ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 23, Number 4, Fall 1993

ON PSEUDOCONTINUOUS MAPPINGS

ELIZA WAJCH

ABSTRACT. This paper is devoted to an investigation
of some classes of pseudocontinuous mappings of topological
spaces and to those topological properties which are invariant
under pseudocontinuous images.

In [5], R.A. Johnson and W. Wilczyniski introduced various concepts
of pseudocontinuous mappings which are near to continuous mappings
in the sense that the inverse image of an open set becomes an open
set after removing from it or adding to it a set from a fixed o-
ideal. Some types of pseudocontinuity are strictly related to the Baire
property of functions, as well as to the well-known and important
classes of quasicontinuous, somewhat continuous and nearly continuous
mappings. The present paper, being a continuation of [5], investigates
notions of pseudocontinuity and points out some topological properties
which are preserved under pseudocontinuous images.

We shall use the standard notation. For cardinal functions not
defined here, see [1] and [6]. All cardinals are assumed to be infinite.
The symbol R will always stand for the space of reals with the usual
topology.

In what follows, X and Y denote topological spaces. Let s be an
infinite cardinal number, and let J be a s-ideal of subsets of X, i.e.,
J is a collection of subsets of X such that if A C B € J, then A € 7,
and if A; € J for s € S with |S| < 5, then UsegAs € J.

Definitions. A mapping f: X — Y is called:

(1) weakly J-pseudocontinuous if, for any open subset V of Y, there
exists an open subset W of X with f=1(V)AW € J;
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(2) weakly J-pseudocontinous at a point x € X if, for any open
neighborhood V of f(z), there exist open sets G CY and U,W C X,
such that f(z) € G CV,z €U and [f~1(G) NUJAW € J;

(3) inner J-pseudocontinuous if, for any open subset V of Y, we
have f~1(V)\int [f~(V)] € T;

(4) inner J-pseudocontinuous at a point x € X if, for any open
neighborhood V' of f(z), there exist open sets G C Y and U C X, such
that f(z) €e G CV,z €U and [f~1(G)\int (f~1(G))]NU € J;

(5) outer J-pseudocontinuous if, for any open subset V' of Y, there
exists an open subset W of X with f~*(V) C W and W\ f (V) € J;

(6) outer J-pseudocontinuous at a point x € X if, for each open
neighborhood V' of f(z), there exists an open neighborhood U of z
with U\f=1(V) € J.

In the case when J consists of all subsets of X with cardinalities
< s, we shall say weak (inner, outer, repsectively) »-pseudocontinuity
instead of weak (inner, outer, respectively) J-pseudocontinuity.

Notions 1, 3, 5 and 6 were introduced in [5]. The authors of [5] also
gave some local versions of weak and inner [J-pseudocontinuity stronger
than our 2 and 4, but their versions, contrary to 2 and 4, do not allow
one to replace any neighborhood of f(z) by members of a local base of

Y at f(z).

It is easily seen that weak (inner, outer, respectively) J-pseudoconti-
nuity implies weak (inner, outer, respectively) J-pseudocontinuity at
each point and, in general, the converses do not hold (cf. Example 9).
However, we have the following

Theorem 7. Let f : X — Y. If X is hereditarily »-Lindeldf,
then the outer J-pseudocontinuity of f is equivalent to the outer [J-
pseudocontinuity of f at each point. If the graph G(f) of f is hereditar-
ily »-Lindelof, then the weak (inner, respectively) J-pseudocontinuity
of f is equivalent to the weak (inner, respectively) J-pseudocontinuity
of f at each point.

Proof. The part of our theorem which concerns outer 7-pseudoconti-
nuity can be deduced from the proof of Proposition 1.3 of [5].
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Let G(f) be hereditarily s-Lindelof. Suppose that f is weakly J-
pseudocontinuous at each point of X and consider an arbitrary open
set V. C Y. For any * € f~1(V), choose open sets G, C Y and
U,, W, C X such that * € U,, f(z) € G, C V and [f~1(G,) N
U, JAW, € J. There exists a set A C f~1(V) with |A] < » and
such that f~1(V) = Uzealf 1(Gz) NU,). Put W = UpecaW,. Then
F VAW C Upea|(fHGe) NUL)AW,], so f~HV)AW € J.

Arguing similarly, we can check that the inner J-pseudocontinuity
of f at each point implies the inner J-pseudocontinuity of f whenever
G(f) is hereditarily s¢-Lindeldf.

It is not known to the author whether the hereditary »c-Lindel6f
property of G(f) can be replaced in Theorem 7 by the assumption
that both X and Y be hereditarily sc-Lindel6f. i

Theorem 8. If a weakly s-pseudocontinuous mapping f : X — Y
18 outer s-pseudocontinuous at each point of X, then f is outer -
pseudocontinuous.

Proof. Let V be an open subset of Y. There is an open set U C X
such that |f~}(V)AU| < 5. Since f is outer s-pseudocontinuous at
each point, for any z € f~1(V)\U, there exists an open neighborhood
U, of x and a set A, C U, with |A,| < » and U,\A, C f~1(V). Put
W =UUU{U, : = € f~%(V)\U}. Then, obviously, f~}(V) C W.
Moreover, W\f~1(V) C [U\fY(V)]UU{4: : = € f~1(V)\U}, so
W\F (V) < D

In the above theorem, the weak sz-pseudocontinuity of f cannot be
replaced by the inner sc-pseudocontinuity of f at each point.

Example 9. Denote by X the set [0,w;) with the order topology, and
let Y be the set [0,w;) with the discrete topology. Then the identity
mapping f : X — Y is clearly outer and inner w-pseudocontinuous
at each point. Since there exists an open set in Y which is not
representable in the form U\ A where U is open in X and A is countable
(cf. [7; page 120]), f fails to be outer w-pseudocontinuous. In view of
Theorem 8, f is not weakly w-pseudocontinuous.
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For a topology 7 on X, put B, = {U\A:U € T and A € J} and
8?7 ={U C X : thereexist G,H € T with G CU C H and H\G €
J}. For k = 1,2, let TJk be the topology on X generated by B"}.
Evidently, if (X,7) is hereditarily sc-Lindeldf, then BY% = T for
k=1,2 (cf. [2, 3, 9]).

We can obtain the following generalizations of Propositions 1.8 and
1.9 of [5]:

Theorem 10. (i) A mapping f : (X,T) — Y is outer J-
pseudocontinuous at a point vg € X if and only if f : (X, 7}) —Y is
continuous at x.

(i) A mapping f : (X,T) = Y is both outer and inner [J-
pseudocontinuous at a point zo € X if and only if f : (X,T2) =Y is
continuous at xg.

Proof. Let V be any open neighborhood of f(zy) in Y. Assume
that f : (X,7T) — Y is both inner and outer J-pseudocontinuous
at xg. There exist sets Uy, Uz € T and an open set Vy C V, such
that g € Uy N Us, f(:l?o) e W, [fil(‘/())\int(x"r)fil(‘/o)] NnNU, € J
and Ug\fﬁl(‘/o) eJ. Pt U=U;NUxN fﬁl(‘/o), G=U NUN
int(x /1 (Vo) and H = U;NU;. It is easily seen that H\G € J; thus,
U € T3. Since zg € U and f(U) C V, we have that f: (X,77) - Y is

continuous at xg.

Suppose now that f: (X,72) — Y is continuous at x. There exists
U € T2 with zp € U and f(U) C V. We can find sets G,H € T with
G CUCHand H\G € J. Then zyp € H and H\f }(V) € J, so
f:(X,T) =Y is outer J-pseudocontinuous at zo. Moreover, the set
[f~(V)\int(x,7f (V)] N H belongs to J because it is contained in
H\G. Therefore f : (X,T) — Y is inner J-pseudocontinuous at x.
Hence (ii) holds. The proof of (i) is similar. O

Theorem 11. Let X, Y} be topological spaces, and let fr : X — Yy
for k =1,2. The following (i) and (ii) hold:

(i) If no nonempty open subset of X; is of cardinality < 3, the

product fi X fo is weakly »-pseudocontinuous at a point (x1,zs) € X3 X
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Xo, and fy is outer s-pseudocontinuous at xi, then fo is continuous
at xo.

(i) If|X1| > s and f1 X fa is weakly »-pseudocontinuous, then fa
18 continuous.

Proof. We shall show (i). The proof of (ii) is simpler.

Let V be any open neighborhood of fs(z2) in Y. There exist
open sets G C Y3 x V and U C X; x Xy, such that (z1,22) € U,
(f1(z1), f2(x2)) € G and, for some A, B C X7 x X5 with |AU B| < s,
the set [((f1 X f2) " }(G) NU)\A] U B is open in X; X X». Take open
sets Vi, C Yy and Uy C Xj with (f(z1),f(z2)) € Vi x Vo C G
and (z1,22) € Uy x Uy C U. Since f; is outer »-pseudocontinuous
at r; and no nonempty open subset of X; is of cardinality < s,
we have |[f{'(Vi) N Uy| > . This, together with the inequality
|A U B| < s, implies that there exists zo € f;'(Vi) N U; such
that the set W = {z € X3 : (z0,2) € (fi x f2) }(G) N U} equals
{z € X2 : (mo,z) € [((f1 X f2)71(G) N U)\A] U B}; hence W is open
in X5. Clearly, x5 € W and fo(W) C V, which completes the proof of

(i). o

Corollary 12. (i) If no nonempty open subset of X is of cardinality
< %, then f : X — Y is continuous at vo € X if and only if
idy x f: X x X = X XY is weakly »-pseudocontinuous at (zo, o).

(ii) If | X| > s, then f : X — Y is continuous if and only if idx X f
1s weakly »-pseudocontinuous.

Observe that if Y is the Sorgenfrey line and f : R — Y is the identity
mapping, then the diagonal mapping (idgAf) : R — R x Y is inner
w-pseudocontinuous and not continuous. Hence, in Corollary 12, the
product idx x f cannot be replaced by the diagonal idxAf.

Recall that a mapping f : X — Y is quasicontinuous at a point x € X
if, for any open sets U C X and V C Y with z € U and f(z) € V,
there exists a nonempty open set W C U such that f(W) C V. If f is
quasicontinuous at each point € X, then f is called quasicontinuous

(ct. [8)).
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Theorem 13. Suppose that X is regular, J does not contain any
nonempty open subset of X, and f : X — Y is quasicontinuous. If f
is outer J-pseudocontinuous at a point xg € X, then f is continuous
at xg.

Proof. Let U be an open neighborhood of f(zg). Take an open
neighborhood V' of f(zy) with cl(V) C U. There exist an open
neighborhood W of zo and a set A € J such that W\A C f~}(V).
Suppose that W\ f~}(U) # @. It follows from the quasicontinuity of f
that there exists a nonempty open set G C W N f=}[Y\cl(V)]. Then
G C A, which is impossible. Therefore, W C f~!(U), which completes
the proof. mi

The requirement that f be quasicontinuous cannot be weakened to
the quasicontinuity of f at z¢ in the above theorem since the charac-
teristic function f : R — R of the set {1/n : n € N} is quasicontinuous
at 0 and outer w-pseudocontinuous at 0 but not continuous at 0.

The assumption of regularity cannot be omitted in Theorem 13 since
if Y denotes the set of reals with the topology 7 = {U C Y : there
exist usual open sets G,H C R with G C U C H and |H\G| < w},
then the identity mapping from R onto Y is quasicontinuous and outer
w-pseudocontinuous but discontinuous at each point of R.

Theorem 14. Suppose that J does not contain any nonempty open
subset of X. If f : X — Y is inner J-pseudocontinuous at a point
xg € X and outer J-pseudocontinuous at xy, then f is quasicontinuous
at x.

Proof. Let V and W be open neighborhoods of f(zg) and o,
respectively. It follows from 10(ii) that there exist subsets G, H and
U of X such that G,H are open in X, G C U C H, H\G € J,
zg €U and f(U) C V. If WN G were empty, then HNW would be a
nonempty open set belonging to J. Hence, W NG # &, which implies
the quasicontinuity of f at xg. O
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Corollary 15. Suppose that J does not contain any nonempty open

onto

subset of X. If f : X =Y 1is both inner and outer J -pseudocontinuous
at each point, then d(Y) < d(X) and ¢(Y) < ¢(X).

Recall that a function is somewhat-continuous if whenever the inverse
image of an open set is nonempty, it contains a nonempty open set (cf.
[8]).

Without any difficulties, one can show that if an inner J-pseudo-
continuous mapping f : X — Y is such that f=1(V) ¢ J for any open
subset V of Y with V' N f(X) # @, then f is somewhat continuous (cf.
[8]); therefore d(Y) < d(X) and ¢(Y) < ¢(X) whenever, in addition,
f(X) =Y. Clearly, an outer w-pseudocontinuous image of a second
countable space need not be separable (cf. [5]).

Theorem 16. Suppose that J contains no nonvoid open subset of
onto

X. Iff: X =Y is a weakly J-pseudocontinuous mapping such that
f~Y(V) ¢ J for any nonempty open subset V of Y, then c(Y) < ¢(X).

Proof. Let {V; : s € S} be a collection of pairwise disjoint nonempty
open subsets of Y. For each s € S, there exist As, Bs € J such that
the set Uy = [f~1(V,)\As]UB; is openin X. As U;NU; € BsUB; € J
for s £ t, s,t € S, the sets U, s € S, are pairwise disjoint. Thus, there
exists a set T C S such that |T'| < ¢(X) and, for any s € S\T, we have
U, =92. If s € S\T, then f~1(V,) C A, which is impossible. Hence,
T =S8 and ¢(Y) < ¢(X). O

Recall that X is said to be weakly s-Lindeldf if, for any open cover
{Vs :+ s € S} of X, there exists a set T C S with |T| < » and
cl (UserVs) = X (cf. [6; 2.34]).

Theorem 17. Let X be a weakly »-Lindeldf space such that no

onto

nonempty open subset of X is of cardinality < ». If f: X = Y
is outer x-pseudocontinuous at each point of X, then Y is weakly »-
Lindelof.
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Proof. Let T be the original topology of X. Denote by 7,. the
smallest topology on X which contains all the sets U\A with U € T
and |A| < 5. In view of 10(i), it suffices to show that the space (X, T.)
is weakly s¢-Lindelof.

Assume that X = Uses(Us\As) where Ug € T and |4, < 3 for
s € S. There exists ' C § with |T'| < 5 and cl (x 7)(UserUs) = X.
Suppose that there exists a nonempty set U € 7 and a set A C X
with |A] < s and U\A C X\ User (Us\A,). Then W = U N UyerUs
is a nonempty open subset of (X,7). Since W C AU UgerAs, we
have |W| < 3, a contradiction. Hence, the set User(Us\As) is dense
in (X, 7.), which completes the proof. o

Using similar arguments, one can show the following

Theorem 18. If f: X ™My s outer s-pseudocontinuous at each

point of X, then I(Y') < I(X) + 2 and hl(Y') < hl(X) + .

Definitions (cf. [4]). Let 7 be an infinite cardinal number. A family
€ of subsets of X with |£] < 7 is called:

(19) a 7-pseudonet in X if, for each open set U C X and for z € U,
there exists E € £ such that z € F and |E\U| < ;5

(20) a weak T-net in X if, for each open set U C X, there exists a
set A C U such that |A| < 7 and, for each € U\ A, there exists F € £
with z € £ C U,

(21) a weak T-pseudonet in X if, for each open set U C X, there
exists a set A C U such that |A| < 7 and, for each z € U\A, there
exists £ € £ with € F and |[E\U| <.

Following [4], let us put
pn(X) = min{r > w: there exists a 7-pseudonet in X},
wnw(X) = min{r > w: there exists a weak 7-net in X},

wpn(X) = min{r > w : there exists a weak 7-pseudonet in X }.

onto

Theorem 22. If f : X = Y is weakly »-pseudocontinuous, then
wpn(Y) < wpn(X) + ».
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Proof. Suppose that £ is a weak 7-pseudonet in X for some 7 > 3. We
shall show that the family {f(E) : E € £} forms a weak 7-pseudonet
inY.

Let V' be an open subset of Y. We can find sets A, B C X such that
|AU B| < 5 and the set U = [f~!(V)\A] U B is open in X. There
exists C' C U such that |C| < 7 and, for any € U\C, there is E, € £
with |[E,\U| < 7 and z € E,. Put D = f(AUC)NV. Of course,
ID| < 7. Ify € V\D and = € f~'(y), then z € f~1(V)\(AUC), so
there exists F € £ with x € E and |[E\U| < 7. Then y € f(F) and
FIENV C f(B)UF(E\U),s0 [f(E)\V|<7. ®O

Arguing similarly as in the above theorem, we can prove Theorems
23 and 24.

Theorem 23. If f : X MOy is inner s-pseudocontinuous, then

wnw(Y) < wnw(X) + .

onto

Theorem 24. If f : X = Y is outer »-pseudocontinuous, then
pn(Y) < pn(X) + 5.

onto

Corollary 25. If f : X =Y is outer sx-pseudocontinuous at each
point of X, then pn(Y) < pn(X) + ».

Proof. It suffices to observe that, in view of [4; 1.5], hl(X) < pn(X);
hence f is outer (pn(X) + »)-pseudocontinuous by Theorem 7. u]

Theorem 26. A space Y has a weak »-pseudonet if and only if Y is
a one-to-one weak »x-pseudocontinuous image of a space of weight < .

Proof. Suppose that £ is a weak »-pseudonet in Y. Let X =Y
be considered with the smallest topology containing £. Of course,
w(X) < s. Moreover, for any open subset U of Y, there exists a
subfamily £* of £ with [UAU{E : E € £*}| < ». Hence, the identity
mapping f : X — Y is weakly s-pseudocontinuous. Theorem 22
completes the proof. O
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By slight modifications of the proof to Theorem 26, we obtain Theo-
rems 27 and 28.

Theorem 27. A space Y has a weak »-net if and only if Y is a
one-to-one inner x-pseudocontinuous image of a space of weight < sc.

Theorem 28. A space Y has a s-pseudonet if and only if Y is a
one-to-one outer x-pseudocontinuous image of a space of weight < .

Lemma 29. Suppose that J does not contain any nonempty open
subset of X. If f : X — Y is outer J-pseudocontinuous at each point
of X and if H is a clopen subset of Y, then the set f~1(H) is clopen
mn X.

Proof. Let xq € f~'(H). There exists an open neighborhood U
of zo with U\f }(H) € J. Suppose that U\f '(H) # @. There
exist x; € U N f~}(Y\H) and an open neighborhood V of x;, such
that V\f~}(Y\H) € J. Then VNU € J because VNU C
[V\f Y (Y\H)]U[U\f (H)]. The contradiction obtained implies that
U C f Y(H) and, consequently, f 1(H) is open. It follows from the
arbitrariness of H that f~!(Y'\H) is open, so f~!(H) is clopen. O

With Lemma 29 in hand, we immediately deduce

Theorem 30. Suppose that X is connected and that J contains no
nonempty open subset of X. If f : X — Y is outer J -pseudocontinuous
at each point of X, then f(X) is connected.

Acknowledgment. The author wishes to thank the referee for
several helpful suggestions.

REFERENCES

1. R. Engelking, General topology, Warsaw, 1977.

2. T.R. Hamlett and Dragan Jankovié¢, New topologies from old via ideals, Amer.
Math. Monthly 97 (1990), 295-310.



ON PSEUDOCONTINUOUS MAPPINGS 1481

3. H. Hashimoto, On the *topology and its application, Fund. Math. 91 (1976),
5-10.

4. R.A. Johnson, E. Wajch and W. Wilczyniski, Three cardinal functions similar
to net weight, Proc. Amer. Math. Soc. 109 (1990), 261-268.

5. R.A. Johnson and W. Wilczyniski, Pseudocontinuous functions, XXXIV
Semester in Banach Center, Theory of Real Functions, Pol. Acad. Sci., Preprint
482 (1990), 10-23.

6. J. Juhdsz, Cardinal functions in topology—Ten years later, Amsterdam, 1980.
7. J.C. Morgan II, Point set theory, New York, 1990.

8. Z. Piotrowski, A survey of results concerning generalized continuity on topo-
logical spaces, Acta Math. Univ. Comenian. 52—-53 (1987), 91-110.

9. F. Samuels, A topology formed from a given topology and ideal, J. London
Math. Soc. 10 (1975), 409-416.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF LODz, UL. S. BANACHA 22, 90-238
L6DZ, POLAND



