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FIRST-COUNTABILITY, SEQUENTIALITY
AND TIGHTNESS OF THE UPPER
KURATOWSKI CONVERGENCE

FREDERIC MYNARD

ABSTRACT. The first-countability of the upper Kura-
towski convergence is characterized in terms of the underly-
ing convergence. If we start with a topology, first-countability
is also equivalent to countable tightness of the upper Kura-
towski topology, equivalently upper Kuratowski convergence.
This result is applied to consonance and its analogous for the
real-valued continuous dual is applied to a generalized (real-
valued) consonance result.

1. Introduction. Relations between topological properties of a
space X and the corresponding properties of function spaces on X,
and in particular those of various hyperspace topologies on its closed
sets, have been intensively investigated ([26, 30, 6, 5, 16] among a lot
of others). In such studies a great collection of hyperspace structures
emerged. Moreover, several non topological structures appear naturally
([32, 35, 7]). The upper Kuratowski convergence plays a particular
role in the lattice of all the convergence structures one can endow a
hyperspace with. Indeed, this is the least convergence that makes the
evaluation (by identifying closed sets with their indicator functions)
jointly continuous. This least convergence, transposed on the lattice of
open sets, is homeomorphic to the Scott convergence, classically used
and studied since its introduction by Scott in [42] in the extensive litera-
ture on lattice theory and continuous lattices, e.g., [28, 29, 27, 11]. In
the sublattice of hyperspace topological structures, studied for instance
in [13] and [14], there is in general no such least structure available.
However, the topological modification of the upper Kuratowski con-
vergence, called upper Kuratowski topology (homeomorphically Scott
topology), retains some of the nice properties of the upper Kuratowski
convergence and turns out to be of particular interest. Hence, even if
you focus your attention on topological hyperspace structures and, in
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particular, on the upper Kuratowski topology, the broader framework
of convergences also provides information concerning topologies.

Let X be a topology and let [X,$] denote the associated upper
Kuratowski convergence. Then T[X,$] denotes the associated upper
Kuratowski topology. In [3], Alleche and Calbrix proved

Theorem 0.1 [3, Corollary 2.2]. If X is a hereditarily Lindelof
topology, then T[X,$] is sequential.

Recently Costantini, Hold and Vitolo proved the converse. Moreover,

Theorem 0.2 [12, Proposition 3.6]. Let X be a Hausdorff topology.
The following are equivalent:

1. T[X,$] is sequential;
2. T[X, 8] is countably tight,
3. X is hereditarily Lindelof.

In this paper I characterize the first-countability of the upper Kura-
towski convergence in the general context of convergences. The result
seems to be new even for the upper Kuratowski convergence associated
with a topology. In this latter particular case, it can be strengthened
as follows (simplified version of Corollary 3.8).

Theorem 0.3. The following are equivalent:
. X s hereditarily Lindelof;

. [ X, 8] is first-countable;

. [ X, 8] is sequential;

X8

T[X, 8] is sequential;
T[X,$] is countably tight.

1
2
3
4 | is countably tight,
5.
6.

This refines and extends both Theorem 0.1 and Theorem 0.2. Notice
that, contrary to Theorem 0.2, no separation is needed in Theorem 0.3.
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These results appear as special instances of our main theorems.

In the last section, I provide applications of the results mentioned
above to both consonance and R-consonance. Recall that a topology
is consonant [23] if the cocompact and the upper Kuratowski topol-
ogy coincide. Consonance has been intensively studied by several au-
thors, e.g., Alleche and Calbrix [3, 2], Bouziad [10], Costantini [13,
15], Dolecki, Greco and Lechicki [23], Fremlin, Nogura and Shakhma-
tov [40], Saint-Raymond [43], Vitolo [13], Watson [15], among others.
Analogously, I call R-consonant a topology for which the topologi-
cal modification of the continuous convergence and the compact-open
topology coincide on real-valued functions. Alleche and Calbrix proved
[3, Corollary 2.5] that a hereditarily Lindeléf and strongly Fréchet
topology is consonant if and only if the associated cocompact topology
is sequential. I generalize this result to Theorem 0.4 and I moreover
obtain a new analogue for R-consonance (simplified versions of Theo-
rem 4.12 and Corollary 4.16). See Section 4 for precise definitions. A
Hausdorff strongly Fréchet topology is quasi strongly k.

Theorem 0.4. A quasi strongly k Hausdorff topology is hereditarily
Lindeldf and consonant if and only if the associated cocompact topology
s sequential.

Theorem 0.5. A Lindelof Hausdorff R-strongly k topology is R-
consonant if and only if the compact-open topology on real-valued func-
tions is sequential.

1. Convergences and upper Kuratowski convergence. A
convergence & on a set X is a relation between X and the filters on
X, denoted by z € lim¢ 7 whenever x and F are in relation, such that

F<G— llmgf C hmgg,
x € limg(x),
limf (.7: A\ Q) = 11H1§.7: n limgg,

for each fixed ultrafilter (z) and each pair of filters F and G.

I denote by |£| the underlying set of the convergence . A convergence
£ is finer than a convergence ¥ (§ > @) whenever limg F C limy F for
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every filter F. A map f : |{| — |7| is continuous if f(lime F) C
lim, f(F); this implies the definitions of initial and final convergences,
hence of product, subspace and so on. If f : |¢| — |7|, then I will denote
by f~ the inverse relation of f and by f~7 the initial convergence with
respect to f and 7.

We say that two families A and B of subsets of X mesh, in symbol
A#B, whenever AN B # & for every A € A and B € B. A subset A
of X is &-closed whenever lime F C A for every filter F with A#F.
The set of all £-closed sets gives rise to a topology, called topological
modification of £ and denoted T¢. The map T is a bireflector called
the topologizer. See [1] for a general definition of a reflector. In the
category of convergences, a bireflector R can be characterized as follows.
R assigns to each convergence ¢ its reflection RE < € so that |RE| = [€]
and R has the following properties: £ > 0 = R > RO; R(RE) = RE
and R(f~¢&) > f~(RE) for every map f.

Let F be a filter on a convergence space X. The adherence of F is
the union of the limits of all filters that are finer than F:

(1.1) adheF = | J limeG.
G>F

In particular, the adherence adh¢A of a set A is the adherence of
its principal filter, while the closure cl¢A of A is the (idempotent)
adherence of A for T¢. There are various ways to characterize the
topologizer. For example,

(12) ling}— = n Clgc.
C#F
For each point z, the neighborhood filter for T'¢ is denoted Ng(z).

A convergence ¢ is a pretopology if « € limg F whenever z € adh:A
for each A#F. The map P assigning to each convergence £ the finest
pretopology coarser than &, is a bireflector. It is known that [20],

(1.3) limpeF = (] adheA.
A#F

For each point z, the infimum of all filters that &-converge to x is a P&-
convergent filter called vicinity filter of x and denoted V¢(x). Consider
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the sequence of iterates of the adherence defined by adth = A and
for each ordinal number « > 0, by

adhg A = adhe ( | adnf4).
B<a

The least ordinal td(§) for which adhéd(f) = adhgd(E)Jrl is called the

topological defect of £ and adhéd(g) = cl¢. The pretopology defined by
the adherence operator (of sets) adhg is denoted by (P&)*. See [21]
for details.

A convergence ¢ is said to be regular if lim¢ F C limg adhg]: for
every filter F where adhg}" is the filter generated by {adh¢F' : F' € F}.

Analogously, for any operator o, I denote by of.A the family {04 : A €
A} and T usually identify filter-bases with the filters they generate.

Let $ denote the Sierpiriski topology, that is, the topology on {0, 1} in
which 0 is isolated while 1 is not. Continuous maps from a convergence
& to § are precisely the indicator functions of &-closed sets (taking value
0 on A and 1 on A¢). Therefore, T¢ = \/ f78$, and the continuous

feC(&,9)
convergence [£,$] can be considered as a convergence on the set C(€)
of &-closed sets. It turns out that [£, $] is homeomorphic to the upper
Kuratowski convergence. Recall that (e.g., [23]) the upper Kuratowski
convergence is characterized by

(1.4) Ae lim[5’$]g <~ adhdg‘ C A,

where the reduced filter |G| of G is generated by { U C:Gegl.
ceG
Notice that |G| may be degenerated, i.e., |G| = 2l if G is the
fixed ultrafilter generated by {@}. In this case there is no (non-
degenerate) filter that meshes |G|, so that extending the definition
(1.1) of the adherence to families, adh |G| = @. In other words, the
ultrafilter generated by {&} converges to every &-closed set in [€, $].
The cocompact topology C, (€, $) on C(€) admits as a subbase the family

(1.5) {FeCl): FNK =g},

where K ranges over £-compact sets.



1016 F. MYNARD

If H is a filter on [£], T define on |[¢,$]| the polar-erected filter 1+ H
generated by {C = cl¢C' C H : H € H}. The following is an immediate
consequence of the definitions

(1.6) H<I|G| =1TH<G.

Consider the adherence of points ad defined by ad:A = U limg (a),
a€cA
so that adp¢A = U clea and the associated interior operator
ac€A

(1.7) incA = (adgA%)“.
The following lemma follows immediately from the definitions.
Lemma 1.1. A filter G fulfills G = adung if and only if G = | TX G|.
2. Classes of filters and compact-like properties.

2.1 Classes of filters. In this paper, ¢ denotes the class of all
filters and (X)) the set of all filters on X. If J is a class of filters, the
elements of J are called J-filters. If the class of filters J(-) is such that
& > 6 implies J(&) D J(8), J(Basez&) = J(€) and fH € J(7) whenever
f:&— 7and H € J(§), then the map Basej defined by

(2.1) limpase, e F = ) limeH
JOHLSF

is a bicoreflector [18]. See [1] for a general definition. In convergences,
bicoreflectors may be characterized as follows. A bicoreflector C' assigns
to each convergence ¢ its coreflection C¢ > ¢ so that |[C¢| = [
and has the following properties: £ > 0 = C¢ > CO; C(C¢) = C¢
and C(f~¢&) > f~(C¢) for every map f. A convergence such that
Basez¢ = € is called J-based.

Let A and s be two, possibly finite, cardinal numbers. A filter is
A-based if it admits a filter-base of cardinality less than or equal to .
Notice that a topology is of character A if and only if each neighborhood
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filter is A-based. More generally, the least cardinal number A such that
a convergence ¢ is based in A-based filters is the character x(§) of the
convergence. In particular, a convergence of countable character is
traditionally called first-countable and the associated coreflector Basej
is denoted by B,. A pretopology (and in particular) a topology, is
called finitely generated if each point has a smallest vicinity [33].
Equivalently, each vicinity filter is a 1-based filter. Hence, 1 call
finitely generated each convergence that is based in principal filters.
The associated coreflector is denoted by B; and is called the finitely
generated modifier (in previous papers such as [24, 37, 36|, among
others, B, and B; were denoted by First and Fin, respectively). The
class of A-based filters is denoted by ¢, and, in particular, ¢; stands
for the class of principal filters.

A filter F is (¢, A)-tight if, for every A of cardinality less than or
equal to ¢ such that A#F, there exists B C A of cardinality less than

or equal to A such that B#F. A filter is A-tight if it is (3¢, A)-tight for
every . Notice that a topology is A-tight, i.e.,

x €clA=3gca,r € clB and card B < A,

if and only if every neighborhood filter is A-tight. The least cardinal
number A for which a convergence £ is based in A-tight filters is called
the tightness t(§) of the convergence. The class of (s, A)-tight filters,
respectively of A-tight filters, is denoted ¢4, 1), respectively @4.

A filter F is A-deep if m A € F for every family A C F of cardinality
less than or equal to A. The class of A-deep filters is denoted by pan-
Notice that a topology is a P-topology, i.e., each G set is open if and
only if each neighborhood filter is w-deep.

In order not to overburden notations, I use the convention that
(2.2) Bp = Base,n.

Hence the countably tight modifier is B,,.

A class J of filters is said to be projectable if |G| is a J-filter on |¢]
provided that G is a J-filter on |[¢, $]|. A class J of filters is polar-stable
if 17 H is a J-filter on [, $] whenever H is a J-filter on |£]. The class
of A-tight filters is projectable, but not polar-stable, and the class of
filters generated by sequences is neither projectable nor polar-stable.
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A class that is both projectable and polar-stable is called $-compatible
[24]. For example, the classes of A-based filters and of A-deep filters
are $-compatible.

The coreflector on convergences based in filters generated by se-
quences is denoted by Seq. A topology £ is sequential, i.e., such that
sequentially closed and closed sets coincide, if and only if

(2.3) & > TSeq&, equivalently £ > TB,E.

Because (2.3) is meaningful for all convergences, we call a convergence
sequential if it fulfills (2.3), see [18].

Obviously, each A-based filter is A-tight, so that a first-countable
convergence is countably tight. However, a sequential convergence need
not be countably tight (see Example 2.2 below) although T¢ = T'B,¢
is countably tight as a sequential topology. More generally, it follows
from Proposition 2.1 below that the tightness of T¢€ is less than or equal
to the tightness of ¢ for every convergence &.

Proposition 2.1. For every ordinal o,

(2.4) (PByr&)" = Bya(PE)%

(2.5) (PBy(36,0)6) = By(sen) (PE)”.

Proof. The proof of (2.5) follows the lines of the proof of (2.4). I
proceed by induction on «. By (P¢) is the coarsest A-tight convergence
finer than P¢ and PBy,§ is A-tight. Indeed, if A € Vp, . ()%, then

a filter F exists such that = € limB#Ag F and A € F#. Thus there
exists B € F# such that B C A and card B < A. Consequently,
PByy\§ > ByyP¢.

Assume that (2.4) holds for every o < 8. By (P€)P is the coarsest
A-tight convergence finer than (P¢)” and (PByy€)? is A-tight. Indeed,

(P&)P = P( /\ (P€)®) and the infimum of a family of A-tight conver-

a<pf
gences is clearly A-tight. O
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As a corollary, the pretopological and topological modifications of a
A-tight convergence are A-tight.

A convergence & is Fréchet if £ > PB,£. In other words, & is Fréchet if
adh¢ A C adhgeqe A for every A C |¢|. If moreover adheH C adhgeqe™
for every countably based filter, ¢ is called strongly Fréchet.

Example 2.2 (A Fréchet noncountably tight convergence). Let &
denote the quotient topology obtained from a disjoint sum of countably
many copies (Ip)pen of [0,1] by identifying all points 0 to a single
point zg. It is well known that this topology is Fréchet but not
strongly Fréchet. Indeed, the countably based filter H generated by
{ U I, \ {z0} }nen verifies zg € adh¢H \ adhp_¢H. On the other hand,

p>n
each element of N¢(xg) V H contains an interval, so that N¢(xg) V' H
is a uniform filter on the underlying set X of £, i.e., every element
of the filter as the cardinality of X. Each uniform filter F admits a
uniform ultrafilter. Otherwise, each ultrafilter of F would contain a
set of cardinality strictly less than card X so that, by [31, Proposition
1.2.2], there would be a set of cardinality strictly less than card X in
F. Consequently, there exists a uniform ultrafilter U of N¢(zg) V H.
Let 7 denote the convergence on X defined by lim, F = limp ¢ F if
F #U and lim, U = lime U = {x¢}. There is no countably based filter
coarser than U that converges to xg in 7 because otherwise xy would
belong to adhp_ ¢H. Thus B, = B, 7 so that 7 > £ > PB,§ = PB,T.
The convergence 7 is Fréchet but not countably tight. Indeed, A#U if
and only if A € U and U is uniform, so that no countable subset of X
belongs to U.

2.2 Covers and compact-like properties. In this section, I use
only one convergence, so that I often omit the symbol. A family A is J-
compactoid in B if adhH#B whenever H is a J-filter such that H#A.
A family is J-compact if it is J-compactoid in itself. A J-compact
family for the class J = ¢ of all filters is called compact. A set K is
J-compact if {K} is a J-compact family. A convergence is J-compact if
the underlying set is J-compact. If J is respectively the class of all, of w-
based, and w-deep filters, then J-compactness extends to convergences
the classical topological notions of compactness, countable compactness
and Lindel6fness, respectively.
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A convergence is locally compact if every convergent filter contains a
compact set. The class of locally compact convergences is bicoreflective
in the category of convergences and the associated coreflector is denoted
by K. A convergence is locally hereditarily compact if it is based in
filters that admit a base composed of compact sets. This property is
also coreflective and the associated coreflector is denoted by Kpe,.

A family S of subsets of [¢] is a &-cover of A C |£] if every filter that
&-converges to a point in A contains an element of S. For a topology
it amounts to:

Ac ) ints.
Ses
Hence, the notion is different from the set-theoretic notion of a cover
but coincides in case of covers by open sets, as used in every definition
of topological compact-like properties. See [17] and [19] for details
on covers in convergences. In this latter paper, Dolecki shows how to
translate in terms of filters every proposition using (open) covers. He
shows, in particular, [19, Theorem 2.1]:

Proposition 2.3. A family S is a &-cover of A C €| if and only if

adheS.N A = 2.

In this proposition, S, = {S°¢ : S € S} denotes the family of
complements of elements of S and

adh S, = U lim F
F#S.

extends to families (not necessarily filters) the notion of adherence. If
S is an ideal, i.e., S is stable by finite union and subsets, then S, is a
(possibly degenerate) filter. Let J be a class of filters. An ideal S is a
J-cover of A C [¢] if it is a cover of A and if S, is a J-filter. A cover S
is point-regular if ingjés is again a cover.

Let J and @ be two classes of filters. I call a subset A of X (quasi)
ideal-cover-® /J-compact if, for every (point-regular) ideal D-cover S
of A, there is a subfamily of S (of inhTES) which is a J-cover of A.
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In particular, if & is 77 (points are closed) or if £ = T¢, then every
cover is point-regular and quasi ideal-cover-® /J-compactness amounts
to ideal cover-® /J-compactness. It is easy to check that ideal-cover-
D /¢1-compactness implies D-compactness. The converse does not hold
for general convergences.

Notice that ¢,./px-compactness is traditionally called (¢, A)-compact-
ness. By extension, I abridge ¢/pm-compactness by (CJ, B)-compact-
ness with the convention that (co,d)-compact means ¢/pg-compact.
Analogously, I abridge pg-compact by [O-compact and oco-compact
means @-compact. A topology is compact if and only if it is co-compact,
if and only if it is (quasi) ideal-cover-(oo, 1)-compact. Analogously, a
topology is countably compact if and only if it is w-compact, if and
only if it is (quasi) ideal-cover-(w, 1)-compact.

Lemma 2.4. The following classes of topologies coincide:
1. Lindeldf;

2. A\w-compact;

3. (quasi) ideal-cover-(co,w)-compact,

4. (quasi) ideal-cover-(Aw, w)-compact.

The least cardinal number A for which a convergence & is (0o, A)-
compact is the Lindeldf degree 1(£) of the convergence. The least
cardinal number A for which every open subset of a convergence &
is (quasi) (oo, A)-compact is the hereditary (quasi) Lindelsf degree
(hl°(€)) of the convergence.

These and more general notions of cover and filter compactness are
studied in detail in [17].

3. Sequentiality, countable character of the upper Kura-
towski convergence and their generalizations. The motivating
question of this section is to characterize first-countability and sequen-
tiality of the upper Kuratowski convergence. The convergence-theoretic
approach in terms of classes of filters allows to obtain more.

Theorem 3.1. Let © and J be two $-compatible classes of filters.
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Then
Bases ([€,8]) > Basez([€,9])

if and only if every £-open set is quasi ideal-cover-D /J-compact.

Proof. Assume Bases ([¢,8]) > Baseyz([¢,$]) and consider an ideal
point regular &-®-cover S of a &-open set U. By definition, the ©-
filter G = adgwg(Sc) fulfills adhGNU = @. In view of Lemma 1.1,
| 1L Gl = athgg =G, sothat U° € limp¢ g) 1% G. Moreover, 17 G is a ©-
filter by $-compatibility of ©. Hence, U € limpage, (j¢,¢)) (17 G). Thus
there exists a J-filter H coarser than 1% G such that U°¢ € lim[&g;} H. In

other words, adh¢|H|NU = @. Since J is a projectable class, |H|. is a
&-J-cover of U. As |H| < |15 G| =G, |H|. is a subcover of G, = S.

Conversely, assume that every £-open set is quasi ideal-cover-D/J-
compact, and consider a &-closed set A and a ®-filter G such that
A € limg g G, equivalently, adh¢|G| N A® = @. Since D is projectable,
|G| = ath£|Q| is a ®-filter. It follows that |G|. = inth(\Q|C). Hence, |G|,
is a point-regular £-D-ideal cover of the £-open set A°. By assumption,
there exists a subfamily R of |G|. such that R, is a J-filter that fulfills
adhg(R.) N A° = @. The filter L R, converges for [¢,$] to A, is a
J-filter because J is polar-stable, and G >1* R, by (1.6). mi

Theorem 3.1 applies with ©® = ¢ and J = ¢, to the effect that

(3.1) hi*(§) = x([€, 3))-

In particular, if J = .

Corollary 3.2. The upper Kuratowski convergence [€,$] (equivalently
the Scott convergence on the lattice of -open sets ) is first-countable if
and only if all £-open sets are quasi ideal-cover-Lindeldf.

Analogously the upper Kuratowski convergence is finitely generated
if and only if each set is quasi ideal-cover-compact. Notice that this last
condition amounts to discreteness for convergences whose topological
modification is Hausdorff. All &-open sets are quasi countably ideal-
cover-compact if and only if the first-countable modification of the
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upper Kuratowski convergence [£,$] is finitely generated. Corollary
3.2 seems to be new even if £ is a topology. In this case (3.1) becomes

and Corollary 3.2 rephrases as follows.

Corollary 3.3. The upper Kuratowski convergence [, $] (equivalently
the Scott convergence on the lattice of £-open sets) associated with a
topology & is first-countable if and only if £ is hereditarily Lindeldf.

Alleche and Calbrix showed [3, Corollary 2.2] that the upper Ku-
ratowski topology associated with a hereditarily Lindel6f topology is
sequential. If the upper Kuratowski convergence is first-countable, its
topological modification is obviously sequential. Hence Corollary 3.3
refines the above result of Alleche and Calbrix.

If € is a topology, then
(3.2) adhe F = adhe (cl{ F),

for every filter F. Moreover, in the case of topologies, quasi ideal-cover-
D /J-compactness and cover-D /J-compactness coincide. As the usual
notions (countable compactness, Lindel6fness, compactness) of cover-
compactness, ideal-cover-compactness and filter-compactness coincide
for topologies, I omit the prefixes like “cover” or “ideal-cover” in the
propositions concerning topologies.

If A is a family of subsets of |¢|, B belongs to O¢(A) if B is {-open
and if there exists A € A such that A C B.

Theorem 3.4 [24, Corollary 5.3]. Let £ be a topology, and let J
be a $-compatible class of filters. Then a family B of &-closed sets is
Basej €, $]-open if and only if B. = O¢(B.) is a J-compact family.

Let ® and J denote two classes of filters. The class of ©-filters F for
which ﬂH € F for every J-filter H < F is denoted by ® 5. Hence,

the notation ¢ay for the class of A-deep filters is a shorthand for pa, .
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Theorem 3.5. Let & be a topology. If © a5 is polar-stable, if o1 C J
and if c'y C 3, then

Bases ,, [€, 8] > T'Bases|¢, 8],

implies that every £-open set is D n3/J-compact.

Proof. Let U be a &-open set and S an ideal open £-D 55-cover of U.
Since adh:S. C U¢, the polar-erected filter 1L S, is a D p5-filter that
converges to U¢ for [, $]. Thus,

(3.3) U € limrpase, e8] T Se-

Suppose that there exists no J-subfamily of S that covers U. In
particular, U ¢ S. In other words,

U(adheH # @,

for every J-filter H < S.. The family A = O¢(S¥) U(’)g(U) is there-
fore {-J-compact. Indeed, if G is a J-filter that meshes A, then
GHO(S)*, equivalently cliG#S#, that is, clig < SF# = S, and

thus adhgclgg ﬂ U # @. Moreover, adh:G m U # @ because

(3.4) adheG = () cleG = adheclig,
Geg

as € is a topology. By (3.4), adhG € S, because clgg €Jand S, € Dag.
Thus, adh;G#A. Hence, by Theorem 3.4, A, is a Basez[¢, $]-open
neighborhood of U¢. On the other hand, Sﬂ.A = & by definition of
A. Thus, for every S € S, S¢ = cleS¢ ¢ A, so that 1 S¢ ¢ A.
Hence, A. ¢11 S., in contradiction with (3.3). Consequently, there
exists a J-subcover of S that covers U. O

In particular, in case ® is the class of all filters and J is the class of
countably based filters, we obtain the equivalence between Lindel6fness
of every &-open set, first-countability and sequentiality of the upper-
Kuratowski convergence [£,$]. Thus, hereditary Lindelofness of ¢ is
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equivalent to the sequentiality of T'[¢, $], which proves the converse of
[3, Corollary 2.2].

Lemma 3.6. Let U be an open set, and let U be the set of all compact
families A = O(A) containing U. If B is a family of subsets such that
AmB # & for every A € U, then U C U B.

BeB

Proof. If there exists zg € U \ U B, then O¢(x) is a compact family

BeB
that contains U but none of the elements of B. O

Theorem 3.7. Let & be a topology. The upper Kuratowski topology
T[E, 8] is (52, A)-tight if and only if every &-open set is (s, A)-compact.

Proof. If F is a sc-based filter such that U Nadh¢F = @, then
Ue € lim g(1F clg]:). Thus, if {F, : a € I} is a filter-base of F
of cardinality less than or equal to s, then {cl¢F, : o € I} is a set
of cardinality less than or equal to s that meshes N ¢(U€). Since
T[¢,9] is (37, A)-tight, there exists J C I such that card J < X and
{cleFy : a € J}#Nje )(U°). In view of Lemma 3.6 and Theorem 3.4,

Uc |J(ceFa)e.
acJ

Conversely, assume that each &-open set is (s, A)-compact, and let
A#Nie 5/(Ao) be a family such that card A < . By Theorem 3.4,
for every compact family G of open sets that contains Af, there
exists Ag € A such that (Ag)° € G. By Lemma 3.6, Aj C U A°.

AcA
Consequently, there exists a subfamily B of A (which can be assumed
to be stable under finite union) such that card B < A and Af§ C U AC.

AeB
Thus U A° belongs to every compact family G containing A§. For

AeB
every such G, there exists A € BB such that A¢ € G, by compactness of

G. In other words, B#N¢ g)(Ao). u]
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Corollary 3.8. Let £ be a topology. The following are equivalent:
1. £ is hereditarily Lindeldf;

. Brulé, 8] = BulE, 8]

. 1€, 8] is first-countable;

. [€,8] is countably tight;

[\

. [€, 8] is sequential;
. T[E, 8] is sequential;
. T[¢,8] is countably tight.

N O Ot s W

Proof. Equivalences between 1, 2 and 3 are a combination of Corol-
lary 3.3 and Lemma 2.4. On the other hand, 3 = 4 is obvious, 4 = 7
follows from Proposition 2.1, and 7 = 1 is a special instance of Theo-
rem 3.7. Finally, 3 = 5 = 6 = 7 follows directly from the definitions.
]

This refines a recent result [12, Proposition 3.6] of Costantini, Hold
and Vitolo that states the equivalence for a Hausdorff topology X,
between 1, 6 and 7 of Corollary 3.8. Notice that, while the implication
6 = 7 is true for every topology, the corresponding implication 5 = 4
is a special property of the upper Kuratowski convergence, as shown in
Example 2.2.

On the other hand, equivalences between 1, 3, 4 and 7 obviously
extend to the corresponding ordinal invariants.

Corollary 3.9. Let £ be a topology. Then
hl (&) = X([€, 8]) = t([¢, 8]) = ¢(T'¢, 8]).

4. Application to consonance. Recall that a topology € is called
consonant [23] if the upper Kuratowski convergence T'([¢,$]) and the
cocompact topology Cy (&, $) associated with £ (1.5) coincide. In view
of Corollary 3.8, we immediately obtain the following.

Corollary 4.1. If £ is a consonant topology, the following are
equivalent:
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1. & is hereditarily Lindeldf,
2. Ck(&,9) is countably tight;
3. Ci(&,9) is sequential.

This refines [12, Corollary 3.13] of Costantini, Hold and Vitolo, that
states the equivalences between 1 and 3 for Cech-complete topologies.
A topology is quasi Cech-complete if there exists a sequence (By)n of
open covers of the underlying space such that, whenever F is a family of
closed sets with the finite intersection property such that F ﬂ B, # o

for every n, then ﬂ F # @. A Tychonoff quasi Cech-complete topology

is Cech-complete. By [23, Theorem 4.1], regular quasi Cech-complete
(in particular, Cech-complete) topologies are consonant. Analogously,

Corollary 4.2. Let £ be a consonant topology. Then

hi(§) = t(Ck(€, 9)).

This last fact was apparently noticed [12, Comment on Proposi-
tion 2.11], only for regular quasi Cech-complete spaces.

It is known that the upper Kuratowski convergence is a topology if
and only if £ is core-compact [28, 24], i.e., for every point  and every
neighborhood V of z, there is a neighborhood W of x which is relatively
compact in V. For a Hausdorff topology, core-compactness amounts to
local compactness. In this case, [£,$] = T'([£, $]) = [K¢, 8] = [Kner&, 9
is the cocompact topology. Assume that £ is still a Hausdorff topology.
In general, [¢, $] > [K¢, §] because K& > €. Since [K¢, $] is topological,

(4.1) T([¢,9]) = [KE,8).

Of course, in general C'(£,$) € C(K&,$). The equality holds for exam-
ple for k-convergences, i.e., convergences £ for which £ > TK¢. Hence
[K¢&, 8] and [Kher, 3] denote here the restrictions of these convergences
to C(£,8). In order not to overburden the notations, the restrictions
do not appear but are implicit in this context. Hence [K¢,$] is the
best candidate to obtain the upper Kuratowski topology T[¢,$] as a
continuous dual. The question of characterizing the topologies & for
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which T'([¢,$]) can be obtained as a continuous dual is very natural.
This is exactly the problem of consonance. Indeed, let Ci (&, o) denote
the compact-open topology on the set of continuous functions from £ to
a topology o, which admits as a subbase the family of sets

(K, V) ={feC&o0): f(K)CV}

where K ranges over £-compact sets and V' ranges over o-open sets. If
o is the Sierpiriski topology $, the compact-open topology is (homeo-
morphic to) the cocompact topology on C(&).

Proposition 4.3. Let o be a topology. Then

(K¢, 0] > Cr(€,0) > [Kper, o].

Proof. 1f fo ¢ limg, ¢, F, there exists xg € limg, ¢ G such that
fo(zo) ¢ lim, ev(F X G). Hence, there exists Vo € N, (fo(zo)) such
that ev(F x G)NVy # & for every F € F and every G € G. Since
fo is continuous, there exists a £-compact set Ky € G such that
fO(KO) C Vo, so that <K0,V0> € ch(&g)(fo). But <K0,V0> ¢ F and
thus fo ¢ lime, (¢,0) F.

If fo ¢ limg, (¢,0) F, there exists a §-compact set Ko and a o-open
set Vp such that fo(Ko) C Vp and ev(F x Ko)NVy # @ for every
F € F. Thus there exists an ultrafilter & on Ky (which is of course K¢-
convergent) such that Vi ¢ ev(F xU). Otherwise, for every U € B(Ky)
there exists Uy € U and Fy; € F such that ev(Fy xUy) C V. Therefore
(see, for example, [31, Proposition 1.2.2]) there exists a finite subfamily

{U; +i €1,....n} of {Uy : U € B(Ko)} such that Ko C | JU;.
i=1
Consequently,

ev(ﬁFz,{i X oUi) C Vo,

i=1 =1

n
and ev(ﬂ Fy, x Ko) C Vo, a contradiction. Thus, fo ¢ limig ¢, F.

i=1

O
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In particular, if £ is either a regular or a Hausdorff convergence, then
Ké- = Kherg‘

Corollary 4.4. If a convergence £ s either reqular or Hausdorff,
then (the restriction to C(&,0) of) [K&, 0] is exactly the compact-open
topology.

Let o denote a topology. 1 call o-consonant a convergence & for
which Cy(§,0) = T[¢,0]. The problem of characterizing o-consonant
topologies was already formulated in [4, Section 5] in different terms.
In view of Corollary 4.4, a Hausdorff convergence ¢ is o-consonant if
and only if [K¢, 0] = T[¢, o]. Several results on $-consonance, that we
will review later, are based on the following general scheme.

Theorem 4.5. Let E be a bicoreflector.

1. If € is o-consonant and if [§,0] > TE|(, 0], then Cx(§,0) >
TECk(gvo-)

2. If E[¢,0] = ECk(&,0) and if Cr(&,0) > TECy(§,0), then £ is

o-consonant.

Proof. 1t [¢,0] > TE[E, o], then T[¢,0] > TETIE, o]. If £ is moreover
o-consonant, then Cy(§,0) > TECk(¢,0). If Cx(§,0) > TECL(E,0)
and E[¢,0] = ECk(&,0), then C(§,0) > TET[(,0] > T[¢, 0] so that
£ is o-consonant. a

Corollary 4.6. If £ is such that

(42) E[f,(f} = ECk(f,O');
(4.3) €, 0] > TE[, ol;

then & is o-consonant if and only if Cy(§,0) > TECk(E,0).

One advantage of Corollary 4.6 is that it gives a criterion of o-
consonance that does not use any internal description of o-consonance.
All the applications of this scheme by other authors concern the case in
which F is the sequentially based modifier Seq and o is the Sierpinski
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topology $. Thus, if no contrary mention is given, F = Seq and o = §
in the sequel.

A convergence is k' if, whenever y € adh¢A, then y € adhs (AN K)
for some compact set K. If, moreover, y € adhe(H V K) for some
compact K whenever y € adh¢H, where H is a countably based filter,
then £ is strongly k'. The first consonance result that uses these ideas
is [23, Theorem 4.3] of Dolecki, Greco and Lechicki, that states that
a Hausdorff k’-topology in which every open set is hemicompact is
consonant. The condition that every open set is hemicompact ensures
that Cy(§,9) is first-countable, hence sequential. The proof of [23,
Theorem 4.3] essentially consists of verifying that the second condition
of k'-ness ensures Seq [€,3] = SeqCy(€,$). Indeed, the result follows
from the second point of Theorem 4.5.

Another related result is [13, Proposition 2.6] of Costantini and Vi-
tolo, that states the equivalence among metrizable separable topolo-
gies between consonance and sequentiality of the associated cocompact
topology. To prove this proposition, Costantini and Vitolo observed
that Seq[¢,$] = SeqCi(&,$), that is (4.2), if £ is first-countable (in
particular if £ is metrizable) and that the upper Kuratowski topology
T[&, $] associated with a metrizable topology £ is sequential, that is
(4.3), if and only if £ is separable [13, Proposition 2.5]. Hence, the
hypothesis in [13, Proposition 2.6] is designed to apply Corollary 4.6.
The above result of Costantini and Vitolo has been refined by Alleche
and Calbrix as follows.

Theorem 4.7 [3, Theorem 2.4]. 1. The cocompact topology associ-
ated with a consonant hereditarily Lindeldf topology, is sequential.

2. If X is a strongly Fréchet topology and if the associated cocompact
topology is sequential, then X is consonant.

Corollary 4.8 [3, Corollary 2.5]. A hereditarily Lindelof and strongly
Fréchet topology is consonant if and only if the associated cocompact
topology is sequential.

They first proved that the upper Kuratowski topology associated with
a hereditarily Lindel6f topology is sequential [3, Corollary 2.2}, so that
(4.3) is verified provided that ¢ is a hereditarily Lindel6f topology. Then
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they proved that the upper Kuratowski convergence and the cocom-
pact topology associated with a strongly Fréchet topology coincide on
sequences [3, Lemma 2.3]. In other words, (4.2) holds provided that &
is a strongly Fréchet topology. Hence, their results follow from Theo-
rem 4.5 and Corollary 4.6. It is interesting to note that each Hausdorff
strongly Fréchet topology is a k’-topology, so that they could have re-
fined their result for Hausdorff topologies thanks to the condition of
Dolecki, Greco and Lechicki [23, Theorem 4.3] for (4.2). In view of
Corollary 3.8, we have, moreover,

Proposition 4.9. A k' Hausdorff topology is hereditarily Lindelof
and consonant if and only if the associated cocompact topology is
sequential.

Costantini, Hold and Vitolo recently obtained a characterization on
a topology ¢ for (4.2) to hold (for E = Seq and o = §). Their condition
(which is weaker than k-ness, hence weaker than k’-ness, and weaker
than being a P-space) reads as follows.

Condition 4.10. Given any countable collection G of £-closed sets
and any point x € |{], if every neighborhood of x intersects infinitely
many members of G, then every neighborhood of x contains a compact
set which intersects infinitely many members of G.

In view of Corollary 3.8, the hypothesis of hereditary Lindel6fness to
obtain (4.3) cannot be refined. Thus, the following result of Costantini,
Hola and Vitolo is the best possible application of Theorem 4.5 and
Corollary 4.6, when F = Seq and o = $.

Theorem 4.11 [12, Theorem 3.8]. A topology that fulfills Condi-
tion 4.10 is hereditarily Lindeldf and consonant if and only if the asso-
ciated cocompact topology is sequential.

In view of Corollary 3.8, one may ask if T'[¢, $] must be first-countable
when ¢ is hereditarily Lindeléf. The answer is ‘No’. Indeed, the
cocountable topology on an uncountable set is hereditarily Lindelof
and fulfills Condition 4.10, so that T'[¢,$] = Ci(&, $) is sequential. But
the cocountable topology is not o-compact, hence not hemicompact, so
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that T, $] = Cx (&, $) is not first-countable.

I will now discuss another approach to results akin to Theorem 4.5. In
the particular case of $-consonance, I will obtain a weaker result than
Theorem 4.11, but the approach allows to obtain a similar counterpart
for R-consonance.

Following [37], if E is a coreflector, I consider the modifier

Epiz¢ =i ([E[¢, o], o)),

which defines a reflector. E is omitted when F is the identity functor.
The reflection Epi%€ is the coarsest convergence among convergences
6 on [¢] for which

(4.4) El¢, 0] = E[9, o).

By Corollary 4.4, Cy(§,0) = [K&, o] if £ is a Hausdorff convergence, so
that (4.2) is equivalent to

(4.5) ¢ > Epip K¢,

because of (4.4).

In view of (2.3), either £ = Seq or E = B, can be used to
obtain sequentiality of [¢,0] via (4.3). Of course, the condition for
the coincidence of [¢, 0] and [K¢, o] on every countably based filter is
in general stronger than the condition for the coincidence on sequences.
However, I use E = B, because I have explicit descriptions of reflectors
Epi% in this case. In particular, A = Epi® is the reflector on Antoine
convergences [9, 24| and A, = Epi%w is the reflector on countably
Antoine convergences [36, 24]. Analogously, I denote by ¢, the
reflector EpirB‘w, while ¢ = Epi® is the reflector on c-embedded spaces
in the sense of Binz [8], and Q2 = Epil];.t1 is the reflector on completely
regular topologies. See [38] and [37] for details on reflectors Epi%,.

Consider the case £ = B, and ¢ = $ in the above scheme. In case £
is Hausdorff, [36, Theorem 2.3] applies to the effect that

(4.6) E>ALKE <= YH € ¢, adth C ClKg(adthH).

I call strongly k the convergences ¢ that fulfill (4.6), by analogy with
strongly sequential convergences [36]. A Tj convergence & is strongly
sequential if adhgH C clgeq¢(adhgeqeH) for every countably based H.
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The relationship of strongly sequential spaces to sequential spaces is
analogous to that of strongly Fréchet spaces with respect to general
Fréchet spaces. See [36] for details. Here strongly k-spaces are related
to k-spaces like strongly k’-spaces to k’-spaces. Since we only need
(4.2) to hold in restriction to C(), instead of C(K¢&), we only need ¢ to
be quasi strongly k, that is,

adth C Clg (adth'H),

for every countably based filter H. Observe that quasi strongly k-
ness and strongly k-ness coincide among k-convergences. On the other
hand, a Hausdorff strongly Fréchet topology is strongly k, hence quasi
strongly k. In view of (4.5), (4.6), Theorem 4.5 and Corollary 3.8,

Theorem 4.12. A quasi strongly k Hausdorff convergence is hered-
itarily Lindeléf and consonant if and only if the associated cocompact
topology is sequential.

I now turn to the case ¢ = R and F = B, in Theorem 4.5 and
Corollary 4.6. Feldman proved (compare with Corollary 3.2)

Theorem 4.13 [26, Theorem 1]. A convergence & = c€ is cover-
Lindelof if and only if [€,R] is first-countable.

Thus a cover-Lindel6f convergence ¢ fulfills (4.3). On the other hand,
if ¢ is Hausdorff, (4.2) amounts to & > ¢, K¢. I call such a convergence
R-strongly k. Notice that, as A,, > ¢, each strongly &k and in particular
each strongly k' space is R-strongly k. A convergence ¢ is R-k if
& > QK¢ Obviously, each k-convergence is R-k. In view of [39,
Theorem 5.3],

Proposition 4.14. A convergence & is R-strongly k if and only if it
is R-k and adheH # @ implies adhgeH # @ for every countably based
filter H based in QK E-open sets.

Theorem 4.5 and Corollary 4.6 apply to the effect that
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Theorem 4.15. 1. If £ is an R-consonant cover-Lindeldf conver-
gence, then the associated compact-open topology (on real-valued con-
tinuous functions) is sequential.

2. If &€ is an R-strongly k Hausdorff convergence and if the associated
compact-open topology is sequential, then & is R-consonant.

Corollary 4.16. A cover-Lindelof Hausdorff R-strongly k conver-
gence is R-consonant if and only if the compact-open topology is se-
quential.

In view of the following result of Dolecki, Greco and Lechicki, pub-
lished without proof, I obtain Theorem 4.19 as a new condition for
consonance, that involves the compact-open topology on real-valued
functions rather than the cocompact topology on closed sets.

Theorem 4.17 [22, Theorem 4.4]. A completely reqular R-consonant
topology is consonant.

Proof. Assume ¢ is not consonant. There exists 5 which is [£, $]-closed
but not C(, $)-closed, so that there exists By € clg, ¢,6)B\ B. Since £
is completely regular, there exists {f; : ¢ € I} C C(&,R) such that
By = ﬂ f7(0). Notice that U(ff (0))°#B because ﬂ 1 (0) ¢ B.

iel iel iel
Since B is [, $]-closed, there exists a finite subset F' of I such that
U (f7(0))°#8B, by [23, Corollary 3.2] (see also the dual statement of
ieF
Theorem 3.4.). In other words, m 1 (0) ¢ B so that we can assume
i€l
that there exists fy such that By = fi (0). Let

B={fe€C(R): 3pes, [(B) =0}.

Observe that B is [¢,R]-closed, because of Lemma 4.18 and because
f € B if and only if f7(0) € B. Since By € clo,(¢5)B, the set
Ng ={F €C(§): FNK = &} meshes B for every {-compact set K
disjoint from By. For every r > 0, the set K, = KN f; ([r, +o0))
is compact so that there exists B, € B such that B, N By = @ and
B, N K, = @. Since ¢ is completely regular, there exists g, € C(§,R)
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such that g,.(B,) =0 and g, (K,) = 1. Thus f. = fo A (g X fo) belongs
to B because f, (0) = By UBT € B. Moreover, supg |fr — fo| < 7 so

that (f1/n)nen converges to fo in Cy(§,R). Since fo ¢ B, the set B is
not Cy (&, R)-closed. O

Lemma 4.18. If F(0) denotes the filter generated by {f~(0): f €
F}per, then

h € limg g)F = h™(0) € lim g F (0).

Proof. Let x € lim¢ G. Since h € lim¢ g F, there exists F. € F and
G € G such that ev(F. x G¢) C [h(x) — &, h(z) + €] for every € > 0.

If G#|F~(0)|, there exists f € Fr and y € G¢ such that f(y) = 0.
Thus 0 € ﬂ [h(z) — €, h(x) + €] so that h(z) = 0. o

e>0

Theorem 4.19. A Tychonoff R-strongly k topology & is consonant
provided that the associated compact-open topology Ci (&, R) is sequen-
tial.

McCoy and Ntantu give the following criterion of Fréchetness for
Cr(&,R). A family A of subsets of |¢] is a k-cover if, for every -compact
set K, there exists A € A such that K C A. A k-cover-sequence is a
sequence {A, : n € N} of subsets of |£| with the property that, for
every &-compact set K, there exists m € N such that K C A, for
every n > m.

Proposition 4.20 [16, Theorem 4.7.4]. Cy(&,R) is Fréchet if and
only if every open k-cover of £ contains a k-cover-sequence.

Corollary 4.21. A Tychonoff R-strongly k topology in which every
open k-cover contains a k-cover-sequence is consonant.

On the other hand, Pytkeev proved in [41] that Cy(&,R) is a k-
space if and only if Ci(¢,R) is Fréchet, so that the condition of
Proposition 4.20 is the best possible for the sequentiality of Ct (¢, R).
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