z;y+s]] which is called a stable algebra
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in the paper [7] with the standard basis

Alyeve yQpyllyee. yUm € Z,

im+1, . aim—i-s S N}

(1) B={emoteoeminap ooty

and with the obvious addition and the multiplication [3, 7, 10, 12, 13|
where we take g1,... , gn so that B is the standard basis of Fy, p, s. Oy,
1 < w < m+s denotes the usual partial derivative with respect to x,, on
an,m s. For partial derivatives O,...,0, of Fy m s, the composition
0Ju o...00J of them is denoted &= - -9l where j,,...,j, € N. Let
us deﬁne the vector space WN (gn,m, s) over F which is spanned by
the standard basis

(2) {ealgl P ea’"gnxil .. IZ"H'S@JU' P 6JU |

m-+s-u
ea’lgl ...ea‘"g"I .o ,Lm+s & B
1 m+s
Juse-sJv €Ny 1 <u,...,v<m+ s}

Thus, we can dene the multiplication * on WN(g,,m, s) as follows:

) i )
(3) e®1191 . .. ealngnxlln .. nllr;rsaJu af)u
) ; )
x %2191 ... eazngnxlln . nir;rs 8]h . 820“’
— W19 ... g8ngn it g lmts gl
=e e?tnIn g} T, ol
v (02191 .., g02nn izl ., pi2mbsyain | gi
8vu (6 e-" nml m+s )6 8ww
. > /L .
for any basis elements 1191 ... g¥ndngitt ... g 17 Giu ... §Iv and
) 12,M+S j
L A F ,fl;j 87" -9l € WN(gn,m, s).

Thus, we can define the Weyl-type nonassociative algebra W Ny, s
with the multiplication * in (3) and with the set WN(g,,m, s) [9, 10,
11]. For r € N, let us define the restricted Weyl type nonassociative
subalgebra W Ny, m s, of the nonassociative algebra W Ny, s spanned
by

(4) {en9r...ndngir. .. Z"Lf Blu ... 9w |

a1 |, @nfn it i
e emIngy zy € B,

JuseoesJo €ENy Ju+--+jy <r, 1 <wu,...,v <m+s}.
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For any basis element €9t ---e®9ngit - gz Q) --- 0] of W Ngp s,
let us define the degree deg,(e®9t ... e%nIngl ... gt dIu ... 9Iv) of x,

as i, and the total degree degso;(e?191 + - - en9ngit - - gl 9w ... 9iv) of
eI ... endngll ... pls@lu ... §lv as iy +---+i,. Thus, for any element
l of WNy, s, we define deg,.(I) of x, as the highest degree of z, in
the basis terms of | and degiot(l) as the highest total degree of basis
terms of [. It is well known that the nonassociative algebra W Ny, m s
is simple, even though it has the right annihilator [6, 8]. For any
element of [ of WNy, s, an element I, respectively Iz, is the right,
respectively left, identity of [ if [ % [; = [, respectively Iz x [ = .

3. Derivations of W Ny s,.

Lemma 1. For any derivation D of the nonassociative algebra
W Noo,3,, then we have that

% . % . i—1
D(QZlal) = (1 — z)a170,0w181 — lbLo,oaﬁl 33261
. i—1 . i—1
— 1€1,0,0T1 1‘381 + Zd170701‘1 (91

i i
+ a2,0,02102 + as,0,02703

D(x302) = (1 — §)ba0,02hd2 — jeao 0l “x30s
- ja270,0m1x§182 + jh2,0,0$§7132

J J
+ b1,0,02501 + b3 002503

D(xgag) = (1 - k)03,0’0x§83 - ka370,0x1m§7183
- kb3,0,0$2$§7133 + k93,0,0$§7133

k k
+ ¢1,0,00301 + €2,0,00302

where a1,0,0,---,h2,00 € F.

Proof. Let D be the derivation in the lemma. Since 0; is in the
annihilator of itself, we have that

(5) D(01) =Y anijzhaldn + > as;@5230: + Y agwsz}0s

4,520 4,520 4,520
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where Q15,025,035 € F,:,7>0. Since 05 is in the left annihilator
of 01, by (5), we have that,

_ . i—1_7 - i—1_7
82*D(61)— E 101 4,7 To $301+E 1024, To $362

i>1 i>1
720 Jj>0
. 1
+ E Za31i7]'.1'12 .1%03 =0.
i>1
Jj=>0

This implies a1,;,; = az,,j = as;; = 0,7 > 1, j > 0. So we have that

(6) D((?l) = Z CLLO’jI‘éal + Z a/2707j.’17§62 + Za3707jIg63.

720 =0 =0

Since 03 is in the left annihilator of 9y, by (6), we have that

O3 * D(al) = Zjalyo’j$g7181 + Zja270’j1‘§7182

j>1 j>1
E : j=lg _

+ J1a3,0,; T3 03 = 0.
j>1

This implies aj0,; = a20,; = as3o,; = 0, 7 > 1. We have that
D(01) = ) ,00,000a where aqoo € F; 1 < a < 3. Similarly,
we have that D(02) = > 5bp,0,00s and D(93) = > 5¢p,0,00s where
b5,0,0,¢v,00 €F, 1 <5, v < 3. Since z10; is a right identity of 0;, we
have that 01 * D(2101) = a2,0,002 + a3,0,003. This implies

(7) D(Ilal) = a27070x1(92 + a37070x1(93 + Z du,jxémgal
4,j>0
+ Y dogjabalde+ Y dijwhados
1,520 ,j>0
where dy; j,d2;,5,dss; € F, ¢,7 > 0. Since 0, is in the left annihilator
of 2101, by (7), we have that

§ : i—1_7 § : i—1_7
b1707081+ Zd17i7jI2 x381+ ZdZ,i,ij I362
i>1 i>1
720 720
. i—1_7 _
+ E zd37i7jx2 I383—0.
i>1
Jj=20
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This implies that d17170 = 7[)17070, d1717j = 0, j 2 ]., dl,i,j = 0, ) Z 2,
j>0,and dg;; = d3;; =0,7>1, 5 >0 We have the following
identity

(8)

D(mlal) = az,o,ol‘laz + a3,0,0$133 - b1,0,0$231

+ Y dio @i+ ) dao@ids + ) dyowds.

j=20 =20 j=0

Since 03 is in the left annihilator of z101, by (8), we have that

01707081 + ZjdLO’j:Egilal + Zjd2707jxg7182 + Zjd3707jxg7183 =0.
j>1 jz1 §>1

Therefore, c1,0,0 = —d1,0,1 and dy,0,; = 0 hold for j > 2 and da,; =
d3,0,; = 0 holds for j > 1. We have that

D(xz101) = a2,0,02102 + a3,0,0103 — b1,0,02201
— ¢1,0,0301 + d1,0,001 + d2,0,002 + d3,0,003.

Since z10; is an idempotent, we have that
D(x101) = —b1,0,02201 — ¢1,0,02301 + d1,0,001 + a2,0,02102 + a3.0,0210s.

By D(al *m%@l) = 2D(I181), we have that 2@1707()%181 +81 *D(m%@l) =
2(—b1,0,02201 — c1,0,02301 + di1,0,001 + a2,0,02102 + azppr103). This
implies that 61 * D(Z%al) = 2(—1)1’0701}201 — 6170,037301 + d1107061 -
a1,070m181 + a2,070m102 + (1370,037183). We have that

2 2 2 2
D(xi01) = —a1,0,02701 + a2,0,02702 + a3,0,02703
— 2b1,0,0212201 — 2¢1,0,0212301 + 2d1,0,02101

| ot d R |
+ E :Ulﬂ,axﬂsal + E :v2727]x2x3(92 + E :U3727]5”2$333a

4,520 4,520 4,520

where vy ; j,v24 5,03, € F, ¢,57 > 0. Since 0> is in the left annihilator
of £20;, we have that

PSR, - . =1 s =109
E w4, jxy 501 + E tvg i jxy 502 + E w3, iy w303 = 0.
i>1 i>1 i>1
>0 >0 >0
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We have that Vi,i,j = V24,5 = U3,4,5 = 0, ) 2 ]., ] 2 0 and
() 2 2 2 2
D(zi01) = —a1,0,02701 + a2,0,02702 + a3,0,02703
— 2b1,0,0717201 — 2¢1,0,0T12301 + 2d1,0,02' 01
+ ) 0107500+ Y va 07505 + Y vs 07505
j=0 j=>0 7>0
Since 03 is in the left annihilator of x20;, by (9) we have that
. i—1 . j—1 . j—1
D1 JV1,0,55 7 01 + 3055 20,523 02 + D s juso ey O3 = 0.
This implies that U1,0,7 = V2,0, = V3,0, = 0, ] 2 1. We have that
(10)
D(2361) = —a1,0,02301 — 2b1,0,0T17201 — 2¢1,0,0717301 + 2d1,0,07101

2 2
+ a2,0,02702 + a3,0,0703 + v1,0,001 + v2,0,002 + v3,0,003.

Since x,0; is in the right identity of 230;, by (10) we have that

D(z30:) = —ay,0,02301 — 2by1 00712201 — 2¢1,0,0T12301 + 2d1,0,07101 +
U1’07061 +a2,010x%82 +a3,0,0x%63. By z10; *w%(‘)l = 2$%81, we have that
(11)

D(2301) = —ay,0,02701 — 2b1,0,0T17201 — 2¢1,0,0717301 + 2d1 007101

+ 02,0,033352 + aa,o,owfaz-
By D(z%0; * 2201) = 2D(z30) and (11), we have that
D(ac‘i’@l) = —2&170’01‘?81 — 3b1’070$%$281 — 30170’01‘51‘381 + 3d170701‘%81
+ a27070x?32 + CL37070I?83.
For the equation D(z710y x 220,) = 2D(40;), by using induction on
i of 2401, we can prove that
D(leal) = (]. - i)a170’01‘§81 - ib170’0$171$281 - iCl70701‘§711‘381
+idy .02} 01 + ag0,02i 02 + az g o7t Os.

We have the similar formulas of D(48,) and D(z8s) in the lemma.
This completes the proof of the lemma. ]

Lemma 2. For any derivation D of the nonassociative algebra

WNo,0,3, »

D(»ﬁaz) = *61,0,053132 + b2,0,0$132 - b1,0,0$232 - 01,0,033332
+di,0,002 + b1,0,0101 + b3,0,02103
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D(l‘las) = —61,0,01‘133 + c3,0,0l‘183 - b1,0,01‘283 - c1,0,030383
+dy,0,003 + €1,0,02101 + €2,0,07102

D(l‘231) = a1,0,0$281 - b2,0,0$231 - az,o,ol‘lal - 02,0,01‘331

+ h2,0,001 + a2,0,0%202 + a3,0,07203

D(l‘233) = —62,0,01‘133 - 02,0,01‘383 - b2,0,01‘283 + c3,0,030283

+ h2,0,003 + €1,0,02201 + €2,0,02202

D(l‘sal) = —a3,0,01‘181 - b3,0,01‘231 + al,o,ol‘sal - 03,0,030331

+ 93,0001 + a2,0,02302 + az 002303

D(l‘saz) = —as,o,ol‘laz + b2,0,01‘332 - b3,0,01‘232 - 03,0,030332

+ 93,0002 + b1,9,02301 + b3,0,02303

hold with appropriate scalars.

Proof. Let D be the derivation in the lemma. By Lemma 1 and
D(01%x102) = D(02), we have that 01 *D(2102) = —a1,0,002+b2,0,002+
b1,0,001 + b3,0,003. So
(12)

D(z102) = —a1,0,02102 + b2,0,07102 + b1,0,02101 + b3,0,02103

+ Z tlymxéméal + Z t2’i7]‘$§$‘;82 + Z t3,,-7j:v§m§83

4,520 4,520 4,520

where tl,i,jatQ,i,j;tS,i,j eF;i,5>0. Since 05 is in the left annihilator
of 10, we have that
(13)
D(x102) = —a1,0,02102+b2,0,02102+b1,0,02101 +b3 0,02103 —b1,0,02202
+ ) t07h00+ Y ta0750 + Y ts 07505,

j>0 j>0 7>0
Since 03 is in the left annihilator of z105, we have that

. j—1 . -1
€1,0,002 + E JtiejT3 O+ E :Jt2,0,jm3 92
jz1 j=1

+ th;;’o,jwé_lag =0.

jz21
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This implies that t27071 = —C1,0,0 and t2707j =0 hOld, ] Z 2, and
t1,0,j = t3,0,; = 0 holds, 7 > 2. We have that
(14)

D(z102) = —a1,0,02102 + b2,0,02102 + b1,0,02101 + b3,0,02103
— b1,0,08202 — €1,0,07302 + t1,0,001 + t2,0,002 + t3,0,003.

Since 10, is a left identity of 102, we have that

D($132) = —al,o,oﬂUlaQ + b2,0,0$162 - b1,0,0$262 - C1,0,0»’5362
+ d1,0,002 4 b1,0,02101 + b3,0,02103.

We have the similar formulas of D(x103), D(2201), D(2203), D(x30:)
and D(z302) in the lemma. This completes the proof of the lemma.
]

Lemma 3. For any derivation D of the nonassociative algebra
W No,o0,3, 5

2 2
D($1$281) = —62,0,01‘181 - bl,o,omzal - b2,0,0$1$231 - 01,0,0302»’0331
— ¢2,0,0212301 + d10,02201 + h20,07101

+ a2,0,0012202 + as3,0,0¢12203

(15)
2 2
D(z12301) = —a3,0,02701 — b1,0,0222301 — b3 9 012201 — €1,0,02301
— ¢3,0,0012301 + d1,0,02301 + 93,0,0101

+ a2,0,0T12302 + a3,0,0T12303

D(zox301) = a1,0,0222301 — a2,0,0212301 — a3,0,0212201 — b2,0,0222301
- b3,0,0$331 - Cz,o,omg,al - C3,0,0$21‘331 + h2,0,0$381
+ g3,0,0201 + a2,0,0C22302 + a3 0 022303
hold with appropriate scalars. We have the similar formulas of
D(z12205), D(z12302), D(x22302), D(x12203), D(z1x303) and
D(z2x30s) as (15).

Proof. Let D be the derivation in the lemma. By Lemma 1 and
D((?l *legal) = D(Igal), we have that (a1707081 +a27070(92 +CL3707063) ES
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12901 + 01 * D(w12201) = D(2201). By Lemma 2, we have that

a1,0,02201 + a2,0,02101 + 01 * D(x12201)
= a1,0,0$231 - 52,0,0552(91 - a2,0,0$131 - 02,0,030331

+ h2,0,001 + a2,0,0%202 + as3,0,0C203.

Therefore, we have that
(16)
2

D(l‘lwzal) = —b2,0,0$1$231 - az,o,ol‘lal - C2,0,093130331

+ ho,0,02101 + a2,0,0212202 + asz,0, 012203

i, i, [
+ > rrigahaidi + Y 1o whald + Y | ra i whThos,
1,520 1,520 1,520

where T1,i,5572,4,5573,i,5 € F, ’L,_] Z 0. By 82 * xlwgé)l = Ilal and (16),
we have that

. R g D | i1, SR £ Y
X@ﬂﬁ,z,gmz x301 + E 19,4,y X300 + E 13,4, jT5 X303
j=0 i>1 i>1
j=0 j=0

= —2b1,0,00201 — ¢1,0,02301 + d1,0,001.

This 1mphes that r1,2,0 = —b17070, T1,1,1 = —C1,0,0 and r1,1,0 = d170’0
hold. We have that r1;; =0,7>2,712,;=0,j>1,715;=0,72>2,
j2>0,and ro;; =r3;;=0,7i>1, 7 >0 hold. We have that
(17)
D(ﬂclwzal) = —51,0,01‘331 - 52,0,01‘1»’0281 - a2,0,0$%81 - c1,0,0932»7«‘331
— €2,0,0212301 + d1,0,07201 + h 007101 + a2,0,0%12202

J J
+ as,0,0z12203 + E 71,0,;T301 + E 72,0, 302
j=>0 j=>0

E J
+ 7’370,3-:17383.

=20

Since 03 is in the left annihilator of z;250;, by Lemma 1 and (17), we
have that

erl,o,jwé_lfh + ZjT'Q,O,jl'g_162 + ers,o,jwé_las =0.

j=21 jz21 j=21
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Then 71,0, = 72,0,j = 73,0, = 0, ] Z 1. This implies that
(18)
D($1$231) = *171,0,055%31 - 52,0,055130231 - 02,0,053%31
— ¢1,0,0%22301 — €20, 012301 + d1,0,0C201
+ h2,0,02101 + a2,0,0212202 + a3,0,0212203
+71,0,001 + 1r2,0,002 + 73,0,003.

Since x10; is a left identity of z;x202, we have that

2 2
D(z12201) = —a2,0,02701 — b1,0,02501 — b2,0,0212201
- C1,0,093230381 - 02,0,01‘1»’6331 + dl,o,ol‘zal

+ h2,0,02101 + a2,0,0212202 + a3 0,0T12203.
Similarly, we also have that

2
D(z12301) = —as,0,02701 — b1,0,0222301 — b3 0 0212201
2
- C1,0,03’5381 - c3,0,0931»7«‘3(91 + d1,0,0$331
+ 93,0,00101 + a2.0,0x12302 + a0 0z12305.
By Lemma 1, Lemma 2, and D(0 * zox301) = D(230:), we have that
(19)
D($2$361) = a1,0,0$2fv331 - a3,0,0331fl7281 - b2,0,0$2$361
2
— b3,0,02501 — €3,0,0222301 + g3,0,0T201
+ a2,0,0222302 + a3 p 022303 + E (BRREAT 210!
2,520
E ol od E ot
+ u2717]x1w362 + u37117m1x383
i,7>0 1,520

where wuq ; j,u2, j,us:; € F, 1,7 > 0. Since 0; is in the left annihilator
of zox30;, by Lemma 1 and (19), we also have that

. =17 . =17
g Uy 5,571 x381+§ tug i jx] 2502
i>1 i>1
Jj20 j20
E ; i—-1,79 _
+ U345, 33383 = 7@2707033381.

i>1
jz0
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This implies that u; 1,1 = —ag,,0 holds. We have that u; ; ; =0, j > 2,
Urs; =0,4>2,5>0,and ug;; =us;; =0,7>1,5>0. We have
that

(20)
D($2$331) = a1,0,0$2$331 - 02,0,01‘130331 - a3,0,0$1$231
— b0 0T22301 — b3 007301 — 300722301
+ 93,0,0201 + a2,0,0T22302 + as.0, 022303

j j j
+) w0740 + > uzp ks + Y us 0 w05,

720 =0 >0

By D(05 * xox301) = D(x201), by Lemma 2 and (20), we can prove
that
(21)
D($2$331) = a1,0,0$2I331 - 02,0,030153331 - 03,0,033155231
— b2.0,0T22301 — b3,0,0T501 — C2,0,07301 — €3,0,072730;
+ 93,0,00201 + h2,0,02301 + a2,0,0227302

+ a3,0,0222303 + u1,0,001 + U2,0,002 + u3,0,003.
Since x205 is a left identity of zox30;, we have that

D(zox301) = a1,0,0222301 — a2,0,0%12301 — a3,0,0212201
- b2,0,0$2$331 - b3,0,01‘§31 - 02,0,030%31
— ¢3,0,0C22301 + h2 002301 + 93002201

+ a2,0,0x22302 + as,0,02x305.

We have the similar formulas of D(z12202), D(z12302), D(z22302),
D(z12203), D(z12305) and D(zex305) as (15). Therefore, we have
proven the lemma. ]

Lemma 4. For any derivation D of the nonassoctative algebra
W Ny,o,3, and for any basis element w?x&”x’g@u, 1<u <3, of WiNyo,3,,
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then we have that

(22) D(aVz3 517381)
= (1 —-n)aro0zf mg‘x’?fal — mbgyg,ox’fw;”mlgal — k03,070m?a:§”$§81

+ ndl,oygx’fflmgla:g(?l + mhzo,om?m’;*lw’;al + kgg,oyox’fw;”mlgflal

— ma2 o 0$1+1$;n71$§61 — k:a370,0m7f+

— nblyo’owli Qﬁgl+1$k81 — kbg,oyoaﬁl a?;n+1 k= 16

-1
rakh1o,

n— k+1 —1, k+1
— nC1,0,027] wz x3 01 —me20,02rXy a:3 01

n m .k
+ a,0,07} T T 02 + a3 0,07] T 503,

where a;,0,0,b:,0,0,Ci,00 € F, 1 <1 <3, and dy,0,0, h2,0,0,93,00 € F. We
have the similar formulas of D(z]} m382) and D(zhxTx503) as (22).

Proof. Let D be the derivation in the lemma. By Lemma 1 and
D(0; * z1xox301) = D(x2230:1), we have that 0y * D(zize2301) =
—2a2,0,0T12301 — €2,0,0T301 — 2a3,0,0T12201 — b2,0,0T2T301 — b3,0,0T301 —
€3,0,0222301 + h2,0,02301 + g3,0,0¢201 4+ a2,0,0T22302 + a3 0,0022303. This
implies that

(23) D(z1z27301)
= —a2,0,007301 — a3,0,007201 — b2,0,0T1223301 — b3 00212501
— €2,0,0217501 — €3,0,071%22301 + h2,0,0T12301 + g3,0,0T17201
+ a2,0,01222302 + a3,0,071 222303 + Z 511,575 T01
720

i g i,
+ Z 52,i,j L3230z + Z $3,i,j 52303,

4,520 4,520

where sy, S2,ij, 834 € F, i,j > 0. By D(02 * z1222301) =
D(zy230,), we have that

P 2 T A R S
g 81,4, j@y 501 + g 1594 jxy x50z + g 1834 jxy 2503
i>1 i>1 i>1
j=>0 j=0 j=0

2
= —2b1,0,0T22301 — ¢1,0,02301 + d1,0,02301.
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So we have that
(24)
D(z1222301) = —a2,0,0732301 — a3,0,0717201 — b1,0,0757301
— b2.0,0T1T22301 — b3,0,0T17501 — €1,0,0T2730;
- Cz,o,ol‘ll‘gal - 03,0,01‘17«‘256331 + d1,0,0$21‘331
+ haoor12301 + g3,0 012201 + a2,0,0T1L22302

+a3,070x1m2x383+ E 51’07]'3,‘%814‘ E 8270’j$‘§82
320 =0

+ Z 8370,3':17%83.
j=0
By D(05 * z1252301) = D(21220;) and (24), we have that
(25)
D(z1222301) = —02,0,073 7301 — a3,0,071T201 — b19,0752301
— b2,0,0T1T22301 — b3 0,0T12301 — €1,0,0T2T501
— €2,0,0212301 — €3,0,0T1T22301 + dy,0,0T27301
+ ha0,0T12301 + g3,0,0T1T201 + a2,0,0T1222302
+ a3 0,0C1222303 + 51,0,001 + 52,0,002 + 53,0,003.
Since x; 0 is a left identity of 2y z9230;, by Lemma 1 and (25), we have
that
(26)
D(z1m22301) = —a2,0,0072301 — a3 0,0270201 — by0,025730,
— b2.0,0T1Z22301 — b3,0,0T12501 — C1,0,0T27301
- 02,0,01‘17«%31 - 03,0,01‘133230331 + d1,0,0$2$331
+ ho,0,0212301 + g3,0,0C12201 + a2,0,0T1L22302
+ a3,0,0x1222303.
By D(2}0y * x1x22301) = D(2x22301), Lemma 1 and (26), we have
that
(27)
D(m?xga:g(?l) = (1 —n)a17070x?w2m381 —a2,070x?+1x381 —a370,0$?+1x281
— nbl,oyom?flmga:g@l — bg,oyox?wgﬁfgal — b3’070$?$§61
- n01’0’0$?711‘2$361 - 02’0’01‘?33%81 - Cgpyol‘?%zﬂ)g@l
+ ndy 0,02 w2301 + ho o T T301 + g3.0,07T 7201

n n
+ a2,0,0x7T20302 + a3,0,0%7 T22303.
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By D(25'05 * 2ta22301) = D(2] 25 230;), Lemma 1 and (27), we have
that

n,m
(28) D(ztzFz30)
=(1 n,.m 8 n+1 -1 8 n+1 ma
— ( - n)a1 0,0L1 Ty 301 — MaA20,0Tq 2 301 — a3.0,0r1 To 01
n—1_m+1 m n_m+1
— nb1 ,0,021 372 117381 — ’I’I’ng,o oml To 117381 — b37070£l?1 To 81
n,,m—1_2 n,,m
—ncioory wz w381 — MC2,0,0L] Ty 2301 — C3,0,0T] Ty 301
n—1 m—1 n,.m
+ nd17070x1 To :Egal + mh27070x1 332 I381 + 937070I1 To 81

n,..m n._.m
+ az,0,0cT 2y €302 + asp 0 Ty 303

By D(zk0s * 27T x30,) = D(z}xTx50,), Lemma 1 and (28), we have
that

n,_m_k
(29) D(27z3'z301)
k k k
=(1- n)a17070x§‘m’2"x381 — mby g ozl xy 501 — kes0x] xh 2501
n— m—1 k: k—1
+ ndy 0,027 Lym ;v3 ko, + mhg o027 T 301 + kgs002Tay'e; O

n+1 n+1
— Masz, 0,07, LL‘2 81 - k?ag 0 0371

n— m+1 m+1 k 1
— nb1,070x1 LL‘2 61 - kb370’0$1 Ty 8

n— k+1 n,. . m—1 k+1
— NC1,0,0%] ;vz x3 01 —mce20,0T] Ty O1

-1
s 1o,

k
+ a27070x?:v2 33382 + 037070$?$3’LI 383
Similarly, we can prove that
n,m_,k
D(ztayxh8:) = —nay g0zt as0s + (1 — m)by g ozt zh 0,

n—1_m_k
- kC37070$1 Ty I362 + nd17070m1 To £E382

n, m—1_k n,m, k—1
+ mhogoziTy T (92+kg300x1:v2 xy O

n+1l_m— n+1 —1
— mMaz0,0T, 332 62 — ka3 0 ()Il 372 533 a2
+1 -1 m, . k+1
— kbgooxlmz 82 - 710100331 I2 Zg 82
— k+1 n— m+1
— mce2,0,0ZT Ty :v3 Oy — nb17070x1 (92

n,m_k n,m_k
+ bl,(),()xl Ty a:381 + b37070£l?1 To x383
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n,.m, .k n,.m .k n,.m .k
D(ztzy'xz505) = —nayp0z] Ty €505 — mbag ozt zy'® 83
n, m_k
+ (]. — k)037070$1 To I383 + nd17070x1 I2 33383

n, m—1_k n -1
+ mh27070x1 Tq I333 + kgg 0,01 I2 83

n+1 +1
7ma200I1 63 7ka300I1

m+1 k
- 7’Lb17070$1 I2 83 - kbg 0, OIILE

-1
i 10,
m+1 k 18

— ncl7070w7f x5 w3+183 — mea 0,027 Ty ! k+13

n
+ €1,0,0%1 T4 a:381 + 6270,0$1 To 37382

s (29). This completes the proof of the lemma. o

Note 1. For any basis element x7'z5225%0,, 1 <u < 3, of WNO 0,315
we define F-maps D,, 1 < v <3, Dy, 1 <v # w < 3, and Dy,
1< v <3, of WNNy .3, as follows:

D, (27 x5225°0y) = (0u,0 — no)x] 2522520, for 1<wv <3,

1
Dy (2 252252 0,) = —nyaie Tl T etk 0, + 6,y @ 252 253 Oy,

for 1<v#w<3, k¢ {v,w}

Dy (27252232 0,,) = nvxﬁ”_lxzkxzwau,
for 1<v<3 and 1<k#w<3, wv¢/{kw}

where 0, is Kronecker delta. The F-maps D,, 1 < v < 3, Dy,
1 <v#w<3, and Doy, 1 < v <3, of WNy,3, can be linearly
extended to nonassociative algebra derivations of W Ny g 3, .

Theorem 1. The additive group Der (W Ny 3,) of the nonas-
sociative algebra W Ny 3, s spanned by D,, 1 < v < 3, Dy,
1<v#w<3, and Dy, 1 < v < 3, which are defined in Note 1 and
which are inner [4].

Proof. By Lemma 4 and Note 1, any derivation D of W Ny 3, can
be written as a linear sum of D,, 1 < v <3, Dy, 1 <v # w < 3,
and Dg4,, 1 < v < 3, which are defined in Note 1. This completes the
proof of the theorem. |

Note 2. For any z7'zy* -+ 2320y, 1 <u < s, of WNg g s,, we define
F-maps Dy, , D24, of WNy s, as follows:
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D, (z7 x5 - 252 0u) = (Oupno)zitay? - xh®0y, for 1<v<s

Dy (21 25?2 O)

_ _nwxin . ny+1 | Ny —1, Nwt1

Nn,+1 n
v ‘/L-v+1 ..ww mw+1 ...wssau

v
+ 0y oty i 0y, forl<vF#Fw<s

n,—1
v

N,+1 n
mvf"’_l DR Sau

ny , n2 n _ ny
D,y (2] 25? ---20°0,) = nyxl* - - x h

(30)
for 1<v<s.

Then the F-maps Di,...,Ds, Dyy, 1 < v # w < s, Dg2y,, 1 <
v < s, can be linearly extended to nonassociative algebra derivations
of WN070751 .

Theorem 2. The additive group Der (WNys,) of the nonas-
sociative algebra W Ny s, is spanned by D,, 1 < u < 5, Dy,
1<v#w<s, and Dg2y,, 1 <v < s, which are defined in Note 2.

Proof. Let D be any derivation Der (WNps,). For any element
xf}qa,, of WNy0,s,, it is easy to prove that

(31) D@y =Y b

1<t<s

(32) D(x;‘q&,) = Qgw (5(17“ — nq)xgqav + bq,unqxgqflav
+ (l - 6w7q)cq7w7unqmgqflxwau
1<w<s
3 (1= 8) g ed.
1<t<s

Without loss of generality, we may assume that at least one of ¢,
1 <t < s, is nonzero with appropriate scalars. For any basis element
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zyt - 2220, of WNyos,, let us put the following formula:
(33)
D(z7* - 20#0,) = Z at (00 —m)xyt -2y 0,

1<t<s
nt 1_mneq1 n
+ E bewned ™ - xyt a2l 0,
1<t<s
§ : ny+1,,Mrt1
+ Cr,t,v ntxl . er xr+1
1<r#t<s

ng—1_ Nttt n ni n
Ty w0 Oy + Gy eyt - (0 Oy)

with appropriate scalars. By (31) and (32), we know that D holds
(31), (32) and (33) for Oy, 1 < u < s, and z4°9,, 1 < ¢, v < s.
Thanks to Theorem 3.3 in [1], Theorem 1 in [2], and Theorem 1, for
any basis element of W Ny o,1,, WNo,0,2,, and WNy3,, D holds (30)
appropriately. Thus, by induction on s of W Ny s,, we assume that
the theorem holds for W Ny ¢ s—1,. This implies that by (31), (32) and
(33), we can assume that the theorem holds for any z7*---z7+0, of
W Ny 9,5, such that deg (o (1" - - - 2722 0,) € N by induction on the total
degree of x7* - - - 270, and a fixed positive integer ns. We take a basis
element :Ul Looogtet19, such that degs(w;” <z T19,) = ng + 1. By

D0zt -+ s"t19,) = (ng+1)D(a}* - - 27 6 ) D(z}* -z, *
T,0,) = D(z7*---2"719,) and by appropriate inductions, we can
prove that D(x]*---z7=719,) holds (30) routinely where 1 < w < s
and w < v. Thus, we can prove that D is the sum of derivations
in Note 2 and let us omit the remaining steps of its proof because of
routine calculations. o

Corollary 1. If s1 # s2, then the nonassociative algebras W Ny o s,1
and Wiy o,s,1 are not isomorphic to each other as nonassociative
algebras.

Proof. By Theorem 2, the dimension of Der (W Ny os,1) is st + s1
and the dimension of Der (WNyos,1) is s3 + s2. Thus, there is no
isomorphism between them. This completes the proof of the corollary.
O



1830 SEUL HEE CHOI AND KI-BONG NAM

WNy,s, is Lie-admissible with respect to its commutator [1, 4.
There is an s* dimensional simple subalgebra A2 in W Ny g s, spanned
by {40, | 1 < u,v < s} which is isomorphic to the matrix ring M, (F).
By Theorem 1 we know that, for any derivation D of W Ny s, the
restriction D ‘As2 of D to A,2 is a derivation of A2 which is inner, i.e.,
Der (M,(F)) is spanned by the restrictions D, |4, of Dy, 1 <u <'s,
and D, 4, |AS2 of Dyw, 1 <v#w< s, of WNg s, which are defined
in Note 2 [4].
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