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CONVOLUTION OPERATORS ON SCHWARTZ SPACES
FOR CHEBLI-TRIMECHE HYPERGROUPS

J.D. BETANCOR, J.J. BETANCOR AND J.M.R. MENDEZ

ABSTRACT. The convolution associated to the general-
ized Fourier transformation related to Chébli-Trimeche hyper-
groups is investigated on the Schwartz type spaces introduced
by Bloom and Xu. In particular, the pointwise multipliers for
these spaces are described and the convolution is studied in
detail on the corresponding dual spaces.

1. Introduction. In a series of papers [6-8, 23], J.J. Betancor
and Marrero studied the Hankel convolution on spaces of distributions.
They developed for the Hankel convolution a theory analogous to the
classical one for the usual convolution on the Schwartz distribution
spaces. In this paper, we study the convolution operator associated
to Chébli-Trimeche hypergroups on Schwartz type distribution spaces
introduced by Bloom and Xu [12].

Although the notion of hypergroup was introduced in the 1930’s, the
harmonic analysis on hypergroups was developed in the 1970’s by Dunkl
[14], Jewett [20] and Spector [26], amongst others.

Here we deal with a special kind of hypergroup known as Chébli-
Trimeche hypergroups. This sort of hypergroup has been quite investi-
gated in the last years, see [12, 22, 31]. Chébli-Triméche hypergroups
are a class of one-dimensional hypergroups on [0, 00) associated to a
Sturm-Liouville boundary value problem. The characters of the hyper-
group are the solutions of the considered problem.

More specifically, we denote by A the differential operator
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where A is a continuous function on [0, 00) that is twice continuously
differentiable on (0, 00) and that satisfies the following conditions:

(i) A(0) =0 and A(z) > 0, z € (0,00).

(ii) A is increasing and unbounded on [0, c0).

(iii) There exist an odd function B € C*°(R), a > —1/2, and § > 0

such that
Al(z)  2a+1

Alx)

+ B(x), x€(0,0).

(iv) A’JA € C*°(0, 00) and it is decreasing on (0, c0). Hence, the limit
lim, oo A'(z)/A(z) exists. We define p = (1/2) lim, o A'(z)/A(z).

If A is a function satisfying the properties listed above, A is called a
Chébli-Trimeche function [13, 29].

Also we will assume that the function A defining the operator
A satisfies the following condition: there exist R,6 > 0 for which
Al(z)/A(x) = 2p+ e % D(x), if p >0, or A'(2)/A(x) = 2a+1)/z +
e D(x),if p =0, when z > R, and D € C*°(0, 00), d*/(dz*)D being
bounded on (0, c0), for every k € N.

If f € C*°(R) is even, the generalized translation u(z,y) = (7. f)(v),
x,y € (0,00), is defined as the solution of the Cauchy problem

(Do = Dy)ulz,y) =0,
u(z,0) = f(z), wuy(z,0)=0, z¢€(0,00).

This generalized translation can be extended to the Lebesgue space
L,(m), where 1 < p < oo and m = Adz is the Haar measure associated
to the hypergroup. Thus, 7, is a contraction on Ly,(m), for each
x € (0,00) and 1 < p < 0.

The #-convolution induced by the translation 7, x € (0, 00), is given,
as usual, through

(F#9)(x) = / ) (re9) (W) Aly) d,

where f and g are nice functions (for instance, f,g € Lqi(m)). For
this convolution operation a Young inequality holds. Also, the #-
convolution can be extended to the space of all the bounded complex
measures on (0, 00) [22].
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The pair ([0,00),#) is a hypergroup on [0,00) called a Chébli-
Trimeche hypergroup. The characters of the hypergroup ([0, 0), #)
are the functions ¢y, A € C, where Apy = (A2 + p?)py, ©a(0) = 1,
¥y (0) =0, A e C.

We have an integral transformation F associated to the hypergroup
([0,00),#). This transformation F, called generalized Fourier trans-
form, is defined on L;(m) by

(FHN) = / " @) f(@)Alz) dz, A€ (0,00).

The inverse of the F-transformation is given, under adequate condi-
tions, by means of

fa) = [ F D) e o€ 0.,

where ¢ is a continuous and zero free function on [0, 00). The function
¢ is usually known as a Harish-Chandra function, see [30].

A Plancherel theorem holds for the generalized Fourier transform
[11, Theorem 2.2.13]. Also in [29, Theorem 2.2] a Paley-Wiener type
theorem was established for F-transforms.

Two important special cases of Chébli-Trimeche hypergroups are
the following ones. If A(x) = 22! 2 € (0,00), with a > —1/2,
([0,00),#) reduces to the Bessel-Kingman hypergroup [21] and #
is the Hankel convolution [18, 19, 24]. The Jacobi hypergroup
appears when A(z) = sinh®*™! z cosh®*™ z, with a > 3 > —1/2 and
a #—1/2 16, 17]. If G is a noncompact connected real semi-simple
Lie group with finite center and rank one, the spherical functions are
Jacobi functions and the spherical Fourier transformation reduces to
the Jacobi transformation.

Bloom and Xu [12] introduced spaces of Schwartz type (see Section 2
for definitions) on Chébli-Trimeche hypergroups. They investigated the
generalized Fourier transformation on those spaces. Also they started
the study of the #-convolution on the above spaces. Recently the
authors in [4] have investigated the #-convolution and the generalized
Fourier transform F on other new spaces of distributions that are
different from those considered by Bloom and Xu. Our objective in
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this paper is to continue the analysis of the #-convolution operators on
the Schwartz type spaces introduced by Bloom and Xu. This paper is
organized as follows. In Section 2 we recall definitions and fundamental
properties of some function and distribution spaces that will appear
throughout this paper. In Section 3 we study new properties for the
spaces of Bloom and Xu. We describe the pointwise multipliers for these
spaces. The #-convolution is studied on the corresponding dual spaces
in Section 4. We characterize distribution spaces defining convolution
operators on Schwartz type distribution spaces of Bloom and Xu. Our
results are inspired by the classical investigations of Schwartz [25] about
the usual convolution and Euclidean Fourier transform and by the
studies of J.J. Betancor and Marrero [6-8, 23] about the distributional
convolution for Bessel-Kingman hypergroups (the so-called generalized
Hankel convolutions). As it was mentioned above, Bessel-Kingman
hypergroups are special cases of Chébli-Trimeche hypergroups. Thus,
our results can be seen as an extension of the ones obtained by J.J.
Betancor and Marrero. Also, when we consider the special case of
Jacobi hypergroups our results seem to be new and they complete the
important investigations of Flensted-Jensen and Koornwinder [16, 17].

Throughout this paper by C' we always denote a positive constant
not necessarily the same in each occurrence.

2. Preliminaries. In this section we present the function and
distribution spaces that will be appear throughout the paper. We recall
some of their properties that will be useful in the sequel.

2.1 Spaces D, and D', a > 0, m € N. For every a > 0, as in
[29], we denote by D, the space constituted by all those complex and
even functions ¢ € C*°(R) having support contained in [—a, a]. On D,
is considered the topology associated to the family {74 }ren of semi-

norms, where

k

Y (¢) = max jx—k¢(:v)‘, €D, and keN.

z€[—a,al

By D we represent the inductive space UgsgD,-

In [29, Theorem 7.2] Trimeéche characterized, for every a > 0, the
generalized Fourier transform F(D,) of D, as the space L, defined as
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follows. An entire and even function ® is in £, if and only if, for every
ke N,
pi(®) = sup (1 + [A?)Fe MMM B(N)] < oo.
AeC
The topology of L, is defined by the family {p{}ren of norms.

Let a > 0 and m € N. By D} we denote the space of even functions
¢ € C?™(R) having support contained in [—a,a]. On D™ we consider
the topology associated to the norm «,, defined by

am(6) = max (6), oD

Note that if b > a and ¢ € D, there exists a sequence {¢, tnen C Dy
such that ¢, — ¢, as n — oo, in D}".

Bloom and Xu [12] introduced Fréchet function spaces that are
isomorphic under the generalized Fourier transformation F.

Let 0 < p < 2. The generalized Schwartz space S, is defined as
follows. An even function ¢ € C°(R) is in S, if and only if

k

d
_ ! 2
1y () = z:{g};)(l +2)lpo(z) 727 p

¢(x)

< 0

for every k,l € N. We define on S, the topology associated to the
family {/‘Z,z}kJEN of semi-norms. Thus, S, is a Fréchet and Montel
space.

The topology of S, is also generated by the system {n} ,}rien of
semi-norms, where

o (6) = s )(1 +a) po(z) 2P| NEG(z)], dES,

Indeed, according to [12, Lemma 4.18], {1 ;}rien defines on S, a
topology stronger than the one associated to {Wi,z}hlEN- On the other
hand, by analyzing the proof of [12, Proposition 4.24] and taking into
account [12, Theorem 4.27], we can see that the topology defined by
{nz,z}kyleN is stronger than the one generated by {#Zl}k,leN-

Let € > 0. A function ® defined in the region Q. = {A € C: [Im )| <
e} is in S; if, and only if, the following two conditions hold
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(a) @ is holomorphic and even in Q2 = {\ € C: |[Im \| < €} and, for
every k € N, d*/(d\F)® can be continuously extended to €., and

(b) Trpe(P) = supyeq (1 + IADY R /(dNF)R(N)| < oo, for every
Ik € N.

The space S. is endowed with the topology generated by the family
{7k 1:e } k,1en of semi-norms. Thus, S: is a Fréchet space.

Bloom and Xu established that the generalized Fourier transforma-
tion F is an isomorphism from S, onto S(3/,—1), [12, Theorem 4.27].
The generalized Fourier transformation can be defined on the dual space
S, of S, by transposition. That is to say, if T € S,, the generalized
Fourier transform FT of T is the element of S(/Q/pfl);ﬂ the dual space
of S(2/p—1)p, defined by

(2.1) (FT,F¢) =(T,¢), ¢ES,.

In [4] we introduced for every m € Z, m < 0, the spaces A, and A,,,
that will be very useful in our study about Chébli-Trimeche convolution
operators, as follows.

Let m € Z, m < 0. The space A,, consists of all those even functions
¢ in C*°(R) such that, for every k € N,

(¢) = sup (1+2)"|AF¢(z)| < cc.
2€[0,00)

3??‘

«

A,, is endowed with the topology associated to the family {aF }ren
of semi-norms. Thus, A,, is a Fréchet space. It is clear that A is a
continuous operator from A,, into itself. We proved in [4, Proposition
2.1] that the system {3% }ren of semi-norms, where

2w

Bh(6) = sw (1+2)"|

z€[0,00)

k
‘ , ¢€A, and keN,

generates on A,, the same topology as the one defined by {aF }ren.

The space S), is contained in A,, but S, is not dense in A4,,, for every
0 < p < 2. Indeed, let ¢ be in the closure of S, in A,,. There exists
a sequence {¢;};en C Sp such that ¢; — ¢, as j — oo, in A,,. Since
(14+2)"¢;(x) — 0, as x — oo, for every j € N, also (1+z)"¢(x) — 0,
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as ¢ — oo. Consider now an even function ¢ € C*°(R) such that
Y(x) = 0, x € (0,1) and ¥(z) = (1 +2)™™, © € (2,00). Then,
taking into account that d*/(dz") (A’(x)/A(x)) is bounded in (1, c0),

for every k € N [12, p. 93], we deduce that oF, (v) < oo, for any k € N.
On the other hand, (1 + z)™¢(z) 4 0, as © — oo. Hence, for each
0<p<2,9 e A, and ¢ is not in the closure of S, in A,,.

We define the space A, , as the closure of S, in A,,. Actually, the
space A, , is not dependent on p, as was proved in [4, Proposition
2.2]. Since A,, , does not depend on 0 < p < 2, in the sequel we will
write A,, instead of A,,, for each m € Z, m < 0. By A, we denote
the dual space of A,,, where m € Z.

It is obvious that A,,y; is continuously contained in A,,, where
m € Z and 0 < p < 2. We equip the union space A = Uyez Ay with
the inductive topology. The operator A defines a continuous linear
mapping from the space A into itself.

3. Generalized Fourier transformable Fréchet function
spaces.

3.1 Function spaces Sp, 0 < p < 2. We denote by S, the subspace
of the Schwartz space S constituted by all those even functions in S.
If we consider in S, the topology induced by S, then by virtue of [12,
Lemma 3.6, (ii)], the mapping ¢ — npg/pcﬁ is an isomorphism from S,
onto Sp,. Hence the space of pointwise multiplier of S, coincides with
the space of pointwise multipliers of S,. Moreover, by [15, Corollary
4.8, remark fI.], the space S, is constituted by all those even functions

¢ € C*(R) such that
1 d\"
(E %> o(x)

for every I,k € N. Therefore, according to [5, Theorem 2.3], a
function f defined on R is a pointwise multiplier of S,, that is, the
mapping ¢ — f¢ is continuous from S, into itself, if and only if,
f € C°(R) is even and, for every k € N, there exists n = nj such
that sup,¢g o0y (1 + 2?)7%|(1/zd/dz)* f(z)| < co. Also it is not hard
to see that f is a pointwise multiplier of S, when, and only when, f

V(@) = sup (L+z)
z€[0,00)

< 00,
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is even and it is a pointwise multiplier of S. The space of pointwise
multipliers of S, will be denoted by ©. Note that © is not depending
on p. Furthermore, S, is contained in O.

We will represent by £(S,) the space of the continuous linear map-
pings from S, into itself. £4(S,), respectively L£;(S,), denotes the space
L(S,) endowed with the topology of the pointwise convergence, respec-
tively uniform convergence on the bounded sets of S,. The space ©
can be seen as a subspace of £(S,). As in [9, Proposition 1] we can see
that £4(S,) and £4(S,) induces the same topology on ©.

Let n,k € N. The space O, consists of all those even functions

f € C™(R) such that
1dY\’
(E %> f(z)

Oy, is equipped with the topology defined by the norm « . Thus
O,, 1 is a Banach space. It is clear that © = Npen Ugen On,k, Where
the equality is understood algebraically.

ank(f)= sup (1+22)7F < 00.
z€[0,00)
0<j<n

Proposition 3.1. The topology that Ls(S,), equivalently Li(S,), de-
fines on © coincides with the projective-inductive topology of NpeNUkeN
On k-

Proof. Firstly we prove that the topology that £4(S,) induces on ©
is stronger than the projective-inductive topology of Npen Uken On k-

Suppose that A is a bounded set of ©® when we consider on © the
topology of the pointwise convergence. Then, for every n € N, there
exist k € N and C' > 0 in such a way that

1 d\"
(; £> f(x)
Indeed, assume that n € N is such that, for every k € N, there exist
zy € (0,00) and fi € A such that

1 d\"
<E %> fk(x)lw:wk

sup (14 2%)7*
z€[0,00)

<C, feA

>k

- 3

1+ xi)fk
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and, for every j € N, 0 < j < n, we can find £k € N and C' > 0 for
which )
1 d\’
<; %> f(z)

Suppose that we can choose the sequence {xy }ren such that g > 1/4
and 2 < zp41 — 1, k € N. We consider an even function ¢ € C*°(R)
having its support contained in [—1/4,1/4] and verifying ¢(0) = 1. We
also define a function v by

sup (1+a%)7*
z€[0,00)

<C, feA.

P(z) = ;ﬂ@o(%)wp%, z € [0,00),

and ¢¥(z) = Y(—z), * € (—00,0). Thus, ¥y € C*°(R) and ¢ is even.
Moreover, by [12, Lemma 3.4], for every I,m € N, we can write

_ am
sup o) /(1 + @) | T h(a)
z€[0,00) -z
dam (14 (x4 1/4)2)H2/p
<C  sup |5 ¢(2) < oo,
ze[-1/4,1/4] | dZ™ ];) (1+a3)

because x — 00, as k — oco. Hence, ¢ € S,.

On the other hand, Leibniz’s rule leads to

(1 i)nww)(x)z-m

T dx

polxy) 2P

> po(ar) 2P

- go()(xk)?/pg (G 2) (3 2) 6

> (14a23)7*

This contradicts that A is a bounded set in © when it is endowed with
the topology induced by L4(S,).
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Suppose now that we cannot find a sequence {zy }ren as above. Then
there exist [ € N, a > 0, C > 0, such that

et (4 ) s

— <C, z>a feA.
T dx

Hence z € (0,«), for k large enough. We choose an even function
1 € C*°(R) such that ¥(z) =1, z € (0,a), and ¢(z) =0, z > o + 1.
It is clear that ¢ € S,. Moreover, for k large enough,

po(x) /P <l i)n(fM/J)(iU)m_m

T dx

o)1 1) el

x dx

5 (2 LY (L)

Jj=0

> o(ar) 2P

> o(ar) HPk(1+aR)* ~ C.
Again, according to [12, Lemma 3.4] we obtain a contradiction because
A is bounded in © equipped with the topology of L(Sp).

Hence, A is bounded in the inductive space Upen®n i, for every
n € N. Since © endowed of the pointwise convergence topology is
bornological, see [9, Proposition 2], we can conclude that the inclusion
i: 0 — Ugen®Op, is continuous, for every n € N. Therefore, the
topology induced by L4(S,) on © is stronger than the projective-
inductive topology of Nyen Uken Ok, because the projective topology
is the initial topology associated to the inclusions i : © — Uren©®n i,
n € N.

To see that the projective-inductive topology of Npen Uken On i is
stronger than that of the £4(S,) topology on O, we can proceed as in
[27, Proposition 2.20]. O

Remark 3.1. We emphasize that the proof of Proposition 3.1 is
different than the one presented in [27, Corollary 3.37] for the space of
multipliers on the Schwartz space S.

By SZ’) we will denote the dual space of S,. We now obtain a
characterization of the elements of S, that will be very useful in the
sequel.
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Lemma 3.1. Let T be a functional on S,. Then, the following
properties are equivalent:

(i) T € S,

(ii) There exist € N and essentially bounded, with respect to the
Lebesgue measure on (0,00), functions fr, on (0,00), k = 0,1,...,r,
for which

r o k
3D (o)=Y [ (a2 s o€,
k=0

Proof. Tt is sufficient to use the Hahn-Banach theorem and standard
duality arguments, [28], by taking into account that, for every j,r € N,
there exists C' > 0 such that
j+1

o0 d
p r+2/ -2/
wi . (9) < C/O (L4 8)"Poo(t) ™| 2o

qb(t)‘dt peS, O

Let now f be a measurable function on (0, 00) such that
/ |f(z)|e=Cr/P)T(1 4 )~ H2P A(z) do < oo,
0

for some I € N. Then, by proceeding as in [4, p. 272], we can see that
the functional Ty defined on S, by

(3.2) (Ty.6) = / T f@)é@)A@) dr, €S,

is in S,,.
Thus, S, can be seen as a subspace of SZ’) by identifying ¢ € S, with

T, € S,. In a similar way, we can prove that the space © of multipliers
of S, is contained in S, when p=0o0r 0 <p <1and p > 0.

The operator A is defined on SI’) by transposition.

3.2 Function spaces S., € > 0. In the following we characterize the
pointwise multipliers of S..
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Proposition 3.2. Let F be a function defined on Q.. Then, the
next assertions are equivalent:

(i) F is holomorphic and even in Q0 = {\ € C : [Im\| < €} and,
for every k € N, (d*/d\F)F can be continuously extended to )., and,
for every k € N, there exists | € N such that

sup (1+ |A)~"

AEQ, d)\k

k
4 F()\)’ < 0.

(ii) F® € S., for every ® € S..

(iil) The mapping ® — F® is continuous from S. into itself.

Proof. (i) = (ii). It is sufficient to note that if k,m € N, then there
exist [ € N and C' > 0 such that

dk
Themie (F®) = sup (1 + [A)™

k
L FR)N)| < CS 7 (P),
I PRIV > rimere(®

for all ® € S..

(if) = (iii). It is a straightforward consequence of the closed graph
theorem and the fact that convergence in S. implies pointwise conver-
gence.

(iii) = (i). The function ®(A) = ¢=**, A € Q,isin S.. Then, F® = ¥
is also in S.. Hence, F(\) = Psi(A\)e}, A € Q., where U € S.. It is
immediately deduced that F is holomorphic in QY and (d*/d\*)F can
be continuously extended to €., for every k € N.

Assume now that (i) does not hold. Then, we can find k£ € N such

that
dk
sup (1 +|A]) 7" —
,\esli( A d\k

F()\)’ = 00,
for every n € N, and there exists [ € N for which

| a7
sup (1-+ )| 75

FQ4<m,j_QLZ”wk—L
AEQ,
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Hence, for every n € N, we can choose A,, € ). satisfying

dlc

F(A)ja=x, | = n.

Moreover, without loss of generality, we can suppose that |[Re A,| <
[Re Apy1| — 1, n € N.

Let us define, for every n € N, the function

DA=A) + PN+ \)

=T

A€ Q,,

where, as above, ®(\) = exp(—\?). Note that, for every m,3 € N,

1+ [AD”

m Bie(Pn) = — A=A
T pie () = SUP i PO M)
1+ AP
+ DA+ N\,
S T a7 v PR

< 2 sup
res.  (L+ AR

(L4 AL+ A7) d™
axm™

L+ A ))P (L+[A)
CL+ )P sup (14 W] 505 o).

Here C is not dependent on n € N. Hence ®,, — 0, as n — oo, in S;.

However, Leibniz’s rule leads to

dF ‘
sup |— (F(\)®,, (A

dk
= ’N(F(A)¢n(A))|)\=>\n

’d)\’f Jra=a, || Pr(An)

5

—Z( e

> (14 )" —F(A>|A:An 1+e - C
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]t _—A((ReA2)2—(mA)?)) _
Z (1+|)\n‘) n d)\k F()\)p\:)\" 1 e C
1

Therefore, F'®,, / 0, as n — o0, in S;.

Thus we conclude that (iii) does not hold. The proof is now complete.
O

We present in the following assertion some important multipliers of
Se.

Proposition 3.3. For every x € (0,00) and k,n € N, we have
(0K JoxRON™) oy () is @ multiplier of S., provided that 0 < & < p.

Proof. Since the mapping A — ¢, is entire, for every z € (0,00), we
can write

dr n! on(x)
" A(®) 27i /C')\ (n— A)ntt dn, neN,

where C) can be parametrized by n = X + rye'’, t € [0,00), and
rx=p— |[ImAl.

Hence, proceeding as in the proof of [12, Lemma 3.6, (ii)] and of [1,
Proposition 2.3] and according to [4, Propositions 2.2, 2.3], we conclude
that, for certain m € N and for all z € (0,00) and n, k € N,

ok on

-~ < m( -n —(p—\Im)\\)m'
x| < CL+ ) (o~ )™ (1 4 )e

Here C' > 0 is not dependent on z € (0,00) and [Im A| < p. Then,

. 8k on
Thus, the proof is finished. u]

By S! we will denote the dual space of S.. In the sequel some special
elements of S! will be described.
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Let F' be a measurable function on (0, c0) such that

> . dy 50
| rwla s <.

for some [ € N. Then, it is not hard to see that [4, p. 273] that the
functional T defined on S; by

dy
le(y) >

(3.4) Te.®) = [ F)20) ves.
0
is in S
In particular, every ¥ € S. can be identified with the element

Ty € S!. In fact, since |c(y)| =2 ~ y?*T!, when y is large [30], provided
that a > —1/2, we have

| 1wl <o~

As it was mentioned in Section 2 the generalized Fourier transfor-
mation is defined on S, by (2.1). By invoking Fubini’s theorem and
taking into account the inversion formula for the generalized Fourier
transformation [12, Theorem 4.27] we can see that

<T]:¢'v~7:¢> = <T’¢M¢>7 ¢€Spa

provided that ¢ € S,. Here T'ry and Ty, are given by (3.4) and (3.2),
respectively. Thus, the generalized Fourier transformation on S, is a
particular case of the transformation defined by (2.1) on S,

Henceforth, to simplify, we will write H,, instead of S(3/,_1),-

4. The generalized #-convolution on the space SZ’). Bloom
and Xu [12] have recently started the study of the #-convolution on
the space S,,. Specifically, they defined the #-convolution between a
functional in ), and a function in S,

Throughout this section we assume that 0 < p < 2. In [12, Lemma
5.2] it was proved that ¢#v¢ € S, provided that ¢, € Sp, and also it



738 J.D. BETANCOR, J.J. BETANCOR AND J.M.R. MENDEZ

was established that 7,¢ € S,, for every ¢ € S, and « € (0,00). Then,
the convolution T#¢ of T' € S, and ¢ € S, is defined by

(4.1) (T#¢)(x) = (T, 7:6), =€ (0,00).
Note if ¢ € S, then

Ty#d = v#o, ¢ €S,

when T, is given by (2.3).
Bloom and Xu proved in [12, Theorem 5.17] that T#¢ € C*(0, ),

for every T € S, and ¢ € S,. Also, they established that if T € S;, and
¢ € Sp, then T#¢ € S, and

(4.2) (T#0,0) = (T, ¢#1), Y ES,.
From (4.2) it is not hard to see that the interchange formula
(4.3) F(T#¢) = (FT)(F9)

holds for every T € SZ’) and ¢ € Sp, when the equality is understood in
H,,-

In the following proposition we improve the result obtained in [12,
Theorem 5.17].

Proposition 4.1. Let T € S, and ¢ € S,. If p> 0 and 1 <p < 2,
then TH#¢ € O.

Proof. Assume that p > 0 and 1 < p < 2. Firstly we prove that T#¢
is an even and C*°(R) function.

Since, for every z € (0, 00), the mapping © — @y (z) is even, T#¢ is
an even function as well.
By virtue of Lemma 3.1 there exist » € N and essentially bounded

(with respect to the Lebesgue measure on (0,00)) functions fi on
(0,00), k=0,1,...,r, such that

r o) k
(T, ¢) = Z/ Frly)(1+ y)”"wo(y)‘”p%w(y) dy, V€S,
k=00 Y
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Then
r o) k
(TH#o)x) =3 / Fe@)(1+ ) 0oly) 2 j? (r20)(y) dy,
k=0

€ (0,00). Hence, we only need to prove that

o k
(4.4) / F) (1 +9) goly) " dd? (r20) () dy € C(0,00),

where f is an essentially bounded function on (0,00) and r,k € N.
Then, bearing in mind that (7,0)(y) = F ! (p.(x)(F¢)(2))(y), z,y €
(0,0), we have

145) ([T ) Y S () dy
1
:/0 f(y)(1+y)rwo(y)’2/pj—zﬁf <d(il 0x(z )(f(b)(Z))(y)dy,

for I € N and all € (0,00). The differentiation under the integral
sign is justified because, according to Proposition 3.3, (d'/dz!)p.(x) is
a multiplier of H,, for every « € (0,00) and [ € N.

To finish the proof we will show that
[e’) ) dk
| o) 2 o e e.
0

In accordance with Proposition 3.3 the expression (d'/dz!)p.(z) is
a multiplier of the space H,, for every [ € N. Hence, by taking into
account again that

(r20)(y) = F ' (:(2) (F0) (2)) v),

for every z,y € (0,00), we find

([T rwa et e mowa)
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<C Pl f(y)(1+y) eoly) "

a (@) Fo) @) ) )
oy d
cesswlfl [ i (7 (e @90 )

for every z € (0,00) and I € N.

From [12, Theorem 4.27] and by Proposition 3.3, we get for any
€ (0,00) and [ € N

(4.6)

dwl</ F+0) )7 2 () 0) b )| < 1)

Consequently, fo y)(14+y)"@o(y)~2/P(d* /dy*) (1.0) (y) dy € ©. o

The next result is similar to the above one. Now the operator A
replaces the derivative d/dz.

Proposition 4.2. Let T € S;,. Then there exists | € N such that for
every ¢ € Sy and k € N, we have sup,¢ (g, (1 + )7 AR(T#e) (2)| <
00, provided that 0 <p <2 and p > 0.

Proof. As in the proof of Proposition 4.1, according to Lemma 3.1,
it is sufficient to prove the property when T € SZ’) is given by

oo k
(T, ) = / f(y)(1+y)’”<po(y)’2/p;? Wdy, beS,

where f is an essentially bounded, with respect to the Lebesgue measure
on (0, 00), function on (0,00), and r, k € N.

Then, for every ¢ € S, and z € (0, c0),we obtain
dk
(o)) = [ H)+ ) o0l) P G () d

By virtue of [12, Lemma 3.11], see also Proposition 3.3, the expression
(d? /dz7)px(x) is a multiplier of the space H,, for j = 0, 1,2, provided
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that 1 <p<2and p>0o0r0<p<2and p=0. Consequently, since
N (120)(y) = 7:(D9) (), x,y € (0,00), we have

2 "¢
BT =~ (iz + G o ) THON@)

o k
- / F) 1+ 9) goly) " dd? (L)) dy.

for every x € (0, c0).

Since A¢ € S, we conclude that

k

A (TH) (@) = / T H@) A+ ) eoly) j? ro(D%6)(y) dy,

where x € (0,00) and s € N.

By taking into account [12, Theorem 4.27, Lemma 3.4, (iv)], for every
s € N, we can find [ € N and C' > 0 for which

< d
(o)) < s suplf] [ iy ()
<C(1+2),

for all € (0,00). Thus the proof is finished. o

IfTe SI/, and ¢ € S, we can not assure, in general, that T#¢ € S,.
Indeed, if we consider the functional 7" defined on S, by

(T, ) = / T oo)bW AW dy, €S,

and we recall that A(y) < A(1)y®e?¥, when z is large enough [12,
(3.5)], then for certain 5 > 0, by resorting to [12, Lemma 3.4 (iii)], we
get

/O e V(1 +y) "2 P (y) Aly) dy‘

< C/OO e—(2/p—1)py(1 + y)—l+2/p+[3+1 dy < oo,
0
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provided that I > 2/p + 3 + 2, with C' > 0. Accordingly, T € S,,.

On the other hand, we can write, for every ¢ € S, and z € (0, c0),

(T#6)(x) = / " o) (726) (9) Aly) dy
— F(7:6)(0) = go(2) F(&)(0)
— ola) / co(y)d(u) Aly) dy.
0

Hence, if ¢ € S, ¢ Z 0 and ¢ > 0, then

pole) 2P| (T ) (@)] = ola) 2 | " oo ()6(y) Aly) dy /— 0.

0

as ¢ — oo. Thus, we have proved that T#¢ € S,.

Our next objective is to describe some elements of S, that define
convolution operators on §,. We are motivated by the classical results
about convolution operators on the Schwartz space S [25] and by the
studies about Hankel convolution in distribution spaces presented in
10, 23].

As a consequence of [4, Proposition 2.2] we can complete the results
established in Propositions 4.1 and 4.2.

Proposition 4.3. Let T € SI’) and p > 0. Then, for every ¢ € S,
one has that T#¢ € A_5.

Proof. By Proposition 4.1, T#¢ € C*°(R) and it is an even function,
for every ¢ € S,. Moreover, according to [4, Proposition 2.2], the
inequality (4.6) implies the desired result. O

As we will immediately see, the elements of A’, the dual space of A,
give rise to convolution operators on S,. With this aim, we previously
establish some characterizations of the functionals in A’.

Proposition 4.4. Let T € S,. We list the following statements
concerning T':
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i) TeA.
(ii) FT is a pointwise multiplier of H,.

)
(ili) For every m € N, there exist | € N and continuous functions f;
on (0,00), j=0,1,...,1, such that

l
(4.7) T=Y N
j=0

and, for every j € N, the function (1+ x)™po(x)~2/P f;(z) is bounded
on (0, 00).

Then, (i) = (ii) and (ii) = (iii), whenever p =0 and 0 < p < 2 or
p>0andl < p < 2. Finally, under the assumptions p = 0 and
0<p<2o0rp>0and0<p<1, wehave (ili) = (i) and (iil) = (ii).

Proof. Suppose that p=0and 0 <p<2orp>0and 1 <p<2.

(i) = (ii). Assume that T'€ A’. Then T € A, for every m € Z. In
the sequel, the restriction m < —3 is imposed. There exist » € N and
essentially bounded functions fj on (0,00), k =0,1,... ,r, for which

(T,¢)="3 /Oo @A +y)" A (y) dy, ¢ €Sy
k=070

Indeed, there exist C' > 0 and r € N for which

(4.8) (T,¢) < C max sup (14 x)m|Ak¢(aj)|,

0<Kk<T 2€[0,00)

where ¢ € A,,.
Let ¢ € Sp. We can write, for every k € N and z € (0, 00),

O R R I (R O

and

d 1

(4.10) R T /0 CAAG@) AL, € (0,00).
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By combining (4.9) and (4.10), for every x € (0,00) and k € N, we
obtain

(14 2)" A ¢(x)]
S/ (m(1+t)m_1|Ak¢(t)|+(1+t)m‘%Ak¢(t)D dt
gm/oo(1+t)m’1|Ak¢(t)\dt
0
+/w(1+t)mﬁ/o A(2)|A* L p(2)| dz dt

* m—1 k > m+2 k+1
gc(/o (1+0m 1A ¢(t)|dt+/0 (1+6™2|A qb(t)|dt>.
Then, from (4.8) it follows

(o) <c max [Tae0matow)]

0

0<k<r+1

Hahn-Banach theorem, by using duality arguments, allows us to obtain
the desired representation for 7. Hence, for all ¢ € S,,, Fubini’s theorem
leads to

FLF) =Y [ R+ AE F) ) dy
k=00
=3 [T A E (00 4 A EW) ) d
k=0

=5 [T+ W)
R

X /OOO Fr@) (L +9)"ea(y) dy EOIE

Thus, we get
(4.11)

r

(FT)N) =D (N +p*)* /Oo S+ )" Pox(y) dy, |ImA| < p.
k=0 0
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Then FT is an even function.

Let I € N. If we make use of the representation (4.11) for FT
associated to m € Z satisfying that m + [ < —4 and bear in mind
[12, Lemma 3.4 (iv)], we find

d'=J
dN—7

1 r l
‘%UT)(A)’ <C> Y (A% + p?)*

k=0 35=0

o0
></ 1 ()](1 4 )3 TmA =Py gy
0

7 l -
< OZZU + |Al?)*ess sup |fk|/ (14 y)™++3 dy,
0

k=0 j=0

for every A such that [Im A| < p. Hence, according to Proposition 3.2,
FT is a pointwise multiplier of H,,.

(ii) = (iii). Let m € N. Set ' = FT, where T' € S, and assume
that F' is a multiplier of the space H,. Then, resorting again to
Proposition 3.2, for every k € N exists nx € N for which

k

sup (L4 A~ IF

[Tm A[<p((2/p)—1)

F(A)‘ < 00.

We denote by I a nonnegative integer that will be later specified. Now
we consider the function

G\ = ((p-|— 1%+ )\2>_ZF()\), Im A| < p<§ - 1>.

Thus, G is holomorphic and even in [Im A| < p((2/p) — 1). Moreover,
(d*/dN¥)G(N) can be continuously extended to |[Im A| < p((2/p) — 1),
for every k € N.

According to [30, p. 99], |e(A)|72 ~ |A?*TL, for large |A|, provided
that a>—1/2. Hence, if 21 > ng + 2 + 2, then

/O T 16O lor(@)] eV ?dA < oo,
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x € (0,00). Moreover, by applying Fubini’s theorem we are led to
| o@F G @A) da
0

- / o(2) / G o(@) rixys Ale) de

:/O G()\)/0 p(z)pr(x)A(x) do lcOV)2

> dA
- | ewrem .

for all ¢ € Sp. In other words, we have seen that the inverse Fourier
transform F~1(G) of G as an element of the space H), coincides with
the classical inverse Fourier transform of G.

Furthermore, for certain ¢;; € R, 7 =0,1,... 1, we get
1 2 2\! l j m—1 l j
T—=F" {((p+ 1)2 4+ A ) G()\)} =S e FN @) =S Ay,
=0 =0

where f; = ¢;; F1G.

We now prove that (1—|—:1c)mapa2/p(x)]:_1(G)(x) is bounded on (0, c0)
provided that [ is chosen large enough.

Set H = F~(G) and define g = F; *(G), where Fy denotes the

Euclidean Fourier transform

F@) @) =g) =+ [ 16 dy

—00

Note that if [ is large enough, then the function g is absolutely
integrable on R. So H = F~(Fyg).

Now we introduce a sequence { fy, }nen of even and smooth functions
on (0,00) such that f,(z) = 1,|z| < n and f,(z) =0,|z| > n+1, for
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every n € N. Assume also that, for every k € N, there exists Cy > 0
satisfying that

dk
‘ < Ok7

for n € N and x € [0, c0).

It is not difficult to find a sequence {f, }nen verifying all the above
properties.

We consider the decomposition

g=fag+ (1 —fn)g, meN.

We write g, = (1 — f,)g and define G,, = Fo(g,) and H,, = F1(G,,),
for each n € N. Note that f,g = 0 outside [-n — 1,n + 1]. Hence,
according to [29], F~1F(fng) = 0, outside [-n — 1,n + 1]. Then
H, = H outside [-n — 1,n + 1]. We have taken into account the
inversion formula for the Fourier transformation.

Let 0 < j < m. Since |c(A\)|72 ~ |A|?*TL, for large |A| and @ > —1/2,
one has

(4.12) sup @EQ/p(x)xj /000 G(Nea() |c(d:\)2

z€]0,1]

Sca

whenever 21 > ng 4+ 2a + 2.

Moreover, we can write

_ | d\
4.13 sup @ 2/P ()0 / G N pr(r) ———=
( ) z€[n+1,n+2) 0 (@) 0 (Meal )‘C(/\)P

< On?+2el@/P) =D oy |1+ X*)"Gn(N)|, neN,
A€(0,00)

where r > o + 1.

Suppose that we can choose I, € N such that [ —ng/2 —a—1 >
r > a+ 1. Then, for every n € N, well-known operational rules for the
Fourier transform Fy lead to

2yr L[ N\ i
(1—|—/\)Gn()\):§/ gn(t) 1—@ e "M dt

— 00

L[ N\ —itA
:5/ 1_E gn(t)e™ "N dt, X € (0,00).
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The last equality can be established by partial integration. Indeed, let
n € N. For every s € N, 0 < s < 2r, since ] > ng/2+a+1+r, we
can write
d* as
gn t) = —
e nlt) = o)

Then, the Riemann-Lebesgue lemma implies that limy_ (&’ /dt? ) g, (t)
=0, j €N, 0<j<2r. Consequently, for every n € N, we get

d23
darzs I (t)"

1 [ .
= —/ G(y)(yi)*e¥'dy, t>n+1.
T J -0

(4.14) sup (14 A%)"Gn(N)] < C’Z sup (1+1)?
A€(0,00) — t€(0,00)

Here C' is not dependent on n € N.

By the properties of the functions f,, n € N, mentioned above, from
(4.14), we arrive at

2r
dS
sup (14 A*)"Gn(N) <CZsup 1+1)? g(t)|, meN.
A€E(0,00) —t>n dts
In this way we obtain
nit2e(2/p)=1)pn sup |(1 + )\2)an()\)’
A€(0,00)
2r ds
< OZS;IP (14 ¢)7 3| — pT g(t) e((2/p)=1)pt
s—0 t>n

Now, taking into account (4.13), we conclude

/G Jealz |<>\2

s
2 9(t)]e

(4.15) sup  @q p
z€([1,00)

SCZ sup (14 )73 — ((2/p)=1)pt

s—0 t€(0,00)

Let s € N, 0 < s < 2r. By using again operational rules for the
Euclidean Fourier transformation, it follows

ds >
(l—i—t)ﬁ'B%/ G (y) dy

=iy [ " e (iy) Gly)dy

— 00

_ /°° e”-”(l L d) ((iy)sa(m)dy, t € [0, 00),

oo 1 dy
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provided that [ is large enough and t € (0,00). If, in addition, p > 0
and 1 < p < 2, by invoking Cauchy integral formula, we obtain

[o(o-22) (e

— 00

/OO"ri((Q/P)—l)p it ( 1 d >J+3<( ) ( )) ( )
= eIl —-=-— w)°G(y) ) dy, te€(0,00),
—co+i((2/p)—1)p i dy

when [ is sufficiently large.

Hence, we conclude that

dS
—g(t)‘ < 00.

1 4 )7 T3(2/P)=1)pt
sup (141736 o

t€(0,00)

By combining the above estimations we deduce that

sup (1+ )"0y */7(2)| FH(G) ()| < o0,
z€(0,00)
when [ is chosen conveniently large. Thus, (iii) is established.
Assume now p=0and 0 <p<2orp>0and 0 <p<1.

(iii) = (i). Let m € N. Suppose that T € S, and T admits
the representation (4.7), where f; is continuous on (0,00) and (1 +

2)™py 2P (2) f;(x) is bounded on (0,00), j = 0,1,... 1. Then, we can
write

l 0
(T8 =3 / fi(@) DI $(x)Alx) dz, 6 € S,
j=0"0

Note that, for every ¢ € S,, due to [12, (3.5)], we can infer
oo _
(Al <Y [ 5@+ 0| 2060 do
j=0"0
l .
<O sup (1)U @)lpo(e) 2 sup (1+2)7-"]Adg()],
=0 z€(0,00) z€(0,00)

for certain C,y > 0.
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Therefore, for every k € Z, k < 0, by choosing m € N for which
k > v —m, we get, the functional 7" is continuous on S,, when we
consider on S, the topology of Aj;. Under these hypotheses, T can be
extended to A as an element of A},. Moreover, we have

l oo
(T, ¢) = Z / fi(@)Nip(2)A(z) dz, ¢ € Agp,
j=0"0

where f;, 7 =0,1,...,1, are associated to m € N chosen as above.

Thus, we conclude that T € Aj, for every k € Z, k < 0. Definitively,
TeA.

(iii) = (ii). Assume that f is a continuous function on (0, 00) such
that (1 + x)™o(x)~2/P f(x) is bounded on (0,00), where m € N is
such that m > 1+ 3+ (4/p), 8 being given as in [12, (3.5)]. Then
f € L*(m). Indeed, according to [12, Lemma 3.4 and (3.5)], we can
write

/ |f(z)|A(z) do < / (1 + z)~mH8+4/pe2oe(1-2/P) (g < o0,
0 0

Hence, the generalized Fourier transform Ff of f is bounded on the
strip {A : [Im A| < p}. Moreover f defines an element Ty of S}, by

(Ty, ) = / T f@)é@)Aw) dr, €S,

By invoking the Fubini theorem, we get that

<‘7:Tf,~7:¢>:<Tfﬂ¢>v ¢€SZD'

Let k € N. Suppose now that T' admits the representation (4.7) where,
for every j € N, the function (14 x)™pg(z)2/? f;(z) is continuous and
bounded on (0, 00), with m € N and m > 2+ 8+ k+ (2/p). Then, we

have
!

FT =Y (0> + ) Ff;.

Jj=0
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Hence, by differentiation under the integral sign and by [12, Lemma
3.4 (ii), (iv)], one has

dF k1 dF—s Al d®
e DI < x> e 0| )
[ = T :

></ (14 ) Fsti=m+2/pge Im A| < p.
0

Then, Proposition 3.2 implies that F71" is a multiplier of H,,. u]

Remark 4.1. Tt is not hard to see that the hypothesis (1 + )™ x
@o(z) 72/ f;(x) is bounded on (0, 00) could be replaced by (1 + )™ x
@o(z)~2/P f;(x) is in the Lebesgue space L,(0, 00), for each j € N and
1< g < o0

As a consequence of Proposition 4.4, we can describe some elements
of S, that define convolution operators on S,,.

Proposition 4.5. Let 0 < p < 2. Suppose that T € Szlv and that FT
is a multiplier of H,. Then, the mapping ¢ — T#¢ is continuous from
Sp into dtself.

Proof. Let T' € S, such that FT is a multiplier of H,,. According to
(4.3), we can write

F(T#¢) = F(T)F(¢), ¢€S,

in the sense of the equality in 'H;. That is, since F7T is a multiplier of
‘H,, for every ¢, € Sp,, we obtain

(T#o, ) = (F(T#e), F)
— (F(D)F(9), ) = (F (FD)F(©)),¥).

Hence, [12, Theorem 4.7] implies that, for every ¢ € S,, T#¢ =
F~YF(T)F($)) € Sp and the mapping ¢ — T#¢ is continuous from
the latter space into itself. a
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To simplify in the sequel we will write " € M,,, 0 < p < 2, to say that
T €S, and FT is a multiplier of H,,. According to Proposition 4.4, if
one of the following two conditions

(i) T € A, and either p=0and 0 <p<2orp>0and 1 <p <2

ii) T € 8! satisfies property (iii) in Proposition 4.4 and p = 0 and
. property D P
0O<p<L2orp>0and 0<p<1,

holds, then T € M,,.
Next, suppose that 7' € S, and L € M,,. Then we can define the
convolution T#L of T" and L as the functional on S, given by
(4.16) (T#L,¢) = (T, L#¢), ¢ € Sp.
Note that T#L € Sz/) according to Proposition 4.5.

As was proved by Bloom and Xu [12, Theorem 5.17, (iii)], for every
T €S, and ¥ € S, one has

<T#¢7 ¢> = <T7'(/)#¢>a ¢ € SP'

Inasmuch as S, is contained in A’ and in M, definition (4.16) can be
seen as an extension of Definition (4.1).

Next we present the main algebraic properties of the #-convolution
defined by (4.16)

Proposition 4.6. Let 0 < p < 2. Assume that T € S, and
Ly, Ly € M,,. Then

() F(T#Ly) = (FT)(FLy).
(ii) The Dirac functional 6 € A’ N M, and T#6 =T.
(iii) A(T#L1) = (AT)#Ly = T#(ALy).
(iv) L1#Ly € M, and Ly#Ly = Lo#L1.
(v) T#(L1#L2) = (T#L1)#Lo.

Proof. To see the interchange formula (i) it is sufficient to note that
from Propositions 4.2, 4.3 and 4.5 we deduce

(F(T#L1), Fo) = (T#L1, ¢) = (T, L1#¢)
= (F(T), F(In#9¢)) = (FT)(FL1), F¢),
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for all ¢ € S,. On the other hand, for each ¢ € A, and m € Z, we
obtain

[(6,0)] = [6(0)] < sup (14 z)"|¢()]

z€[0,00)

Therefore, 6 € A’. Furthermore, for every ¢ € S, we get
(F6,Fo) = (6,0) = ¢(0)
> dX
= | 0@ g = (o0, (Fo):

Then, (F6)(A) = ¢a(0) =1, ImA| < p. Hence 6 € M,,. Property (i)
now allows us to derive (ii).

Equality (iii) is obtained by using (i) and taking into account that
F(AT) = (X2 4 p?)F(T).

Finally, (iv) and (v) can be deduced from (i). O

Our next objective is to prove a converse of Proposition 4.5. Previ-
ously we need to show some results.

We firstly obtain a representation for the fundamental solution of the
operator (14 A)", for every r € N.

Lemma 4.1. Let Il € N. The function h; defined by

_ - T 2 2\—1 dA z
mw) = [ e@ ) S ek

is even, bounded, and continuous on R and lies in C*°(R\ {0}) NS,
provided thatl > a+1. Also, for every k € N, there exists l, € N such
that hy € C*(R), provided that | > lj.

Moreover, if § denotes the Dirac functional, then
§=(1+A)n,

in the sense of equality in Sz/v for each 0 <p <2, whenl>a+1.

Proof. Since |py(x)

| <1, 2,\ € R, [12, Lemma 3.4, (i)], by taking
into account that |c(\)|~2

~ A2l when ) is large [30], it is not
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hard to see that h; is an even, bounded and continuous mapping on R,
provided that I > « + 1. Moreover, if k € N, according to [12, Lemma
3.6, (ii)], we can find I, € N for which h; € C*(R), when [ > Ij.

On the other hand, F = FyA, where A represents the Abel trans-
formation defined by [12, (4.9)], see also [29]. The inverse of A is
obtained in [29, Theorem 6.3].

Let z¢ € (0,00). We choose an even function o € C*°(R) such that
alz) =0, x € (—xo/4,20/4), and a(z) = 1, = € (x9/2,00). We can
write

hi() = A7 (0 (1492 + X)), > .

Partial integration allows us to see that the function Fy'((1 + p?
+A2)7) is in C*°(R\ {0}) and that the function aFy *((1+p%+ %))
is in the Schwartz space on R. Moreover, the function aF; ' ((1 4 p?
+A2)71) is even.

Hence, according to [31, Corollary 6.I1.4, (ii)], h; is smooth in
(x0/2,00) and by [12, Lemma 3.6, (ii)] hi(z) < Ce ?*(1 + z), for
€ (0,00). Thus we show that h; € C°(R \ {0}) and h; € S,,.

Let now 0 < p <2 and ¢ € S,. We can write that

(L+A)"hy, ¢)
= (u, (14 A)"¢)
/‘m A)"(z) Ax) da

/ / ox(@)(1+p* + A% B (d)\/\)|2 14+ A)"¢(z)A(z) dz

_ 2 mo(x)A(x) dx dX
= [Tar e [T Aot de
:/0 @A(O)/O oa(r)p(x)A(z) do ESSE

= (0, ).

Thus, the proof is finished. O

In the following proposition we present families of semi-norms in D,
defining on D, the same topology as {7V }reN-



CONVOLUTION OPERATORS ON SCHWARTZ SPACES 755

Lemma 4.2. Let a > 0 and 1 < g < co. For every k € N, nl is
defined on D, by
() = |1A%¢|lq, ¢ € Da,
where |.||q denotes the usual norm in the Lebesgue space L4(0,00).

The system {n}}ren of semi-norms is equivalent to {yx}ren on Dy.

Proof. By taking into account [12, Lemma 4.18], we can see that
{7k }ken defines on D, a topology stronger than the one induced in it

by {n;}ren
On the other hand, for every k € IN, we find

A4+ (Fo)(N) = /O ’ ox(2)AFp(x)A(x)dz, A€ C and ¢ €D,.

Then, according to [12, Lemma 3.4], we can write
(A + o) (Fe) (V)] < Ce™M||AFgll;, A€ C and ¢ € D,.

Hence,

Pi(F¢) < Cni(¢), ¢ € Da.

Thus, we have established that the generalized Fourier transformation
is continuous from D,, when we consider on D, the topology associated
to {n{}ren, into L,.

By invoking now [29, Theorem 7.2] we can conclude that the topology
generated by {n}}ren on D, is stronger than the one induced on it by
{7V tren. o

We now establish a converse of Proposition 4.5.

Theorem 4.1. Let T € S}, where 0 < p < 2. IfT#¢ € Sp, for
every ¢ € D, then, for each m € N there exist | € N and continuous
functions f;, 7 =0,1,...,1, such that

l
T=> AN,
j=0
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and, forevery j € N, 7 =0,1,...,1, (1—|—x)mcp0(x)*2/pfj(x) is bounded
on (0,00).

Proof. Assume that m € N, m > 2. Let ¢ € D. Since T#¢ € S,
one has

sup (1 +2)™po(z)"2/?|(T#¢)(2)]
z€(0,00)
= sup [((1+z)"po(x)"2Pr,T, ¢)| < .
z€(0,00)

Hence the set {(1 + 2)™po(2) %P7, T},c(0,00) 18 @ weakly bounded
subset of D’.

Let a > 0. By using the Hanh-Banach theorem and duality arguments
we can see that there exist § € N and C' > 0 such that, for every
x € (0,00), there exist f; € Lo(0,00), j =0,1,...,6, for which
(4.17)

0 00
(1+2)™po(x) P, T, ¢) = /0 FiaO)AIp(t)dt, ¢ € Dy,
j=0

where ZZ:O || fj,zlloc < C. Hence, for every = € (0, 00),

(14 2)"po(z)~YPr,T
can be continuously extended to D?. Such an extension is given by
(4.17).
Moreover, if z € (0,00) and S € (D?)’ for which

S = (14+2)"po(x) P, T

on D, then S is given in the space D¢ by the right-hand side of (4.17),
for every 0 < b < a.

We now choose k& € N such that the fundamental solution hj of the
operator (1+ A)¥, obtained in Lemma 4.1, is in C??(R). Moreover, we
pick an even function ¢ € C*°(R) such that ¢(x) = 0, |z| > (3a)/4,
and ¢(z) =1, |z| < a/2. The Leibniz rule leads to

(1+ A (hrp) = (1 + A)*hy, + B,
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where 3 is in D,. Note also that, according to Lemma 4.1, we get
(p(1+ ) hg, @) = (1 + AF)h, ) = ¢(0), ¢ € S
Therefore, we can write

(4.18) 6= (14 A (hpp) — B.

The function hxp belongs to D(e3 a/d)" Consequently, hre € S, and
the generalized Fourier transform F(hgp), given by

Flhug) (V) = / " or@hi(@)p(@)A(r) dz,  [ImA| < p(2/p— 1),

is a multiplier of H,, or, in other words, hrpp € M,. Indeed, for every
s € N, by [12, Lemma 3.4, (iv)], we have

(4.19)
‘dd;s f(hk@)(A)‘ < C’/O |hi(x)] |o(z)|A(x) dz, [ImA] < p(2/p —1).

Hence, we can define the #-convolution T#(hgp) of T and hgep,
according to (4.16), as follows:

(T#(hip), ¢) = (T, (hep)#¢), ¢ € Sp.

Our next objective is to see that
o(x) /(1 -+ )™ (T4 Z / i (08 () 1) .

Since hip € D?3G/4), there exists a sequence {¢,},en C D, such that

¢, — hrp, as v — oo, in DY. Hence, because
j=0,...,0, one infers

po(2) /(1 + )™ (T#6,)(x Z / F12 (DN (i) (1) .

as v — o0,

uniformly in z € (0, 00).
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Moreover, for every ¢ € Sp, d#P — (hip)#o, as v — o0, in Sp.
Indeed, let ¢ € S,. By taking into account [12, Lemma 3.4, (iv)] and
that ¢, — hip, as v — o0, in Dfl, we can deduce that

(F(ov) = F(hp))F(¢) — 0, as v — oo,
in H,.

Hence, by the interchange formula and by [12, Theorem 4.27], we
conclude that

bu#P — (hpp)#o, as v — oo,
in Sp.

Thus, we have, for every ¢ € Sp,

(T#¢v, d) = (T, pu#td) — (T, (hwp)#¢) = (T#(hip), @),

as VvV — OQ.

Therefore, we obtain

(4.20)

6 oo
@1+ Y [0 )0 dt = (TH)) o).
j=0

in the sense of equality in S,,.

Now, from (4.18) one infers that

T = (1+ A (T# (b)) — T#8

= 2 (5)ac@simen - 45,

Since B € Dg, we have T#0 € Sp, and, in particular,

S(tép )wo(x)*z/p(l + )" |(T#06)(x)| < oo.
xze (0,00

Moreover, by (4.20) it follows that

sup o ()" /P(L+ )" |[(TH#(hip)) (z)] < oc.
z€(0,00)
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Thus, the proof is complete. a

From Propositions 4.4 and 4.5 and Theorem 4.1, we can deduce the
following properties.

Corollary 4.1. Let T € Szlw where 0 < p < 2 when p = 0, and
0 <p<1when p>0. The following assertions are equivalent.

(1) The mapping ¢ — TH#¢ is continuous from S, into itself.

(ii) For every m € N, there exist | € N and continuous functions f;,

73 =0,1,... .1, such that

l
T=) Afj,
=0

and, for every j = 0,1,...,1, (1 + x)mz/}(;Q/p(a:)fj(x) is bounded on
(0,00).

Corollary 4.2. Let T € S}, where 0 < p <2 when p =0, and let
p =1 when p > 0. The following assertions are equivalent.

(i) The mapping ¢ — TH#¢ is continuous from S, into itself.
(il) T € A",
(iii) F'T is a multiplier of H,y.

)
(iv) For every m € N, there exist | € N and continuous functions
fi,3=0,1,...,1, such that

l
T=> AN,
j=0

and, for every j = 0,1,...,1, (1 + z)mq/)()_2/p(z)fj(3:) is bounded on
(0,00).

Remark 4.2. We do not know at this moment if the results in
Corollaries 4.1 and 4.2 are optimal in p and p. This is an open question.
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