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LOCALIZED SOLUTIONS OF SUBLINEAR
ELLIPTIC EQUATIONS: LOITERING
AT THE HILLTOP

JOSEPH A. IAIA, HENRY A. WARCHALL AND FRED B. WEISSLER

ABSTRACT. We establish existence of infinitely many
localized twice-differentiable radial solutions to the equation
Av+f(v) = 0in RY, where f is linearly bounded above. Such
equations govern the spatial profiles of solitary-wave solutions
to nonlinear wave equations with global regularity of solutions.
‘We use constructive methods to show that there are localized
solutions with any prescribed number of nodes.

1. Introduction. We consider the semilinear wave equation
(1.1) uy — Au = g(u),

where solutions u are complex-valued functions on spacetime RV 11!,
with spatial dimension N > 2, and where the nonlinearity g : C — C
has the property that g(sei¥) = g(s)e'¥ for all real s and 1. Such
a function g is determined by its restriction to the real axis, which
is necessarily odd, and which we assume to be real. Let G(s) =
fosg(s’)ds' be the primitive of g. If G(s) < 0 for all real s, then
conservation of the energy Elu,u] = [gn{(1/2)|w]* + (1/2)|Vul* —
G(Ju|)} d¥z implies, under growth conditions on g, that solutions to
(1.1) with finite-energy initial data are bounded in bounded regions of
spacetime [8, 10]. If, on the other hand, the primitive is positive at
some amplitudes, then it is possible for singularities to develop. Here
we will consider the well-behaved case in which G(s) < 0 for all s,
consistent with global regularity of solutions.

We are interested in standing-wave solutions of the nonlinear wave
equation, of the form u(wz,t) = e™'v(x), where w is a real constant.
For such a solution, the standing-wave profile v : RN — C satisfies the
associated nonlinear elliptic equation

(1.2) Av+ f,(v) =0
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where the nonlinearity f., : C — C is related to g by f.,(2) = g(2)+w?z.
Under appropriate conditions on f, (roughly, that f/(0) < 0 and
Fu(s) = [; fu(s)ds’ > 0 for some value of s), there are twice-
differentiable solutions to (1.2) that are localized in the sense that
v(xz) — 0 as |z| — oco. Such localized classical solutions are of interest in
various contexts, and the set of spherically-symmetric (radial) solutions
has been extensively studied [1-7, 9].

We note that if f, results from a nonlinearity g having G(s) <
0 for all s, then F,(s) = G(s) + (1/2)w?s® must be quadratically
bounded above. To date, work that establishes the existence of localized
spherical solutions either has been variational in character, or has been
constructive but applicable only to nonlinearities f,, with superlinear
growth, for which F,, is not quadratically bounded. In this paper, we
use constructive methods to prove the existence of localized solutions
o (1.2), for functions f, that engender global regularity of solutions
to the associated nonlinear wave equation.

We assume that the nonlinearity f = f, in (1.2) is an odd locally
Lipschitz-continuous function with —co < —0? = lim,_¢ f(s)/s < 0,
and in case 0 = 0 we require that f(s) < 0 for small positive s.
We furthermore assume that the primitive F(s) = [ f(s')ds’ has a
positive zero «y, with f(y) > 0, and F(s) < 0 for all s in the interval
(0,7). Under mild growth restrictions on f, these basic hypotheses
are sufficient to guarantee the existence of localized radial solutions to
(1.2). (See [1, 2, 4, 9].)

Constructive methods, which furnish additional information about
nodal structure, require additional hypotheses. In this paper, we treat
two distinct types of behavior of f for large amplitudes. The first type
is linear or sublinear growth, in which f(s) = xs? + h(s), where & is
a positive constant, 0 < p < 1, and h(s)/s? — 0 as s — oo. This
discussion, in Appendix A, forms a footnote to [6].

Our main results concern a second type of behavior, in which F'(s)
has a positive local (one-sided) maximum at a value of s larger than ~.
Section 2 presents general hypotheses on the shape of F' under which the
conclusions of the main theorem (below) hold. In Appendix B we show
that those hypotheses follow from various more natural assumptions.
For example, the conditions of Section 2 are true if f satisfies the
following two hypotheses:
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I. There exist 8 and 6 with 0 < 8 < v < ¢ such that f(3) = f(6) =0
and f(s) > 0 for all s in the interval (5,0). (Thus F is positive and
increasing on (v, ), with zero derivative at 4.)

II. F'is concave downward near the hilltop at d, that is, there exists
e > 0 such that F(t) < F(s)+ f(s)(t —s) for all s and ¢ in the interval
[0 —e,d].
See Figure 1. We remark that in this case we make no hypotheses on
f(s) for arguments with |s| > §. The behavior of f outside [, d]
is irrelevant to our discussion and does not affect the solutions we
construct.

The hypotheses of Section 2 are also satisfied in cases where F' has
a “hilltop at infinity,” that is, where F' is positive, strictly increasing,
and bounded on (7, 00), so that F(00) = lims_,o F(s) is finite. If, for
example, F additionally satisfies 0 < M;(f(s))? < F(c0) — F(s) <
Msf(s) for all s in (v,00), where My and My are constants, then the
hypotheses of Section 2 hold.

Our main result is the following:

Main theorem. Let [ satisfy the hypotheses stated in Section 2.
Then, for each nonnegative integer n, there is a C? real-valued solution
v(x) to (1.2), spherically symmetric with respect to the origin, such
that v(z) — 0 as |x| — oo, and such that v(x) vanishes on exactly n
spherical hypersurfaces.

Because we consider only spherically symmetric solutions v(z) =
w(|x|), the main theorem is equivalent to the existence of solutions
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of the ODE boundary-value problem

(1.3) "+ ——w' + f(w)=0 forr>0
(1.4) w'(0) =0,
1.5 lim w(r) =0,
T—00
where r = |z|. We use a shooting argument to establish existence.

We consider the initial-value problem consisting of (1.3) with initial
conditions

(1.6) w0)=d,  w'(0)=0,

and we vary the parameter d to achieve (1.5).

A crucial step is the demonstration that the solution to the initial-
value problem can be given an arbitrarily large number of zeros by
choosing d appropriately. Previous work [6] relies on comparison with
a scaled version of the differential equation in which the (superlinear)
large-|w| behavior of f(w) predominates when d is extremely large.
In case f has the behavior illustrated in Figure 1, a quite different
mechanism is responsible for the existence of solutions to the initial-
value problem with large numbers of zeros.

To discuss this distinction, we interpret (1.3) as an equation of motion
for a point with position w(r) at time 7, moving in the potential well
F(w), subject to the influence of the time-dependent damping force
—((N=1)/r)w'. According to (1.6) the system is released from rest with
initial displacement d, and a solution to the boundary-value problem
(1.3)—(1.5) is one that comes to rest at the local maximum of F' at the
origin, after an infinite time.

Let
B(r) = Elw,v'](r) = (1/2)(w'(r))* + F(w(r))
be the usual energy of the system. If w(r) is a solution to (1.3) then

() = - (w'(r)),

so E(r) is nonincreasing. It follows that if E[w, w’](r) becomes negative
at some time rg, then the solution w(r) has no zeros larger than ro.
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Thus, in order to have many zeros, a solution to the initial-value
problem must maintain positive energy a sufficiently long time.

In the situation addressed by previous work, where lims_, o f(s)/sP
is a positive constant and 1 < p < (N + 2)/(N — 2), solutions with
large numbers of zeros are obtained as d — co. For such solutions, the
initial energy E(0) = F(d) becomes large enough to offset the energy
decrease due to damping.

For nonlinearities of the type shown in Figure 1, solutions with large
numbers of zeros are obtained as d — 6~. The initial energy is no
larger than F'(9), and solutions employ a different mechanism to offset
the initial energy decrease due to damping: they are initially essentially
constant, and begin to develop non-negligible values of |w’(r)| only
after a relatively long time interval. The effect of the damping force
—((N —=1)/r)w’ is thereby mitigated, since |w’| becomes non-negligible
only when r is large. This phenomenon of “waiting near the hilltop”
allows solutions to retain sufficient energy for large numbers of zero-
crossing excursions.

The difference between the two types of behavior is illustrated in
Figure 2, which shows numerical solutions of the initial-value problem
(1.3) with (1.6) in dimension N = 3.

The lower lefthand plot (Figure 2a) shows three solutions in a case
illustrative of earlier work, the function f(w) = —w(1 — w?), which is
superlinear at large amplitudes. The solutions have, respectively, no
zeros (d = 3), one zero (d = 6), and two zeros (d = 15). Note that, as d
increases: the location of the first zero moves inward; solutions initially
decrease more rapidly; energy loss is compensated by greatly increased
initial energy.

The lower righthand plot (Figure 2b) shows three solutions for a
nonlinearity illustrative of the hilltop case of our analysis here, the
function f(w) = —w(1—w?)(4—w?). This function has 8 = 1, v ~ 1.52,
and § = 2. The solutions have, respectively, no zeros (d = § — 107%),
one zero (d = § — 107?), and two zeros (d = § — 10718). Note that,
as d increases: the location of the first zero moves outward; solutions
initially decrease more slowly; energy loss is minimized by waiting near
the hilltop of F'(w) at amplitude w = 2 until the coeflicient (N — 1)/r
of the damping term in (1.3) is fairly small.
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The distinction between these two behaviors is also suggested, albeit
less dramatically, by the fact that solutions of (1.3) with (1.6) satisfy

w(0) = d, w'(0) =0, w”(0) = (=1/N) f(d).

Thus, in the superlinear case, as d — oo, w”(0) — —oo, and the
function w(r) initially curves downward very sharply. In contrast,
in the hilltop case analyzed here, as d — 6, w”(0) — 07, and the
function w(r) is initially quite flat.

In Section 2, we spell out the (hilltop) hypotheses on the nonlinearity
f under which we prove the main theorem. Section 3 establishes
some elementary properties of solutions to the initial value problem.
Section 4 contains the proof of Theorem 1, which establishes that there
are solutions of the initial value problem with arbitrarily many zeros.
In Section 5 we sketch the proof of the main theorem, which proceeds,
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given Theorem 1, by the method employed in [6]. In Appendix B,
we show that the conditions on f indicated in this section imply the
hypotheses of Section 2. As mentioned, Appendix A contains the
addendum to [6] which establishes there are solutions of the initial
value problem with arbitrarily many zeros, in the (non-hilltop) case of
linear or sublinear growth of f.

2. Hypotheses for the hilltop. The assertions of the main
theorem are a consequence of the following hypotheses.

Let f be an odd locally Lipschitz-continuous function with —oco <
—0? =lims_o f(s)/s < 0. If o = 0, we require that f(s) < 0 for small
positive s. Let F(s) = [ f(s')ds’ be the primitive of f.

We assume that there exist numbers 3, v, and § with 0 < B <y < §
(possibly 6 = c0) such that:

f(B) =0, f(s)>0 forall se(5,0),
F(y) =0, F(s) <0 forallse(0,7).

If § = 00, we furthermore assume that F(co) = lim,_. F(s) is finite.

We define the following two quantities associated with f:

(2.1) fory <y <d<i;

e dz
) :/y Vo /F@) — F(2)

d
A(y;d) = V2(N — 1)/ ﬁ\/F(d) — F(z)dz

for v<d<é.

(2.2)

Our central hypotheses, used in Sections 3, 4 and 5, are that these
quantities are well-defined and satisfy:

2.3 lim T(v;d) =
(2:3) Jim T(y;d) = oo
and

(2.4) lim A(y;d) = 0.

d—d6—
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We show in Appendix B that these hypotheses hold under a variety
of more natural conditions on f that correspond to (one side of) a local
maximum of F(s) at s = d. We will see in the following sections that
T is a lower bound on a time delay, and that A is an upper bound on
initial energy loss.

We will make use of an immediate consequence of these hypotheses.
Define

d
I'(d) = V3(N — 1) /ﬂi JEG) =~ F(y) dy

(2.5)
for v < d < d.
Lemma 2.1.
. T(d)
(2:6) M T =0

Proof of Lemma 2.1. In the case when 0 is finite, the assertion fol-

lows immediately, since then T'(d) < v2(N — 1) fis VF() — F(y)dy,

independent of d, and by hypothesis T'(y;d) — oo as d — ™.
In the case § = oo, we have, since F is even, I'(d) = 2v2(N —

1) fod v/ F(<) — F(y)dy. Thus, for d > ~,
I(d) 2V2(N-1) [V
'S T T Tnd) /0 Floo) = Fly)dy
[ /F(o0) = Fy) dy
d

() - F(z)) -1/ dz

+4(N—1)

The first term goes to zero as d — oo, by hypothesis (2.3). Because
F' is monotonically increasing on (y,00), the second term in (2.7) is
bounded by

JVF(0) = Fly) dy _ AN =)o) (d =)

fj[F(oo) — F(2)]"Y2dz f(ci+d)/2[F(00) — F(2)]1/2 ds

A(N - 1)
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Applying the mean value theorem to the integral in the denomi-
nator, we see that the second term in (2.7) is bounded by 8(N —
1)\/F(c0)\/F(00) — F(z4), where zq is some number in the interval
((v + d)/2,d). This upper bound tends to zero as d — oo. Thus
limg_,oo I'(d) /T (v;d) = 0, as claimed. This completes the proof of
Lemma 2.1. O

3. Properties of solutions to the initial value problem.

Lemma 3.1. If w is a solution of the initial value problem (1.3) with
(1.6) on some interval [0, R) with R < 0o and § < d < 4, then |w| < d
on (0, R).

Proof of Lemma 3.1. Suppose by way of contradiction that there
is some 79 > 0 such that |w(rg)| = d. Multiplying (1.3) by w'(r),
integrating on (0, 79), and using (1.6) gives

(1) Ju’lro)+ /O ML) dr + Fluw(ro)) = F(d)

Since F(w(rg)) = F(d), it follows from the nonnegativity of the other

terms that o N _1
/ ——w'?(r)dr = 0.
O r

This implies w’(r) = 0 on (0,79) and thus w(r) = d for all > 0. On
the other hand, taking limits in (1.3) gives

d
(3.2) w"(0) = —% <0 since B <d <4,
showing that w(r) is not constant, a contradiction. Hence, no such rg
can exist. Thus, we must have |w| < d on (0, R), as claimed. m

The existence for small » > 0 of unique solutions to (1.3) with
(1.6) can be established by an application of the contraction mapping
principle to the map

Gw)=d—- /OT tNl_l /Ot sV f(w) ds dt,
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whose fixed points are solutions. To establish existence for all r > 0,
we recall that on any interval of existence of w, |w| is a priori bounded
by d < §. Thus |F(w(r))| is bounded, since F is continuous. Because
the energy (1/2)(w’(r))?+F(w(r)) is bounded above by its initial value
F(d), it follows that |w’(r)| is also bounded. Thus the small-r solution
may be continued to all » > 0.

Lemma 3.2. Let w be a solution of (1.3) with (1.6) where v < d < 4.
Then w is decreasing on a nonempty open interval (0, Ry), where either:

(a) Ry = 00, lim, 0o w'(r) = 0, lim, oo w(r) = L where |L| < d and
f(L) =0, and E(Ry) = lim,_,, E(r) = F(L),

(b) Ry is finite, w' (Ryq) =0, f(w(Ry)) <0, and E(Ry) = F(w(Ry)).-

In either case, there exists a unique (finite) number 74 € (0, Rq) such
that w(tq) = v and such that w is decreasing on (0,74].

Proof of Lemma 3.2. Since w’(0) = 0 and w”(0) = — f(d)/N < 0, we
have that w is decreasing for small r.

If w is not everywhere decreasing, then w has a first local minimum
at r = Ry, with w'(Rg) = 0 and w”(R4) > 0. It follows from (1.3)
that f(w(Rq)) < 0, and therefore w(Ry) < 8 < . Thus, there exists
T4 € (0, Rq) with the stated properties.

On the other hand, suppose that w(r) is decreasing for all » > 0. We
showed in Lemma 3.1 that |w(r)| < d for r > 0. Thus lim, . w(r) =
L with |L| < d. We also know that w’ is bounded. Therefore,
lim, oo w'/r = 0, so from (1.3) we have lim, o, w”(r) = —f(L).

If f(L) is nonzero, then w” (r) is bounded away from zero for r in the
interval (rg, 00) for some 7, which implies that w’(r) is unbounded as
r — 00, contradicting the fact that w’ is bounded. Thus f(L) = 0, and
so L < 3. Thus there exists a finite 74 with the stated properties.

The fact that lim, . w’(r) = 0 can be seen as follows. The energy
E(r) = (1/2)(w'(r))? + F(w(r)) is decreasing and bounded below, and
so has a limit as  — oo. Since w(r) has a limit, the term F'(w(r)) also
has a limit as r — oo. Thus lim,_,(1/2)(w’(r))? exists, so w’(r) has
a limit, which must be zero because w is bounded. This completes the
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proof of Lemma 3.2. O

4. Solutions with many zeros. Let wy be the solution of (1.3)
with (1.6) where v < d < §, and let 74 be, as in Lemma 3.2, the smallest
value of r for which wg(r) = 7. Since wq is decreasing on (0, 74], the
inverse of wy is well-defined on [y,d) and w;' : [y,d) — (0,74). In
addition, we have the following estimate.

Lemma 4.1. Fory € [v,d),
(4.1) wyt(y) = T(y; d),
where T (y; d) is defined by equation (2.1).

Proof of Lemma 4.1. Since the energy E(r) is nonincreasing, the
solution w = wy satisfies

%w@ + F(w) < F(d).

Since w is decreasing on [0, 74], we have

(4.2) —w' <V2\/F(d) — F(w) forr e [0,74].

Hence,
/d 4 [ wyd s
w(r) F(d) - F(Z) 0 F(d) - F(w(t)) -
for r € [0, 74].

Letting r = w1 (y) gives

T(y;d),

w*l(y) > /d dz _
~ Va/F@ - F (D)

for y € [v,d), as claimed. o

Remark. We note that T'(y;d) is the time at which the solution to
the (undamped) initial value problem

(4.3) u' + f(u) =0, u(0) = d, u'(0)=0
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first reaches position y, that is, w(T'(y;d)) = y.

Lemma 4.2.

lim 74 = oo.
d—06~

Proof of Lemma 4.2. Since 74 = w™(7), setting y = v in equation
(4.1) gives
74 > T(v;d).

By the hypotheses of Section 2, limy_,5- T'(v; d) = oo. Thus limy_5- 74 =
o0, as claimed.

Lemma 4.3.

. Proof of Lemma 4.3. Since (d/dr)E(r) = (—(N — 1)/7)(w'(1))?, we

0 < B(0) — E(rg) = (N — 1)/

0 T

As in Lemma 4.1, we have

(4.4) 0 < —w'(r) = |u'(r)| < V2y/F(d) — F(w(r))

for r € [0,74]. Making the change of variables z = w(r), and using
Lemma 4.1, we obtain

d
0 < B(0) — E(ra) < VA(N — 1)/ w%(z)«/F(d) “F() d

d
ﬁ F(d) — F(z)dz = A(y; d).

By hypothesis, the quantity A(v;d) defined by equation (2.2) has limit
zero as d — 0~ . Thus lim,_s5- [E(0) — E(74)] = 0, as claimed. O

§\/§(N—1)/

~

Remark. We note that A(y; d) is the energy lost during the excursion
from w(0) = d to w(r) = y, but computed by replacing w with the
solution u to the undamped initial value problem (4.3).
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Lemma 4.4. Let w be the solution of the initial value problem (1.3)
with (1.6), where |d| < §. Suppose that w(r) is monotonic on the
interval (R1, Ra), where Ry > 14. Then the energy loss E(R1) — E(Rs)
on that interval satisfies the upper bound

I'(d
0< B(R) ~ B(R) < S,
Ry
where T'(d) is defined by equation (2.5).
Furthermore,
w —0 asd— 9,
Td
so that

[E(R1) — E(R2)]—0 asd—d".

. Proof of Lemma 4.4. Since (d/dr)E(r) = (—=(N — 1)/r)(w'(r))?, we

R2
0< E(Ry) — E(Ry) = (N — 1)/R %(w’(r))2 dr
N-1 [f | ,
< 7 /R1 [w! (r)]|w' (r)| dr.

Using the fact that

[w'(r)] = V2V/E(r) = F(w(r)) < V2V/F(d) — F(w(r))
< V2VF(0) - F(w(r)),

and making the change of variable y = w(r), we have

V2(N —1)
Ry

w(R2)
/ VE®) — F(y) dy|.

w(R1)

E(Ry) — E(R2) <

Since |w(r)| < d for all r > 0, we have

_ d

as claimed.
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To show that I'(d)/74 — 0 as d — §—, we recall that 74 > T'(v;d),
see Lemma 4.2. Thus I'(d)/7q < T'(d)/T(vy;d) and, by Lemma 2.1,
I'(d)/T(v;d) — 0 as d — §~. This concludes the proof of Lemma 4.4.
O

Lemma 4.5. Let wq(r) be the solution of (1.3) with (1.6). If
d € (v,0) is sufficiently close to §, then wq has a first turning point
at v = Ri(d) > 0 with —d < wq(R1(d)) < —v (and wi(R1(d)) = 0).
Furthermore, limy_,s— R1(d) = oo and limy_,5— E(Ry(d)) = F(9).

Proof of Lemma 4.5. Let (0, Rq) be the maximal interval of (initial)
monotonicity of wy that is established by Lemma 3.2. (If R; = oo, then
the statements below refer to the appropriate limiting values.) We have

F(6) — E(Rq) = E(0) — E(Rq)

by Lemma 4.4. As d — §~, the term in square brackets vanishes by
virtue of Lemma 4.3, and the last term vanishes by virtue of Lemma 4.4.
Thus limy ,s- E(Rg) = F(6). Therefore, for d sufficiently close to 6,
E(Rg) > 0, so that |wg(Rg)| > 7. This implies Ry is finite, because,
by Lemma 3.2, if R4 = oo then w(Rq) = L where L is a zero of f with
|L| < ¢, and the only such zeros have |L| < 7.

Thus, again by Lemma 3.2, wy has a local minimum at r = Ry(d) =
Ry > 0, and wy is decreasing on (0, Ri(d)), and f(wq(R1(d))) < 0.
Thus wg(R1(d)) < B and |wg(Ri(d))] > =, which implies —d <
wq(R1(d)) < —.

Finally, Ry (d) = Ry > 74 by Lemma 3.2, so that limy_,s- R;(d) = 0o
by virtue of Lemma 4.2. This concludes the proof of Lemma 4.5. |

Theorem 4.1. Suppose f satisfies the hypotheses given in Section 2.
Let integer m > 1 be given. There is a number d,, with v < dp, < §
such that for all d between d,, and 6, the solution of the initial value
problem (1.3) with (1.6) has at least m positive zeros.
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Proof of Theorem 4.1. From Lemma 4.5 we know that for d € (v, )
sufficiently close to 4, the solution wq(r) to (1.3) with (1.6) has a first
turning point at r = R1(d), with —d < wgq(R1(d)) < —v. Thus wy has
a zero in (0, Ry(d)), and the assertion of the theorem is established in
the case when m = 1. We henceforth assume that m > 2.

Lemma 4.5 shows that limy_,s- E(R1(d)) = F(J). Let d. € (v,9) be
such that E(R;1(d)) > (1/2)F(0) for all d € (d.,d). Since Ry(d) > 74,
Lemma 4.4 shows that limg_s- I'(d)/Ri(d) = 0. Given m > 2,
choose d,;, € (d«,d) so close to § that I'(d)/Ryi(d) < F(§)/(4m) for
all d € (dp,0).

Consider an interval (Ry(d), Rz) on which wq(r) is monotonic. By
Lemma 4.4, we have

E(R2) = E(Rl(d)) - [E(Rl(d)) - E(RQH

Since E(R3) is thus positive and bounded away from zero, it follows
that wq(r) has a turning point at r = Ra(d) > Ri(d) with wg
monotonically increasing on (R;(d), Rz(d)) and v < |wgq(R2(d))| < 6.
(Here wy cannot be monotonic on (R;(d),o0) since, if it were, then
(as in the proof of Lemma 3.2) its limit value L would be a zero of
f with |L| < 4, and then E(r) — F(L) < 0 as r — c0.) Since the
differential equation (1.3) gives f(wq(R2(d))) = —w/(R2(d)) > 0 at
the local maximum Ry(d), we see that wg(Rz2(d)) > v, so wg has a
second zero in (Ry(d), Ra(d)).

Next (if m > 3), consider an interval (Ra(d), R3) on which wy is
monotonic. We have

E(R3) = E(Ry(d)) — [E(Ra(d)) — E(R3)]

> B(Rad) - 4
> B(Ro(d)) — ~
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> %(1 - i)F(a) _ L rp

2m 4m
1 2
AT

Thus again wg(r) has a turning point at r = Rs(d) > Ra(d) with
wq monotonically decreasing on (Rz(d), R3(d)) and wq(Rs(d)) < —.
Therefore, wy has a third zero in (Ra(d), R3(d)).

We may continue in this way to find m successive turning points of
wq(r), at r = R;(d), j =1,2,... ,m, with E(R;(d)) > (1/2)(1 — (j —
1)/(2m))F(6) > (1/4)F(6) > 0. Therefore, for all d € (d,,0), the
solution wg(r) has at least m zeros.

This concludes the proof of Theorem 1. ]

5. Proof of the main theorem. The main theorem can now be proven
by the method employed in [6], which we sketch here. Exactly as in
that paper, we can establish the following:

Lemma 5.1. Suppose wq, (r) is a solution to the initial value problem
(1.3) with (1.6), where d = d. € (f3,0), such that wq, has exactly m
zeros, and such that lim, _ ., wq, (r) = 0. If d is sufficiently close to d.,
then the solution wq(r) has at most (m + 1) zeros.

To prove the main theorem, we define
Aj ={d € (8,9) | wq(r)has exactly j positive zeros}

and we set d; =sup A; for j =0,1,2,....

Concerning Ay, we note that Ay is nonempty because (5,7) C Ag
(since negative initial energy precludes zeros). Also, dy < ¢, since for
d sufficiently near &, wy has arbitrarily many zeros, as established by
Theorem 1. Asin [6], we can use the continuous dependence of solutions
on initial conditions to establish that wg, () > 0 and wy () < 0 for all
r >0, and wq, (r) — 0 as 7 — oo. Thus v(x) = wy, (Jz|) is the nodeless
localized solution whose existence is asserted in the main theorem.

Concerning A;, Lemma 5.1 establishes that A; is nonempty and, by
Theorem 1, d; < §. We can again use the continuous dependence of
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solutions on initial conditions to establish that wq, has exactly one zero
and wg, (r) — 0 as 7 — o0, so that v(z) = wq, (|z|) is the single-node
localized solution whose existence is asserted in the main theorem.

The proof for larger numbers of nodes proceeds in the same way.

Acknowledgments. H. Warchall is grateful for the hospitality and
support extended to him by the Institut Galilée of the Université Paris
XIII during his visit there. We thank Robert Pego for encouraging us
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APPENDIX

A. Linear and sublinear growth. This is an addendum to the
work of McLeod, Troy, and Weissler [6] on localized radial solutions
in RN of (1.2). That paper assumed superlinear growth of the non-
linearity: f(w) = k?|w[P~*w + g(w) where x? is a positive constant,
limy oo [g(w)]/|wfP = 0, and 1 < p < (N + 2)/(N — 2). Under this
assumption the authors proved the existence of an infinite number of
localized radial solutions of (1.2). An important lemma in their paper
established that the solution of (1.3) with (1.6) has arbitrarily many
zeros for sufficiently large values of d. Their method, a rescaling argu-
ment in which the large-|w| behavior of f(w) predominates, does not
apply if f grows linearly or sublinearly.

In this appendix, we extend their work to the case where the non-
linearity either grows linearly or sublinearly. That is, we assume the
hypotheses of [6], with the exception of their hypothesis (f4), which we
replace with the assumption that

fw) = R wl"" w + g(w),

(A.1)
where 0<p<1land lim M*O

w— 00 |w|17 -

for some positive constant x%. Here we establish that also in this case,
the initial value problem (1.3) with (1.6) has arbitrarily large numbers
of zeros for sufficiently large values of d. The rest of the theorems in
their paper hold without modification.
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Case 1. Linear growth. Assume (A.1) with p = 1. Suppose wq(r) is a
solution to (1.3) with (1.6). Let z4(r) = (1/d)wg(r). Then z;4 satisfies

N-1, f(dzd)

A2 " =
(A.2) Zq + .l + d 0
and

(A.3) zqa(0) = 1, 25(0) = 0.

It then follows, as in [6], that |z4| and |2}| are bounded independently
of d, and hence that (a subsequence of) z4 converges uniformly on
compact sets to the function z that solves

N
(A.4) 2 ——2 +K%2=0
r
subject to (A.3). Setting y(r) = (/2 (N=2)2(r) yields Bessel’s equation

1 1/2)(N —2))?
y//+—y/+(1€2—((/>(2 )) )y:O,
r r
whose solutions have infinitely many positive zeros. Thus the solution
z to (A.4) with (A.3) has an infinite number of positive zeros. Since
zq — z uniformly on compact sets, we see that z4 will have as many

zeros as desired for large enough values of d.

Case 11. Sublinear growth.

Assume (A.1) with 0 < p < 1. Now suppose w), is a solution to (1.3)
with wy(0) = A2/(07P) and w}(0) = 0. Let 25(r) = A=2/(0=Ply(Ar).
(Note that the scaling of the argument is inverse to that in [6].) Then
z) satisfies:

N -1

(A.5) 2+ Zh 4+ AT/A=R) p (N AP ) = 0
(A.6) 2, (0) =1, 24(0) = 0.

It then follows, as in [6], that |z5| and |z} | are uniformly bounded, and
hence that (a subsequence of) z) converges uniformly on compact sets
to a function z that satisfies

(A7) z”+Ez’+n2\z|p_1z:O
r
(A.8) A0)=1,  2(0)=0.
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Remark. It is known that solutions of this initial value problem
exist for all » > 0. Existence for small r follows by the contraction
mapping principle. Existence for all » > 0 follows from the fact that
the decreasing energy bounds z and z’.

Lemma A.1. Suppose z satisfies (A.7) with (A.8), where 0 < p < 1.
Then z has an infinite number of isolated zeros.

Proof of Lemma A.1. We assume for purposes of contradiction that
z > 0 for all » > 0. Multiplying equation (A.7) by 7V =1 and integrating
on (0,r) gives

(A.9) A :FLQ/ sV 2P~ 2 ds.
0

Since z > 0 by assumption, the righthand side of (A.9) is positive.
Hence 2z’ < 0 and so z is a decreasing function. Thus we can estimate
the righthand side of (A.9) as follows:

r T KQTN
N7l = /@2/ sV dg > szp/ sV lds = 2P
0 0 N

Thus,
(A.10) —27P2 > K*rN.

Integrating (A.10) on (0,7) gives

1—p)K?
1-p <1 — (—p 2
(A.11) 2P <1 ) re.

By assumption z > 0 and so the righthand side of (A.11) is positive.
On the other hand, 0 < p < 1 and the righthand side goes to —oo as
r — oo and so we obtain a contradiction. Thus z must have a first
Zero. i

Denote by ¢ the first zero of z. We have z > 0 on [0, ;). Hence, the
righthand side of (A.9) with r = ¢ is positive, and therefore z'(g;) < 0.
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We next show that z has a negative minimum. Again we prove this
by contradiction. Suppose that z is decreasing for all r > ¢;. From
above we know that z is bounded for all » > 0, hence we must have
that

lim z(r) = L.

rT—00
Further, L < 0 since z(¢1) = 0 and 2’(¢1) < 0. We also know that 2’ is
bounded, so taking limits in the differential equation gives

lim 2 (r) = —52\L|p71L.

T—00

Since 2z’ is bounded, the only possible limit is L = 0. But we have L < 0
and so we have a contradiction. Thus, z must have a first minimum
which we denote m;.

Next, we will show that z has a second zero go with ¢o > mq. So we
assume for purposes of contradiction that z < 0 for » > my. Letting

w = —z, we have that w > 0 for r > m; and that
N -1
(A.12) w’ + ——w' + kWP =0
r
(A.13) w(my) > 0, w'(my) = 0.

Arguing as above gives

(A.14) —rN 7y = / k2N TP ds.

The righthand side of (A.14) is positive. Therefore, w is decreasing.
Thus, for all 7 > my,

(r" —m{)

—m)

N

—rN=ly > kPP

Choose r large enough so that rV — m{v > (1/2)7"N, that is, r > rg =
21/Nimy. Then for r > ry we have

14,2’[”

Al —w Pw > —.
(A.15) wPw' 2 o
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Therefore,

_ 2
(A.16) w P < w P (rg) — %(” = 75).

The lefthand side of (A.16) is positive and the righthand side ap-
proaches —oo as r — oo, and so we obtain a contradiction. Thus,
w and hence z must have a zero g with g2 > m; > ¢;. Further,

q2
(A.17) —g¥ 1 (q0) :/ k2N 2P 2 ds.
my
As above, z < 0 on [mq,q2) hence the righthand side of (A.17) is
negative. Hence, z'(g2) > 0.
As before, it can be shown that z has a local maximum mso > g2 and
a subsequent zero g3 > ms. Similarly, it can be shown that z has an

infinite number of isolated zeros on (0, 00). This completes the proof of
the lemma. O

B. Verification of Hilltop time-delay and energy-loss limits.
In this appendix, we show that the general (hilltop) hypotheses on f
given in Section 2 are consequences of some more special assumptions
that are easily verified.

We always assume that f is an odd locally Lipschitz function, with
primitive F. We assume that there are numbers 3, 7, and § with
0 < B <7< < oo such that:

f(B) =0, f(s) >0 forall se(8,0),
F(y) =0, F(s) <0 forall se(0,7).

If § = oo, we furthermore assume that F'(00) = lims_,o F'(s) is finite.

We begin by showing that the bounds

F(0) — F(s) ~
(B.1) 0< 70 <My <
and
(B.2) 0 < M, < YEO) —F(s)
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for all s € [v,0), where My and M are (finite, positive) constants, are
sufficient to guarantee that the conditions

2. lim T(v;d) =
(2.3) Jim T(y;d) = oo
and

2.4 lim A(y;d) =0
(2.4) Jim A(v;d)
hold.

For brevity in the following, we define the auxiliary quantities

= [FO = F@)]"
(B.3) ply;d) = [m} )
and
(B.4) O(r) = /f 7(;2(]5_ - —log(r +/r2 — 1).

Recall that T'(y;d) is defined for v <y < d < ¢ by

(2.1)

s dz
Tsd) = | Va/F@ —F()

Lemma B.1. Suppose [ satisfies the bound (B.2). Then for
y<y<d<yi,

(B.5) T(y;d) > V2M®(p(y; d)).

Proof of Lemma B.1. We may rewrite (2.1) to obtain

T(y;d) = ! / ' |
V2JE®) —F(d) by [F®) — F2)/(FG) — F(@) - 1
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Changing from integration variable z to variable ¢ = p(z;d), we
compute

F(8) = F(2)]'/?

Y — . 1/2[
4z = ~2[F () - F(d) e,

and we have

p(y;d)
Tld) = V3 [ {[F(6> - F(Z(sﬁ))}”?/f(zw))}L
1 % -1
> V2M,®(p(y; d)),

upon using (B.2), as was to be shown. O
Corollary B.2. If f satisfies (B.2), then limy_s- T'(v;d) = oo.

Proof of Corollary B.2. Note that p(v;d) — oo as d — §~. Since
O (r) diverges as  — oo, the assertion follows from Lemma (B.1). o

This shows that hypothesis (2.3) about T'(y; d) follows from condition
(B.2).

We now investigate hypothesis (2.4) about the quantity A(~;d),
defined for v < d < § by

d
(22)  Alyid) = VAN — 1)/ ﬁ\/F(d) “F () de.

v

Lemma B.3. Suppose f satisfies the bounds (B.1) and (B.2). Then
fory <d <,

p(v;d) 2 _
(B.6)  A(y;d) <2(N - 1)% F() - F(d)/l %dqﬁ.

Proof of Lemma B.3. We may rewrite (2.2) as

A(v;d) = V2(N = 1)\/F(5) — F(d)

_/d 1 \/F((S)—F(z) s
. T(zd)\| F6) - F(d) '
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Using the lower bound (B.5) for T'(y;d), we obtain

A(y;d) < (v

We now introduce integration variable ¢ = p(z;d) as before, to get

2(N —1)

s < 2D FG - F@
e [ PE) = F(a(9) | VP T
/1 { F20) } o0(g) 1

Finally, using the inequality (B.1), we obtain

;d)
AGid) < 2N - )32 VF( /W ”’2 L g,

as claimed. O

Lemma B.4. If f satisfies (B.1) and (B.2) then

lim A(v;d) = 0.
Jim A(y;d) =0

Proof of Lemma B.4. We estimate the expressions in the upper bound
(B.6) for A(y;d):

Using (B.3) and (B.4) in the right side of (B.6), we obtain

M, 1 p(7:d) 2 —1
A(y;d N —1)=2/F(6 d
(i) < 2N = Dz, v )p(v;d) /1 plog(p + /9% — 1)

Since p(vy;d) — oo as d — 0, it suffices to compute

[{ (V6% —1/(¢log(¢ + \/¢? — 1)) do

lim

r—00

Using L’Hopital’s Rule we see that this last limit is zero. Thus,

lim A(vy;d) =0
Jim (v;d) =0,
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as claimed.

This shows that hypothesis (2.4) about A(y;d) follows from condi-
tions (B.1) and (B.2). O

We now present specific conditions on f that guarantee that the
conditions (2.3) and (2.4) hold. We discuss separately the cases of
hilltops at finite and infinite values of .

I. Hilltop at finite . Suppose that § is finite, and f(d) = 0.
Assume also that F' is concave downward near the hilltop, that is,
there is € > 0 such that F'(t) < F(s)+ f(s)(t — s) for all s and ¢ in the
interval [§ — &, d].

Under these assumptions it is straightforward to show that the bound
(B.1) holds. To see this, note first that, because f(s) > 0 for all
s € [v,0), the function f is bounded away from 0 on the interval
[v,0 — €], so the inequality F(6) — F(s) < Msf(s) clearly holds for
s € [y, — €] with some finite constant M3. On the other hand, for s
in the interval [0 — €, §], the concavity of F' implies

F(3) — F(s) < (5 — )f(s) < £f(s).

Thus F(§) — F(s) < My f(s) for all s € [, §], where My = max{ M3, e},
and this establishes (B.1).

The Lipschitz continuity of f yields the other bound (B.2). This fact
is a consequence of the following lemma:

Lemma B.5. Suppose f is Lipschitz on [7,0] and such that f(s) >0
for all s € (v,9), and f(§) = 0. Then there is a positive constant C
such that

F(8) = F(s) > C(f(s))
for all s € [,0], where F' is any antiderivative of f.

Proof of Lemma B.5. Let K € (0,00) be the Lipschitz constant for
f1f(s) = f(t)] < K|s—t| for all s and t in [, ]. Extend f to all of R
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by defining

fly) ifs <o
f(s) if s €[y,0]
f(o) ifs>d

f(s)

We note that f is also Lipschitz with constant K, on all of R. Let
¢ € C§°(R) be nonnegative and such that [*_¢(s)ds = 1, and define
b (t) = (1/€)p(t/e) for € # 0. Define the C™ function f. by f. = ¢.*f.
Then, as ¢ — 0, f. converges uniformly on [v, d] to f.

Let F. be any antiderivative of f.. It follows that F.(J) — F.(s)
converges uniformly to F(§) — F(s) for s € [,0], as e — 0.

Now,

UA@—&@MS/m\ﬂs—ﬂ—fﬁ—ﬂWAMm

— o

g/ Kls — tlgo(r) dr = K|s — 1],

so we see that |f.(¢)] < K, independent of ¢ and of ¢. In particular,
—(1/K)fL(t) <1, so that (since f. is nonnegative)

2
2Kf<wx><ﬁ@>
1
- —ﬁ dt 2dt < / fe

— 5%Kﬁ(» — (£(8))2] < F(8) — Fu(s),

for all s € [,4], and all € # 0. Taking the limit as ¢ — 0, we conclude
that

for all s € [y,4], as claimed. O

We have thus established that bounds (B.1) and (B.2) hold for the
case of a hilltop at finite §. Lemma B.2 and Lemma B.4 hence show
that, for this case, the hypotheses of Section 2 hold.
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II. Hilltop at infinity. Suppose § = co. If f(s) has exponential
decay for large s, then the bounds (B.1) and (B.2) hold, and Lemmas
B.2 and B.4 establish the hypotheses of Section 2.

If, on the other hand, f(s) is asymptotic to a multiple of s~? for some
constant p > 1, the bounds (B.1) and (B.2) do not hold. Nevertheless,
straightforward computation of T(v;d) and A(~;d) shows that the
hypotheses of Section 2 hold in this case as well.
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