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ON THE MULTILINEAR
GENERALIZATIONS OF THE CONCEPT
OF ABSOLUTELY SUMMING OPERATORS

ERHAN CALISKAN AND DANIEL M. PELLEGRINO

ABSTRACT. In this paper we investigate the several multi-
linear generalizations of the concept of absolutely summing
operators and their connections. We also introduce the con-
cept of p semi-integral mappings and establish the position of
p semi-integral mappings with respect to the other classes.

1. Introduction and notation. The core of the theory of
absolutely summing operators lies in the ideas of A. Grothendieck
in the 1950s. Further work of Pietsch [23] and Lindenstrauss and
Pelczynski [9] clarified Grothendieck’s insights, and nowadays the ideal
of absolutely summing operators is a central topic of investigation.
For details on absolutely summing operators we refer to the book by
Diestel-Jarchow-Tonge [7].

A natural question is how to extend the concept of absolutely sum-
ming operators to multilinear mappings and polynomials. A first
light in this direction is the work by Alencar-Matos [1], where several
classes of multilinear mappings between Banach spaces were investi-
gated. Since then, just concerning the idea of lifting the ideal of ab-
solutely summing operators to polynomials and multilinear mappings,
several concepts have appeared and so far none of the definitions pro-
posed appears as clearly better or more useful than the rest. However,
there seems to be no effort in the direction of comparing all these dif-
ferent classes. The aim of this paper is to investigate the connections
between these classes, to introduce the class of p semi-integral map-
pings and to establish the position of p semi-integral mappings with
respect to the other concepts.
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Throughout this paper the letters E, E1,...,E,,G1,... ,G, F, Fy
represent Banach spaces, the symbol K represents the field of all scalars
(complex or real), and IN denotes the set of all positive integers. Given
a natural number n > 2, the Banach space of all continuous n-linear
mappings from F; X --- x E, into F' endowed with the sup norm
will be denoted by L(E1,...,E,.;F). For i = 1,...,n, we denote
by O L(Ey,... En F) — L(E; L(Ey, [, E,; F)) the canonical
isometric isomorphism
U () (@) (21

i ) =T (x1,... ,2Tp),

where [l means that the ith coordinate is not involved.

For p > 0, the linear space of all sequences (7;)32; in E such that
()52 llp = (3252, llz;[IP)/P < oo is denoted by I,(E). We represent
by 1)(E) the linear space of the sequences (z;)52; in E such that
(¢(w;))32, € I, for every continuous linear functional ¢ : F — K
and define [y in 12(E) by [(2)52 ]l = uppc, (055 -
If p = oo we are restricted to the case of bounded sequences and in
loo(E) we use the sup norm. One can verify that ||.||,, respectively
[-lw,p> is @ p-norm in I, (E), respectively I)(E), for p < 1 and a norm
in I, (E), respectively I,/ (E), for p > 1.

If K is a Hausdorff compact topological space, C(K) denotes the
Banach space, under the supremum norm, of all continuous functions
on K.

We begin by presenting the several classes of multilinear mappings
related to the concept of absolutely summing operators:
oelfp >1, T € L(Ey,...,Ey; F) is said to be p-dominated (T €
Lap(Er,...,E,; F)) if there exist C > 0 and regular probability
measures ji; on the Borel o-algebras B(B ) of B B endowed with the
J

weak star topologies o(E}, E;), j = 1,... ,n, such that

n 1/p
7ol <CIT| [ lotel du o)

j=1"4"Bg
for every z; € FE; and j = 1,...,n. It is well known that
T € L(Ey,...,E,; F) is p-dominated if and only if there exist Ba-
nach spaces Gf,...,Gy, absolutely p-summing linear operators u; €
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L(E;; G;) and a continuous n-linear mapping R € L£(G1,... ,Gy; F) so
that T'= Ro (u1,... ,Up).

oelfp>1,T € L(E1,...,Ey; F) is of absolutely p-summing type
(T € Has|(Ery. .., En; F)) if \I/§") (T) is absolutely p-summing for
every j € {1,...,n}.

olfp>1,T € L(E,...,E,; F)ispsemi-integral (T' € Lg; p(En,. ..,
E,; F)) if there exist C' > 0 and a regular probability measure p on
the Borel o—algebra B(Bpg; X -+ x Bp; ) of Bg; X -+ X Bp, endowed
with the product of the weak star topologies o(E], E;), l = 1,...,n,
such that

(1T (21, ... x)l

1/p
< c( / r() - e dulr, .. 7%))
BEll ><~--><BE41

for every z; € E; and j = 1,... ,n. The infimum of the C defines a

norm ||.|| si,p for the space of p semi-integral mappings.

olfp>1,T:E x---x E, — Fis fully, or multiple, p-summing if
there exists C' > 0 such that

o] 1/p n
(X i) <o T,
Jiseeesin=1 k=1
for every (xg-k));‘;l € ly(Ex), k = 1,...,n. The space of all fully p-
summing n-linear mappings from F; x - -- x E,, into F' will be denoted
by Liasp(Er,. .., Ey; F), and the infimum of the C' for which the in-
equality always holds defines a norm ||| fas,p for £es p(En, ... , En; F).
e If p > 1, T € L(Ey,...,Ey; F) is strongly p-summing (T €
Lsasp(En, ..., En; F)) if there exists C' > 0 and a regular probability
measure g on the Borel o-algebra B(Br(g,.... g,:k)) of Bz(g,.... E.K)
with the weak star topology such that

1/p
(21, ... )] < c(/B 6(z1, .. ,xn)|”du(¢)>
L(Ey,... ,En;K)

for every z; € Ejand j=1,... ,n.
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elfp qgi,....qn >0,T € L(E,...,E,; F) is absolutely (p; q1,. - ., qn)-
summing, or (p;q1, ... ,Qn)-summing, at the point (a1,...,a,) in Ey X
--- X E,, when

(T(ar+ 2tV an +28) = Tar,... ,an))32, € L(F)

for every (mg-s))oo € Iy (E), s = 1,...,n. In the case that T

j=1
is (p;qi1,-..,qn)-summing at every (ai,...,a,) € E; x --- x E,
we say that T is (p;qi,...,q,)-summing everywhere. Notation:
Lo tpar.. 7%)(E1, vy Eny Fyor LG (B, .. B F)ifp=q=--- =
qn-

o If 1/p < 1/¢1 + -+ 4+ 1/qy, and T is (p;qu,. .. , qn)-Summing
at (0,...,0) € Ey x --- x E,, we say that T is (p;q1,-.-,qn)-
summing, and we write T € Lospqy,....q0) (E1, -+ s En; F).  When
p=q = = g, we write Lg5,(E1,...,Ep; F). It is well known
that [,d’p(El, oy By F) = [,as((p/n)_’p’”_’p)(El, ... ,En;F).

Except perhaps for the concept of p semi-integral mappings, all of
the above concepts are well known and individually investigated. The
p semi-integral mappings were introduced in [18] motivated by the
work of Alencar-Matos [1]. Dominated mappings were first explored
by Schneider [24] and Matos [11] and more recently in [3, 5, 14,
16]. Multilinear mappings of absolutely summing type are motivated
by abstract methods of creating ideals and are explored in [18]. The
ideal of fully summing multilinear mappings was introduced by Matos
[12] and investigated by Souza [25] in her doctoral thesis under his
supervision. It was also independently introduced by Bombal et al.
(with a different name “multiple summing”) and developed in [2, 22].
The ideal of strongly summing multilinear mappings was introduced
by Dimant [8] and the concept of absolutely summing multilinear
mappings appears firstly in Alencar-Matos [1], Matos [11] and have
been vastly studied (we mention [13, 16-19, 22|, for example). In
the next section we investigate the class of p semi-integral mappings
and in the last section we study the connections between the classes
previously introduced.

2. p semi-integral mappings. We begin with a characterization of
p semi-integral mappings that will be useful in the subsequent section.
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Theorem 1. T € Ly ,(E1,...,E.; F) if and only if there exists
C > 0 such that

m 1/P
(Z T (1, .- 7$n,j)|p>
j=1
m 1/p
< C( sup Z lo1(z1,5) - -~80n(xn,j)|p)
j=1

@LGBEszl,m o

for every m € N, x;; € Ep withl =1,...,nand j = 1,...,m.
Moreover, the infimum of the C in (2.1) is || T sip-

Proof. If T is p semi-integral, it is not hard to obtain (2.1). Con-
versely, suppose that (2.1) holds. The proof follows the idea of the case
p=11in [1]. Define

oIy :{fEO(BE/ Xoeee XBE/)‘f<Cip}.

o'y =co{f € C(Bg; x - x Bp); there are z; € By, [ =1,...,n,
so that || T(z1,. .. xn)|| =1 and flo1,- o on) = lp1(xr) - p(zn)|P}
where co {.} denotes the convex hull. Let us show that I'; N Ty = ¢.

If h € Ty, then h = 377" | ajfj, a; >0, 377 a;j =1 and

filpr, s 0n) = [p1(z1j) - n(Tn;)|

for every ¢; € B B By hypothesis we have

||h||—< sup Zm Py ) «w",mp)

tPlGBE/,l:L..

m

Z VPP T (2 5, )P = CP,

Hence h ¢ T'y. By the Hahn-Banach separation theorem, there exist
A >0 and
1/) S C(BEi X - X BE;)/

so that ||¢] =1 and
(f) <A <(g)
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for every f € I';, g € T'5. Since each f < 0 belongs to I'y, we
have ¥(mf) < A for every m € N. Thus ¢(f) < 0 and ¢ is a
positive functional and thus, by the Riesz representation theorem, there
exists a regular probability measure u, defined on the Borel sets of
BEi X X BE;1 so that

B(f) = /B g

Defining f,, by fm = C~P —(1/m), we have f,, € 'y for every m € N.
Thus

1
/ fmdu=C"P—— <\ forevery m,
BEQX'”XBE% m

and hence A > C~P. Therefore, if |T(z1,...,z,)|| = 1, defining
flo1, .oy 0n) = |e1(z1) - - (x,)|P, we have f € 'y and

(2.2) / Fdu=(f) > O =CP|T(ar,... ,2,)]
BEQX”'XBE;L
ie.,

cr [ 1) o) du = [T(an, .. )l
BEi ><-~~><BE;”

and, since ||T(z1,... ,zy)| = 1, we obtain

1/p
1T el < c(/ |@1<x1>---¢<xn>|”du) .
BE; X“‘XBE;L

If | T(z1,... ,2,)| # 0, it suffices to replace z1 by z1||T (21, ... ,2,)|| 7!

in (2.2), and we deduce

1/p
||T<x1,...,mn>||sc(/ |¢1<x1>-~-¢<xn>|pdu) . D
BE;X“'XBE;L
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The preceding theorem has various straightforward consequences
whose proof we omit:

Proposition 1. (i) (Ideal property). If T € Lg ,(Enr,... ,En; F),
Ap € L(Dg;Er), k = 1,...,n, and S € L(F;G), then SoT o
(Ay,...,A,) is p semi-integral and

ISoT o (A1, s A)llsip < ISHIT Nsip [T I AkI-
k=1

(i) If T € Lgp(Er,...,Ep;F) and i : F — Fy is an isometric
embedding, then ||io Tlsip = ||T | sip-

(i) If L(E1,... ,En; F) =L p(En, ... ,Ep; F), then

L(Ej,...E;;F)=Lsip(E;,...E; F),

for every j1,..., 5k in {1,... ,n} with j. # js forr #s.
For r > 1 we have the following characterization of r semi-integral

mappings defined in C'(K;) x -+ x C(K,,) whose proof is based on an
argument used in [1].

Theorem 2. Let Ki,...,K, be Hausdorff compact topological
spaces. If T € L(C(K1),...,C(K,); F) and r > 1, then the following
conditions are equivalent:

(i) T is r semi-integral.

(ii) There exist C > 0 and a reqular probability measure p on the
Borel o—algebra B(Ky x --- x K,,) of K1 X -+-x K,, such that
1/r
<o [ 1hG) el duten o)
Kix---xXKy

for every f € C(K;) withl=1,... ,n.
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(iii) There exist D > 0 such that

m

1/r
(Z 1T (. 7fn,j)||’”>

j=1

m 1/r
SD< sup Z|f1,j<x1>---fn,j<xn>7“)
Jj=1

z€K,l=1,... ,n . —
for every m e N, fi; € C(K;) withl=1,... ,nandj=1,... ,m.

Proof. A modification on the proof of Theorem 1 shows the equiva-
lence between (ii) and (iii). Hence we only need to prove the equiva-

lence between (i) and (iii), which follows from Theorem 1 and from the
identity

m

sup Z“Pl(fld)"'@n(fn,j)lr

PLEBo(k,;)Hl=1,...m =1

m

= sup > [ frg(@n) e (@)l

:ClEKl,lZL... ,N j=1

for every f;; € C(K;) withl=1,...,n,j=1,...,m, and m € N.
Note that, for z; € K;, I =1,... ,n, we have

m m

Z |frg(@1) - frj(@n)]” = Z |0y (f1,5) =+ + 62 (fr )"

j=1 j=1
where 0, € Bo(k,y is given by d.,(f) = f(x1), for every f € C(K)),

l=1,...,n. Hence

i eK,l=1,...,n

sup Y [fu@n) e fag (@)l
j=1

< sup Z|<P1(f1,j)""ﬂn(fn7j)‘r~
j=1

A,OZGBC(K”/,Z:L... Mmoo
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Now we show the converse. We have

m

Z lo1(f1,5) - on(fn)l"

j=1
m
= S Z|s01 Frg) - en(fa )" N1 (Frg) - onlfag)
RV (Eikwlﬁ] ~wxmmr1ﬁd®-~®ﬂw>
r—1
<lor® sl p, HD #1(f15) + @nlfad) I 15 © - @ fus
< sy Sl ()@ a0 o o)
‘/\l 1,2, €K;,l=1,... ,n j:1

< suwp Z\@1(]’1,;')‘"¢n(fn,j)|’“71|f1,j($1)"'fn,j(fn)|

€K, l=1,...,n j=1

m p— (r—=1)/r
< sup (Z lo1(f1)on(fa )1 )
Jj=1

€K l=1,... ,n

X (é | f1j(@1) - f"xj(ﬂ?n)|’“) 1/r

Hence,

m 1—(r—1/7)
(Z|w1<f1,j>-~-son<fn,j>7")
J=1
m 1/r
< sw (Z|f1,j(:c1)---fn,j<xn>|r),
j=1

i eKy,l=1,...,n

and the proof is done. ]

3. Connections between the different classes. Recall that
an n-linear mapping 7T is said to be completely continuous if it takes
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sequences weakly converging to zero into sequences norm converging
to zero. It is well known that every absolutely p-summing operator
is weakly compact and completely continuous. So, a natural question
is to ask whether their multilinear generalizations still preserve these
properties.

Concerning completely continuous mappings, it is not hard to prove
that every p semi-integral mapping is completely continuous. On
the other hand, contrary to the linear case, the absolutely sum-
ming (and strongly summing) multilinear mappings are not completely
continuous, in general. For example, T : lo x lo — K given by
T((z5)32q, (y;)521) = Z;i1 x;y; is absolutely 1-summing and strongly
2-summing but fails to be completely continuous.

In this section we will obtain certain connections between the different
classes investigated in this paper and apply our results to give an
alternative direct answer for a question (concerning weak compactness
for strongly summing mappings) posed by Dimant [8] and recently
answered in Carando-Dimant [6].

Theorem 3. Let E and F be Banach spaces. Then

(1) [Has(p)](nE; F) = Eas(p;p,oo,.., ,00) (nE7 F) n---N Eas(p;oo,... ,00,p) X
("E: F).

(il) If T € Laip(Er, ..., Ep: F), then U"(T) € Losp(EiL(Ey, 1,
E,;F)) and \Ifgn)(T)(x) is p semi-integral for every x in E;.
(ili) Lap("E; F) C Lip("E; F) C [Hagp)|("E3 F).
(iv) Lsip("E; F) C Lanp("E; F).
(V) Laip("E; F) C Lyasp("E; F) C L ("E; F) C Loy ("3 F).

(Vi) Lsip("E; F) C Lsgs p("E; F).

se n = 3 is illustrative. If T € [ 5] (°E; F) and

Proof. (i) The ca
Ly (E), (Y;)721 € loo(E), (24)721 € loo(E) are nonidentically

(zj)521 €
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null, we have

(inﬂxj,yj’zj)np)
NSRS

1/p

. p\ 1/p
G wr )
=t w5l 152l

J
0o p 1/p
<l el (X e )

< Hw&smuw lwill ezl e,

and thus T' € Lis(pip,00,00) (3E; F). The other cases are similar. The
converse is not difficult.

(ii) Let T € L p(E1,...,E,; F). Fix a natural number i €
{1,...,n} and let z; € E;, j = 1,...,m. For ¢ > 0, there exist

Zr; € B, k=1, .[?].,n such that

n n i €
[T (@) < (1WHT) () (@5, 2w )P+ -

Hence
Z 15 (T) ()]
<e+ Z W3 (T) () (1,5, 2 5) 1P

(4]
<e+|TIE,  swp Y lei(x)en(@)pnlan)

(PlEBEl/,lil,...,’n _
m
<e+ HTIISM, sup > leila)IP
€B,.,
Since € is arbitrary, we have

ZH\I/" Y@)IP < NTN% )7l -
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Hence \IJZ(»") (T) € Lasp(Ei L(E1, . B, F)) for every i =1,... ,n.

Now we show that \I/E")(T)(x) is p semi-integral for every z € E;,
i=1,...,n. Since

m . 1/17
7]
<||T||sz-,p||x|( sup Z|so1<x1,j>--~son<xn,j>|p),

p1€Bg1=1,1n j=1
l

we get || € (T)(@)|lsip < IT]lsipll2ll, for every z € By, i =1,... .

(iii) The proof that Ly ,("E; F) C [l 5] ("E; F) is a consequence
of (ii). f T € L4,("E; F), then

el < [

1/p
|sol<x1>|pdu1<so1>)

(L.,
—c</ lor(a1)
BEix'"XBE;l

1/p
~-son<xn>|1’d<m®~~®un><m,...,m) ,

’
El

1/p
|¢n<xn>|pdun<¢n>)

and hence T' € Ly ,("E; F).
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(iv) Suppose that T is p semi-integral. Then, from Theorem 1 we
deduce

m 1/p
(Z 1T ,xn,»np)

j=1

m 1/p
< C( sup Z lo1(z1,5) - @n(ﬂcn,jﬂp)
Jj=1

‘PLEBEl/;l:L'H ST

m 1/np
<o s (Shatr)

(PZGBEZ/J:L...,TL j:1

m 1/np
(S lentennl)
j=1
= C|(19)71 oy @), 0

(V) IfT € Ly p("E; F), then

m
> M@ g
J1ye-Jn=1
m
< Op/ Z ‘(pl(mlajl)“'@"(l‘mjn”pd:u(@lv'” a@n)-
By X By gy, =1
So
m 1/p
(% 1)
jlv-ujnzl
m
=C ( / D lenang) - enlwn )P du
By xxBg j j,=1

1/p
< (p1-.. ,%))

m 1/17
<o sw o (0% falo) oo )P

PEBELI=h o N Gy =1
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m 1/p
—C sw (Zwl(xl,mp)

SaleBEl/,l:].,.“,TL jim=1

(2 |son<xn,jn>|p)l/p ,

Jn=1

and thus T' € Ly, ("E; F). Now let us consider T' € Lyqs ,("E; F).
The case n = 2 is illustrative and indicates the proof. If ()72, (y;)524
€ Iy (E), we have

(i IT(a+2j,b+y;) - T(a, b)llp> N

j=1
< (i) )1/p+(fj|T<xj,b>|p)1/p

=1 j=1

© 1/p
STy P )

j=1

.
fj T (et )P )1/,,+ ( 3 7oy we)IP)

< <
ke Gk=1

oo 1/p
n ( Z 1Ty, |p> < o0,

=1
where (z;)72, = (a,0,0,...) and (wg)72, = (b,0,0,...).

The proof of (vi) is easy and we omit it. O

<.

A

1/p

<.

<.

Remark 1. Obviously, each one of the assertions in Theorem 3
holds for spaces FEi,...,FE, instead of E,... ,FE. The inclusion
Lsii1(Ev,... ,En;F) C Lgas1(En, ..., Ep; F) is sometimes strict. In
fact, if T': 11 x I; — K is given by

T((asl)] 15 yj ] 1) ZZUJ Zxkv
j=

then T fails to be semi-integral, see [1], but T is obviously strongly
1-summing.



ABSOLUTELY SUMMING OPERATORS 1151

The inclusion Lg;1(E1,...,EnF) C Lasi(Enr, ..., En F) is also

sometimes strict, since

L(l2,11;K) = Las1(l2,11;K)  [20]
and

L(l2,11;K) # Lgi1(l2,11; K).

In fact, if we had L(l3,11;K) = L4;.1(l2,11;K), by Theorem 3 (ii) we
would have
£(l2> loo) = ‘Cas,l(l27 loo)u

and it is a contradiction. The inclusion
Efas,l(Elv U % F) C Las,l(Elv U % F)

is also strict, see [12].

In general Ly, (En, ... , Ey; F) isnot contained in Ly (En, - .., Ep;
F)and L4s,(En, ... ,Ep; F) is not contained in Lygs p(En, ... , En; F).
In fact, Eas’l(zll; ll) = £(2ll; ll) and ,Csas)l(zll; ll) 7é £(2ll; ll) On the
other hand, L. 2(%l2; K) = L(%l2; K) and £a572(212; K) # L(%l5; K).

In [4], Botelho proves that P, : I1 — {1 : Pp((e;)52;) = ((a)™)$2,
is n-dominated and is not weakly compact. The same occurs with the
symmetric n-linear mapping associated to P.

The question, “Is every strongly p-summing n-linear mapping weakly
compact?” appears in [8] and was recently answered by Carando-
Dimant in [6]. However, by Theorem 3, since L4,(E1,...,EnF) C
Lsasp(Er, ..., En; F), one can see that Botelho’s counterexample is a
direct answer to this question.

The next result shows that the spaces of semi-integral and dominated
mappings coincide in some situations. Firstly, let us recall the concept
of cotype: Let 2 < ¢ < oo and (r;)52; be Rademacher functions. We
say that F has cotype ¢ if there exists C' > 0 such that for any choice

of k € N and z1,... ,x, € E we have
k 1/q 1 k 1/2
(Xtel)  <e( [ 1 nomla) .
j=1 0 =1

In the case ¢=o00, we replace (Z§=1 |19/ 9 by max{||x;||; 1<j<k}.
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Theorem 4. If E has cotype 2, then Lqi1(?E; F) = Lq1(2E; F) for
every F.

Proof. It E has cotype 2, we know that Lo, 1(E; F) = Lgs2(E; F) for
every Banach space F. Thus, if T € L42(2E; F), then T = Ro (u1,uz),
with R € L(®G;F) and uy,us € Los2(E;G) = Las1(E;G). Hence,
T € L41(%E; F) and thus

Li1(CE;F) = Li2(PE; F)

for every F. Since L41(*E; F) C Lsi1(PE; F) C La2(3E; F), we thus
have L 1(PE; F) = L41(PE; F). o

Remark 2. We can find Banach spaces F and F so that £,1(?E; F)
[I,5(1)](*E; F). The following example is suggested by M.C. Matos.

Consider T : Iy x ls — K given by T(z,y) = 372, (1/5%)z;y; with

a=1/2+4¢ and ¢ € ]0,1/2[. We will show that T" € [TI,s1)](*l2: K) \
Lq1(?E; F). Since

<§||T<ej,ej>|”2)2_ i(})/ 22 i(ﬁ) e

j=1 j=1

if we had . )
(ZHT(ej,@j)Hw) SCH(%‘)T:lHi,w
j=1

for every m, we would obtain m?~® < C(m'/?)? = Cm, a contradic-
tion.

In order to prove that \IJ§2) (T) € L4s,1(12;12), observe that

(1) ((25)32,) = (]i“ xj)“’ '

Jj=1

Now it suffices to show that \Ilgz) (T') is a Hilbert-Schmidt operator, see
[15]. But it is easy to check, since

i H\IJ§2)(T)(6,€)H1 _ i L{%r < 0.
k=1 P
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Hence the inclusion is strict. Since Il has cotype 2, Theorem 4 yields
that

Loi1(Clo; K) = La1(%1; K) € g1 (Pl K).

=

Acknowledgments. The authors thank Professor Matos for intro-
ducing the subject and for valuable suggestions. The authors also thank
the referee for detecting several misprints and mistakes on the original
version.

Note added in proof. A recent paper [21] due to David Pérez-Garcia
presents nice information comparing the classes of multiple (fully)
summing, dominated and absolutely summing multilinear mappings.
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