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NON-EXISTENCE OF CERTAIN 3-STRUCTURES

T. KASHIWADA, F. MARTIN CABRERA AND MUKUT MANI TRIPATHI

ABSTRACT. We introduce the notion of an e-framed 3-
structure. This is a general structure which includes many
widely studied 3-structures (almost quaternion, almost con-
tact, hyper f-structure, almost product, etc.). We prove the
existence of Riemannian metrics compatible with such a struc-
ture. We also study particular cases of e-framed 3-structures
showing the non-existence of certain remarkable types of such
structures. First, we prove the non-existence of P-Sasakian
almost r-paracontact 3-structures. Then, we show the non-
existence of almost r-contact S-3-structures (with » > 1). Fi-
nally, we establish the non-existence of proper trans-Sasakian
almost contact 3-structures. A consequence of this last result
is that any b-Kenmotsu almost contact 3-structure must be
hypercosymplectic.

1. Introduction. In 1963, Yano [33] introduced the notion of an
f-structure on a manifold, which is defined by a non-null (1, 1) tensor
field f satisfying f3 + f = 0. The concept of an f-structure includes
the notions of almost complex and almost contact structures and it is
well known that it is genuinely a more general structure. For instance,
hypersurfaces of almost contact manifolds are not in general almost
complex manifolds, but they have always f-structures associated to
them.

Almost product structures are another type of structure widely stud-
ied by several authors, see [34, 21]. Analogously to the situation
for almost complex and almost contact structures, almost paracontact
structures are closely related to almost product structures. The con-
cept of an f(3,e)-structure was introduced in [30] as a uniform way
of treating all the above geometries and several others. An f(3,¢)-
structure, e € {£1}, is defined by a non-null (1,1) tensor field f satis-
fying f3 —ef = 0. It turns out that f is of constant rank and there are
two complementary distributions associated with the f(3,¢)-structure,
as happens with f-structures and some other known cases.
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The quaternionic analog of almost complex structure is the al-
most quaternion (hypercomplex) geometry which is defined by 3 local
(global) almost complex structures which satisfy the same relations as
the unit imaginary quaternions [12]. Quaternion Kéhler manifolds and
hyper-Kéahler manifolds are special and interesting cases of Riemannian
manifolds with almost quaternion and almost hypercomplex structures,
respectively. Quaternion Ké&hler manifolds are Einstein, hyper-Ké&hler
manifolds are Ricci flat and their respective holonomy groups are in-
cluded in the Berger list [1]. Hypersurfaces of manifolds with almost
hypercomplex structure inherit naturally three almost contact struc-
tures which constitute an almost contact 3-structure. This last type of
geometric structure was defined by Kuo [17] and it is closely related to
both almost quaternion and almost hypercomplex structures.

A particular and interesting class of almost contact 3-structure is the
Sasakian 3-structure. Riemannian manifolds with Sasakian 3-structure
are called 3-Sasakian manifolds. They are Einstein [14] and have many
links with quaternion Kéahler and hyper-K&hler manifolds. In fact,
a 3-Sasakian manifold, with some regularity conditions, fibers over
a quaternion Kéahler manifold [12] and can be imbedded in a hyper-
Kéhler manifold [5].

In [11], Hernéndez studied quaternionic and hyper f-structures which
are the natural extension of almost quaternion and almost contact 3-
structures. He proves some interesting results, which relate f-structures
and hyper f-structures. For instance, it is shown that compact mani-
folds with regular normal hyper f-structure of corank 3 fiber over hy-
percomplex manifolds. Moreover, if the hyper f-structure is 3-contact
(in such a case, the manifold is called PS-Sasakian), then the fibration
is over a hyper-Kéahler manifold. This is one of the motivations for
Hernandez’ study of P.S-structures.

In the present paper, we begin by giving diverse preliminary defini-
tions and related concepts which we need to introduce the notion of
an e-framed 3-structure. This is a general structure which includes the
structures mentioned in the last two paragraphs and others (almost
product 3-structures, almost paracontact 3-structures, etc.) and, as it
happens for all these structures, it is proved that e-framed 3-structures
always admit Riemannian metrics compatible with them.
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Next, we study particular cases of e-framed 3-structures showing the
non-existence of certain remarkable types of such structures. First, we
prove the non-existence of almost r-paracontact 3-structures (1-framed
3-structures) of P-Sasakian type. Second, we show the non-existence
for r > 1 of almost r-contact 3-structures (—I1-framed 3-structures)
where each one is an S-structure (when r = 1, an S-structure is a
Sasakian structure). It is also proved that a manifold equipped with
an almost r-contact structure (r > 1) of S-structure type cannot
be Einstein. Finally, we establish the non-existence of proper trans-
Sasakian almost contact 3-structures (a particular case of r = 1 and
—1-framed 3-structures). Namely, we prove that any trans-Sasakian
3-structure must be a-Sasakian, a type of structure whose metric is the
constant multiple a? of a 3-Sasakian structure. Then, as a consequence
of this last result, any almost contact 3-structure of b-Kenmotsu type
[16] must be hypercosymplectic.

2. e-framed f-structure. Let M be an n-dimensional differentiable
manifold, and let there be given a nowhere zero tensor field f of type
(1,1) satisfying

(1) fP—ef=0, £ =1.

We call such a structure a f(3,¢)-structure. If M is connected,
following [26], we know that the rank of f is constant. Let rank (f) =
k. If we put

[:€f25 m:I_€f27

then the tensors [, m acting in the tangent space at each point of
M are commuting projection operators which define complementary
distributions £ and M. The dimension of the distribution £ is k and M
has dimension (n — k). For e = —1, f (3, )-structures are f-structures
[33]; and in this case rank (f) is always even.

Let n — k = r. Suppose M admits r linearly independent vector
fields &1, ... , &, spanning the distribution M at each point of M. If in
addition, there are r 1-forms n',... ,n" such that

(2) f(foz):()a
(3) fP=el - ®&),
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then the structure ¥ = (f, 4, n®) is called an e-framed structure on M,
and the pair (M, X) or simply M is called an e-framed manifold.

From the above two equations it follows that

(4) n“o f=0,
(5) n“ (§p) = d3.

If M is an e-framed manifold, there always exists a positive definite
Riemannian metric ¢ on M with respect to which £ and M are
orthogonal and

(6) 9(X, &) = n°(X),
(7) gUX fY)=g(X,Y)=> 5™ (X)n* (V).

(0%
The set(X, g) = (f,&a,n%, g) is said to be an e-framed metric structure,
[30], on M and M equipped with this structure is called an e-framed
metric manifold. The above metric is said to be a metric associated to
the e-framed structure on M.

In view of (6) and (7), on an e-framed metric manifold M we always
have

(8) g(gome):Ov
9) F(X,Y):=9(X,fY)=eF(V,X).

The e-framed metric structure, respectively manifold, is a general
structure, respectively manifold, which in special cases reduces to
several known structures, respectively manifolds, shown below which
have been widely studied in the past.

€ r Structure/manifold

-1 framed metric [33] or

-1 almost r-contact metric [32]

-1 1 almost contact metric [3]

-1 0 almost Hermitian [34]

1 almost r-paracontact Riemannian [7]
1 1 almost paracontact Riemannian [23]
1 0 almost product Riemannian [34, 21]
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Notation. Throughout the paper the following notations will be
followed:

(a) X,Y, Z are vector fields on M.
(b) C(1,2,3) is the set of all cyclic permutations of (1,2, 3).
(¢) o, B,7,e run over {1,...,r}.
(d)

Sy = (fo s E0) g nf‘)\)), A = 1,2, 3 satisfying the relations (2), (3)
and (15).

an e-framed 3-structure will have the constituent structures

3. Non-uniqueness of e-framed structures. In view of (2)—(5),
we are able to state the following theorem.

Theorem 3.1. Let (f,&4,n%) and (f,&q, %), respectively (f,€q,n%),
be two e-framed structures on a manifold M. Then we have n® = 1%,
respectively £, = &, .

Thus we see that two e-framed structures having the same f and the
same &,, respectively %, on a manifold are always identical. However,
an e-framed structure on a manifold M always induces another e-
framed structure on M. This is proved in the following

Theorem 3.2. An e-framed structure on a manifold is not unique.

Proof. Let (f,£a,n") be an e-framed structure on a manifold M. Let
¥ be a non-singular (1, 1) tensor on M. Defining

(10) f_ = 1/1_1f¢> ga = ¢_1§a> ﬁa = ,’704 o1,

it is easy to verify that ( f.€q, f]a) is also an e-framed structure on a
manifold M. ]

Moreover, if g is an associated metric to the structure (f,&,,n%) of
M, then a metric g on M defined by

(11) g(X,Y) =g (X, 9Y)
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provides an associated metric to the structure ( 1, f_a,ﬁo‘) of M. We
may state this fact as the following

Theorem 3.3. An e-framed metric structure on a manifold is not
unique.

4. An e-framed 3-structure. Let ¥y = (f(A),g(A)a,n(a)\)),
A = 1,2 be two e-framed structures on an n-dimensional manifold M
which satisfy

(1) (5(2)5) = 0=y <§(1)ﬁ) ;
(12) T (5(2)5) =cf(2 (5(1)ﬁ> . iy © fry) = engy o fays

fayfe) +eny ®my, =¢ (f(2)f(1) + enly ®€(2)a) :
Deﬁning 2(3) = (f(3)’§(3)a’77€§)) on M by

Ty =Tfayfe) +eni @, =¢ (f(?)f(l) +eny ® f(z)a) :

(13) 5(3)ﬁ = fo (5(2);3) =cf(2) (5(1)5) )
sy = 10 © f2) = €Nz © fa)

it is easy to verify that 33y defines an e-framed structure on M. We
can also verify the following relations:
(14)

fay = foyfe) +enlsy @ &), = (Fa) fo) +enly) ©€@),) -

fey = fayfay +enly @ &), = € (Fay fo) +enfsy @ €a),) -

us=rto (5(3)6> =ef(3) (5(2)5)7 §25=f») (5(1)5) =cfa) (6(3)5),
) =1z © f) =) © Sy ) =103 © Fay = en) © fa),

) (5(3)5) = 0=, (5(2)5) ) (5(1)g> = 0=, (5(3)[3) :

Equations (13) and (14) together are invariant under a cyclic per-
mutation of subindices 1, 2,3 enclosed by parenthesis. Now, we make
formally the following
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Definition 4.1. Let M be a manifold with a rank 3 subbundle
F C End(TM) and a rank 3r subbundle &€ C TM. Suppose £ has
a global basis Ui=1{§(>\)1’“- ;§n),. ) and that F has a local basis
{f(l), fe), f(3)}. If each (f(>‘)7£()‘)a) extends to an e-framed structure
( ISRV nE’/\)) and these structures are compatible in the sense that

) (E(M)ﬁ) =0=n, (ﬁ(x)ﬁ) P

fo (5(#)5) = el (5@5) =80
n0y © foy = endy © foy: =10y
Joo S +eny ®&xn, =€ (f(mf(x) +enty @ f(;na) = f)

(15)

for (A, pu,v) € C(1,2,3), then we say that M is equipped with an e-
framed 3-structure. If F admits a global basis {f(l), fe), f(g)} with the
above properties, we say that M admits a hyper e-framed 3-structure.

Hyper e-framed 3-structures and e-framed 3-structures are general-
ized structures, which in special cases reduce to following structures.

€ T Basis of F | Structure

-1 1 global almost contact 3-structure [31, 17]

-1 0 local almost quaternion structure [12]

-1 0 global almost hypercomplex structure [12]
-1 r local almost quaternionic f-structure [11]
-1 r global hyper f-structure [11]

1 1 global almost paracontact 3-structure [8]

1 0 global almost product 3-structure

Note that if we consider the local tensor fields

foo =100 @ &wyy, — M6y © &) >

for (A, p,v) € C(1,2,3), we will have another local basis of the bundle
F which, for e = —1, satisfies the conditions of the definition of almost
quaternionic f-structure given by Herndndez [11].
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Theorem 4.2. If ¥, = (f(,\),f(,\)a,n&)), A= 1,23, are three
e-framed structures on a manifold M satisfying the conditions given by
(15), then

(i) the 3r vector fields 5(1)ﬁ’ f(g)ﬁ, 5(3)g are linearly independent,
(ii) the 3r 1-forms 77?1)’ 772"2), 77&) are linearly independent, and
iii) the 3 tensor fields f1y, fi2), f(3) are linearly independent.

1), J(2): J3)

Proof. Let h‘(l/\) be 3r real-valued smooth functions on M such that

B _
(16) hihéw o T Payé@ 5+ hiz)és)., =0
Operating by 776), A=1,2,3, we get
0= h(5)0a = hi)-
Thus part (i) is proved. Similarly (ii) can be proved. Finally, let
hifay + hafe) + hsfz) =0,

where hi, ho, hs are real valued smooth functions on M. Operating
the above equation by 7}, and using (4) and (15) we obtain

hzn%) + 5h37](a2) =0,

which in view of (ii), gives ho = hs = 0, and ultimately h; = 0. This
proves (iii). O

5. Existence of an associated metric. An associated metric for
an e-framed 3-structure in a manifold M is a Riemannian metric which
is associated to each of the three constituent local structures; in such
a case we say that we have an e-framed metric 3-structure. In this
section we establish the existence of such a metric.

First, we give some lemmas.

Lemma 5.1. On an e-framed metric manifold M we always have

(17) 9(éa, fX) =0,
(18) g(X, fY) =eg(fX,Y).
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The proof follows from (6) and (7).

Lemma 5.2. If a hyper e-framed 3-structure manifold admits a
Riemannian metric g which is associated to any two of the constituent
structures, then g is also associated to the third constituent structure.

Proof. Let g be a Riemannian metric associated to the structures
(f(A),g()\)a,nE’/\)) and (f(u)vf(u)a’n&))' Then, we show that g is also
associated to (f(l,),f(,,)a,nz’y)), where (A, p,v) € C(1,2,3). In view of
(15)2, (18), (6) and (15)3 we have

9(Ew)aX) =9 (foy Ewy) X)) =9 (E o F X)
= enfy (fonX) =1, (X).

Similarly,

9 (fn X, fn)Y)

=g (f(,\)f(u)X +enfly (X) €y Foo fun X +enp), (X)f()\)ﬁ)

9 (o Jun X foy FanY) +enfy (X) g (€ 0 fon Fun V)

+eng,y (V) g (f(A)f(H)K §(A)5) + 0l (X)), (V) g (E(A)a, E(A)5>

= g (f X, FanY) =Yty (Fan X) nsy (FanY) + X _nly (X)ng,y (Y)

=g(X,Y) - 2778/) (X)ﬁfyy) Y),

where (15)2, (17), (6) and (7) are used. Thus the lemma is proved.
]

Lemma 5.3. Let a manifold M admit a hyper e-framed 3-structure.
Let G be a Riemannian metric associated to one of the constituent
structures, say X(x); then there erists a Riemannian metric G' on M



1962 T. KASHIWADA, F.M. CABRERA AND M.M. TRIPATHI

which satisfies for (A, u,v) € C(1,2,3) the following relations
(19)
G/ (ﬁ(k)aaX) :77(0[)\) (X)7 G/ (g(u)avX) :778,,) (X)v
B
G (€0) o X) = G (€ o X) =1,y (X) G <§(M)57§(u)a> ;

G’ (S(A)a,f(ﬂ)ﬁ) =0, ¢ (g(p,)avg(u)g) =0, & (ﬁ(y)a,ﬁ()\)ﬁ) =0.

Proof. Let G’ be defined on M by

G (X,Y) = G (X = 15 (X)€Y =10 (V)€ 5)

2 £, (Ot (V).

It is easy to verify that G’ is a Riemannian metric on M. Using (20),
(15)1, (3), (6) and (7) one can easily prove the results of Lemma 5.3.
O

Lemma 5.4. A hyper e-framed 3-structure manifold M always
admits a Riemannian metric g’ such that

(21) 9 (EnygX) =nd (X), A=1,23.

Proof. Defining ¢’ on M by

g (XY) =G (X =) (X) €, Y =1 (V)€ )

(22) Y, ()t (V).

where G’ is defined by (20), we see that ¢’ is a Riemannian metric on
M. Again using (21), (15)1, (3), (6) and (7) along with Lemma 5.3, we
can easily prove Lemma 5.4. ]
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In view of the above four lemmas, we have
(23)

g ((fn)* X, (F)’Y) = g Z Ny (X)) (),

9 (fonfon X fonfwY) = 4 (Fny X, fo)Y) Z%) )16y (V)5

9 (fw fnX, fun fnY) = ¢ (fu X, fw)Y) an )y (V) -

Now, we are in a position to prove the main result of this section as
follows.

Theorem 5.5. A hyper e-framed 3-structure manifold M always
admits an associated Riemannian metric.

Proof. We define a (0, 2) tensor field g on M by

(24) g(X,Y)—H (X,Y) +Z( (fo X, fnY)

+ ZW(,\) 77(,\) (Y) ﬂ,

where ¢’ is the Riemannian metric defined by (22). Tt is easy to verify
that g is a Riemannian metric on M. Putting X =) , A =1,2,3in
(24) and using Lemma 5.4, (4), (3) and (15), we get

1 / /
9(EnaY) = 1[9 EnaY) +9 Uméra fonY)

+ 9" (Frbna FonY) + D10y (Ena) 10y (Y)}
B8

1
=1 (WF’A)(Y)Jrﬁg/(ﬁ(A)M FwY)+9" s FonY )+l (Y))

= 77&) (Y).
Replacing X and Y by f\)X and f,)Y, A = 1,2,3, respectively in
(24) and using (5), (23), (15) and (24), we get

9 (fnX, fo)Y) =g (X.Y) Zn()\ )ty (V).
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This completes the proof. a

If we have an e-framed 3-structure manifold, we can take into ac-
count Theorem 5.5 to claim the existence of local Riemannian metrics
associated with the local hyper e-framed 3-structures. Then, by using
partitions of unity, we can construct a global metric compatible with
the e-framed 3-structure of the manifold. Hence, we are able to state
the following

Theorem 5.6. An e-framed 3-structure manifold always admits an
associated Riemannian metric.

Example 5.7. Taking r = 2, we construct an example of an
e-framed metric 3-structure in the Euclidean space R®. We define

(f(,\),f()\)l,f()\)wn(ll\),77(2)\)), A =1,2,3 and a metric g in R® by their
matrices as follows:

001 0 0 07 00 0 0 00
000O0TGO0O 0 006000
e 00000 o100 0 0
fmo=10 000 0 1| fo=10 000 0 ol
00 0O0O0O0 00000 ¢
L0 OO ¢ 0 0. L0 00010
01 0 0 0 07 0]
e 00000 1
000O0TGO0O 0
=10 000 1 0| Soi=|gf
000 ¢ 00 0
L0 OO 0 0 0. L0
0 1
0 0
0 0
§1)y = ol §2); = ol
1 0
L0 L0
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107 0
0 0
0 1
£€22.= | 1> @)1= | o>
0 0
L0 0
01
0
0
5(3)2: 0l
0
[ 1]
Ny =10 1.0 0 0 0], nfy=[0 0 0 0 1 0],
Ny =1[1 00 0 0 0], n%=[0 00 1 0 0],
Nz =10 0 1.0 0 0], n%=[0 000 0 1]
and
g:IG.

By direct computation, we find that the above set provides the required
structure on RS and g is its associated metric.

6. Non-existence of an almost r-paracontact metric 3-
structure of P-Sasakian type. Taking ¢ = 1, the e-framed metric
structure becomes an almost r-paracontact metric structure [7], that
is,

(26) fZZI_T/O(@gcw }

F(X,Y)=9X,fY)=F(,X).
An almost r-paracontact metric structure is [6] of paracontact type if
(27) 2F (X,Y) = (Vxn™) Y + (Vyn*) X,
of s-paracontact type if

(28)  fX =Vx&, orequivalently F(X,Y)=(Vxn®)Y,
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of P-Sasakian type if it is of s-paracontact type and

(VzF) (X Zn g(Y,2)=> n*(Y)n*(2))
—Zn (9(X,2)=> 0™ (X)n"(2)),
B [

of SP-Sasakian type if it is of s-paracontact type and

(30) F(X,Y)—6<9(X,Y)—ZUQ(X)77“(Y)>, et =1L

(29)

An almost r-paracontact metric structure of SP-Sasakian type is
always of P-Sasakian type.

Setting ¢ = 1, in Definition 4.1, we can define

Definition 6.1. A manifold M equipped with three almost r-
paracontact structures Y5y = (f(,\),f(k)a,n(a/\)), A =1,2,3 satisfying

ney (§s) = 0= (§5) s A #

(31) fo (fwg) = fu (fwg) =&wg
n0y © Fw) = 100 © foy»= M)

Fon iy 1y @€, = Funfoy +15) @&, = fos

where (A, u,v) € C(1,2,3), will be called an almost r-paracontact 3-
structure.

Moreover, from Theorem 5.5, there is an associated Riemannian
metric g on M such that for A = 1,2,3 we have

(33) 9 (fonX, fonY )—9 (X,Y) ZU(A) )1y (V).

Now, we need a lemma.
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Lemma 6.2. If M admits an almost r-paracontact metric 3-
structure, such that each of the constituent structures is of s-paracontact
type, then

(Vxfo )§(A (f(A))zX,
(34) (Vxfon) S = 77(@ (X) € g0

(Vxfo) f(u =110, (X )€ 4
where (A, p,v) € C(1,2,3).

Proof. The proof follows from Definition 6.1 and (28). o
The above lemma implies the following proposition.

Proposition 6.3. On an almost r-paracontact metric 3-structure
manifold, such that each of the constituent structures is of s-paracontact
type, we have

(Vimgf(x)) ENg =
(Vmﬁf(x)) §u, =0, (ngﬁfm) €y, =0
(V&V)ﬁf()\)) Sy = 0, (Vg(“)ﬁf()\)> )y =0,

(Vg(mﬁf(x)) §w)o = SN g (Vg(u)ﬂf()\)) Ewyo = EN o
where (A, u,v) € C(1,2,3).

(35)

Now, we prove the main result of this section.

Theorem 6.4. If M is a manifold equipped with an almost r-
paracontact metric 3-structure (X(y),g9) = (f(,\),f(,\)a,n&),g), A=
1,2,3, then all of the constituent structures cannot be of P-Sasakian
type simultaneously.

Proof. For A =1,2,3, we have
(36) (VzFn) (X,Y) =g ((Vzfn) X,Y),
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where F() (X,Y) = g(X, f(,\)Y). Suppose all of the constituent
structures are of P-Sasakian type. Now, putting Z = 5(#)5,, X =&,

in (36) and using (35), we get

B (Vew,Fn) Goa¥) =9 (S Y) =1y ).

while, from (29), we obtain

(Ve Fo) (Ear¥) = = 310 1) 9 (€005
ol

(38)
= =2y ()65

When «a # 8, from (37) and (38) we have n’(g)\) (Y) =0 for all Y, which

is a contradiction. m|

Since an almost r-paracontact metric structure of S P-Sasakian type
is always of P-Sasakian type, in view of Theorem 6.4, we have the
following corollary.

Corollary 6.5. Not all the constituent structures of an almost r-
paracontact metric 3-structure manifold can be of SP-Sasakian type.

In case of r = 1, we have the following corollary.

Corollary 6.6 [8]. Not all the constituent structures of an almost
paracontact metric 3-structure manifold can be of P-Sasakian type or
SP-Sasakian type.

7. Non-existence of S-3-structure. Taking ¢ = —1, the e-framed
metric structure becomes a framed metric structure [34] (or almost
r-contact metric structure [32]), that is,

(39) f2:_1+77a®£a7 }
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A framed metric structure is called normal if

[f, 1+ 2dn™ @ & = 0,
and an S-structure [2] if it is normal and F = dn®, o € {1,...,r}.

When r = 1, a framed metric structure is an almost contact metric
structure, while an S-structure is a Sasakian structure.

If a framed metric structure on M is an S-structure then it is known
(Blair [2]) that

(40) (Vx[)Y = Z (fX, fY) &a+0"(Y)f?X)
(41) f= —vga, ae{l,...,rh
The converse may also be proved. In case of Sasakian structure, that
is, = 1, (40) implies (41).
For the sake of simplicity, we will write as
Zg@jé: Z§a®§a>
(03
(in local coordinates, Zé{j = Zféfi)
We will also write
D8 =) €58

B

Differentiating (40) covariantly, we have

(V2VAXY) = —r (90X, Y) = Y a(X)a(Y)) £2
+ (g(f&X) SiY) +g(r2,7) Y (X)) 3¢
+r (X = Y a(08) 9(f2,7)
~ (9052, X) €+ 123 0(X)) Yoy
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that is,
Vi Vif =—r (gij - th‘ﬁj) fm®
+ (fmiZﬁj + fimj th) ng
+r ((ﬂC - Zﬁi gk> Jmj
(1 ) S
by noticing

SoVE=rfs V) = i D — fons D

Making use of the Ricci identity (with respect to Z, X in the above),
we have

(42) g(R(Z, X)fY, W) +9(R(Z X)Y, fW)
(rgXY —r > iX) +Zn Zn )g FZ,W)
(rgXW—an W)+ aw ) (fZ,Y)
+(rgZY ) - > ii(2) +Zn Zn ) (fX, W)
(TgZW Y w2)aw) + Y aw) Y iz )g FX,Y),

that is,

(rg” TR Zn) ke

o (rgin =Y i+ Dk D) g

(rgmg R an) fi
- (Tgmk =Y il Yk Z%) figs

cf. Blair [2, Lemma 2.2]. Contracting (42) with respect to Z, W, and

Rmiskfjs + Rmijsfks =
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by using >0, 3, 51*(ec) n°(ec) = r, we have

S 1 ms S
(43) (=Rpmijs [+ Ri" fs5 =) §Rz‘jmsf + R foj = r(n—r—1)fij,

where {e.}is an orthonormal basis of T M.

Example 7.1. Every n-dimensional Lie group G admits a framed
f-structure of rank 2k, where k is any positive integer less than
(n+1)/2, cf. [15].

Theorem 7.2. An S-structure is not Finstein if r > 1.

Proof. Let (f,n,n% g) be an S-structure on an n-dimensional
manifold M. From (40) and (41) for vy =1,... ,7(=n — 2k), we have

(VxVE)Y = —(g(XaY) => 2" ()’ (Y)> >
B e

+ <X >’ (X)§ﬁ> > o0t ().
I6] «

In an S-manifold each £, is a Killing vector. Since a Killing vector &
satisfies

(VxVEY =-R(X)Y
where R(X,Y) Z = [Vx,Vy] — Vix,y}; therefore, for y =1,... ,r, we
have

R(&, X)Y = (g(X,Y) > 0" (X))’ (Y)> >
I¢] a

(44)
- (X—ZW’B (X)§ﬂ> DoY)
B a
Vify (= =ViV;&f = & Raiji)
(45)

<9ij - Zﬂiﬁnf> Zﬂi - <5f - ZU?&@) Z?ﬁ‘-
B e Jé] «@
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Now, let S be the Ricci operator given by

SX = zn: R(X,ec)ec,

c=1
where {e.} is an orthonormal basis of TM. Contracting (44) in X,Y,
we have for y=1,... 7,

(46) S& =(n—-7)Y fa

because of

and
> (( > 1’ (ec)€ﬁ> > (ec)> =3¢
c=1 B8 « ]

Now, assume that g is Einstein. By (46), we obtain
T
Ef’y - (TL—T);&'&,

where 7 is the scalar curvature. As {{i,...,&.} are linearly indepen-
dent, the above relation implies n—r = 0 if » > 1, which means f
vanishes. Hence, we know that an S-structure is not Einstein if r > 1.
O

Setting € = —1, in Definition 4.1, we have the following definition.

Definition 7.3 [15]. An n-dimensional manifold M equipped with
three-framed f-structures () = (f(,\),ﬁ(A)a,nf‘)\)), A =1,2,3 of the
same rank 2k satisfying

) (6@)5) =0, nGy (&A)ﬂ) =0, A#up,

(47) fo (f(mg) =—Jw (5(»,3) =80
nty © flwy = =G © foy =16
Ty o fuy =Gy @€ = —faw o foy 100 @ € = fys
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where (A, u,v) € C(1,2,3), is said to have a framed f-3-structure.

An associated metric to a framed 3-structure in a manifold M is a
Riemannian metric which is associated to each of the three constituent
structures. In fact, there always exists such an associated Riemannian
metric g on M satisfying

(48) g (60\)(){’ X) = 77?)\) (X) )
(49) g(fonX, fnY) =g

If each of the constituent structures is an S-structure, the framed metric
3-structure will be called an S§-3-structure. An S-3-structure with r =1
is a Sasakian 3-structure [17].

Example 7.4 [15]. Every n-dimensional Lie group G admits a
framed f-3-structure of rank 2k, where k is even or odd according
to whether n is even or odd.

Now, we prove the main result of this section.

Theorem 7.5. If M is an n-dimensional manifold equipped with a
framed metric 3-structure (f(A),f(,\)a,n&),g), A =1,2,3 of rank 2k,
then all of the constituent structures cannot be S-structures simultane-
ously provided n — 2k =r > 1.

Proof. Let (f(A),f(A)a,n&)), A =1,2,3, be an S-3-structure. Then

fay=—feyo fa) + 277(1) ® &),
noy Eyp) =0 for X # s
§a = fu) E@a): 15" = N0 ° fu),
that is,

. . - ~ ]
fey =—fo), f).’ +Zn(1)i§(2) ;

Eol = Tnlé@n 1l = -1t fo)
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Now, f(1) satisfies the relation (43):

1 ms S
5 Rijmsf(l) + R; f(l)sj = 7“(?’7, —r — 1)f(1)ij'
So, let us calculate the interior product with §(). :

1

£’ <§ Rijms [Ty + Risf(l)sj> =€)’ (T(n —-r— 1)f(1)ij) '

Making use of (45), for {(5), the left-hand side of the equation is

3 { (= S0 00, X,
— (a50 = 0 10, ) Do oy, } S5+ (=) Yy feg
= (gjm - Zﬁéw@m) (— Z%m) +(n=r) Y 1),
=Mmn-r-1) Zﬁfg)j,

= = ~ m
where (46), nfy) [ =~ and (L)), ) D@ = 0 are
used; while the right-hand side is equal to

r(n—r— 1)77f3)j.

Then

25(3) =73)., foreach e=1,... r
Hence, there exists no linearly independent set {{(3)1,...,&@3),} if
r> 1. u]

8. Non-existence of proper trans-Sasakian 3-structure. An
almost contact metric structure (f,€,n,g) is a special case of an e-
framed metric structure when ¢ = —1 and r = 1. Let M be an almost
contact metric manifold ([3]) with an almost contact metric structure
(f,&,1m,9), that is, f is a (1,1) tensor field, £ is a vector field; n is a
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1-form and ¢ is a compatible Riemannian metric such that

(50) fP=-T+n0f nE) =1,
(51) F(X,)Y)=g(X,fY)=-F(,X), g(X,§)=n(X)

forall X, Y e TM.

In [27], Tanno gave a classification for connected almost contact met-
ric manifolds whose automorphism groups have the maximum dimen-
sion. For such a manifold, the sectional curvature of plane sections
containing & is a constant, say c. He showed that they can be divided
into three classes: (1) homogeneous normal contact Riemannian man-
ifolds with ¢ > 0, (2) global Riemannian products of a line or a circle
with a Kéahler manifold of constant holomorphic sectional curvature if
¢ =0 and (3) warped product spaces R x; C™ if ¢ < 0. It is known
that the manifolds of class (1) are characterized by some tensorial re-
lations admitting a Sasakian structure. Kenmotsu [16] characterized
the differential geometric properties of the third case by tensor equa-
tion (Vxf)Y = g(fX,Y)¢ —n(Y)fX. The structure so obtained is
now known as a Kenmotsu structure. In general, this structure is not
Sasakian [16].

In the Gray-Hervella classification of almost Hermitian manifolds
[10], there appears a class, Wy, of Hermitian manifolds which are
closely related to locally conformal Kéhler manifolds (for geometry of
locally conformal K&hler manifolds we refer to the book of Dragomir
and Ornea [9]). An almost contact metric structure (f,£,n,¢g) on M is
called a trans-Sasakian structure (Oubina [22]) if (M xR, J, G) belongs
to the class W,, where J is the almost complex structure on M x R
defined by

J(X,ed/dt) = (fX — c&n(X)d/dt)

for all vector fields X on M and smooth functions ¢ on M x R and G is
the product metric on M x R. This may be expressed by the condition
(Blair and Oubina [4])

(52)  (Vx )Y = a(g(X,Y)§ = n(Y)X) + b(g(X, fY)E +n(Y)fX)

for some smooth functions a and b on M, and we call such a trans-
Sasakian structure as (a, b)-trans-Sasakian structure. From the formula
(52) it follows that [4]

(53) Vxé=—afX —bX +bn(X)¢E.
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In [29], it is proved that trans-Sasakian manifolds are generalized
quasi-Sasakian (Mishra [20]). It is also proved that certain Legendre
curves of a Kenmotsu manifold are circles [28].

The class Cs ®Cs [18] coincides with the class of (a, b)-trans-Sasakian
structures. We note that (0,0)-trans-Sasakian structures are cosym-
plectic [3], (0,b)-trans-Sasakian structures are b-Kenmotsu [13] and
(a, 0)-trans-Sasakian structures are a-Sasakian [13].

If we have an almost contact metric 3-structure (fx,&x, 7, 9), A =
1,2,3, [17] on a connected manifold M of dimension 4n + 3, then we
have the following

Theorem 8.1. If (fa,&n,m0,9), A = 1,23, are (ay,by)-trans-
Sasakian, then by = by = b3 = 0 and a1 = as = az = a, where a
is constant. Therefore, we have an a-Sasakian 3-structure.

Proof. In fact, since (f3,&3,m3,9) is (a3, bs)-trans-Sasakian, by (53)
we have
(54) Vix&s = bsnz(X)&s — b3 X —azfX.
On the other hand, from the defining conditions of 3-structure we have

Vx& = (Vxfi) (&) + f1 (Vx&).

Taking (52) and (53) into account, we get
(55)
Vix& =binz(X)& +bana(X)&s — ba frX + (a1 — a2)m2(X)&1 — a2 f3X.

Now from (54) and (55) it follows
Ve &3 = —a26r = —azés — b3&;.
Therefore, as = a3 and b3 = 0. Analogously, we get
V52§3 = a1§1 = CL3§1-
Then a; = a3. Finally,

Ve &3 = b1&1 + baée = 0.
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Therefore, by = by = b3 = 0 and a; = as = a3 = a. Thus, we have an
a-Sasakian 3-structure and, in such a case, it follows that

dF)\ZO, dﬂ)\IQGF)\(X,Y).

where F)\(X,Y) = g(X, £AY) and A = 1,2,3. Since, 0 = da A F), for
A=1,2,3, we get

0 = da(é\)Fa (€., &) = —da(€y),

where (A, p,v) € C(1,2,3). If E is a unitary vector orthogonal to &,
&, and &3, we have

0= da(E) F(6,€,) = ~da(E).

It follows that da = 0. O

Remark 8.2. We also note that, even in a more general context,
a is constant. For instance, for a trans-Sasakian 3-structure in the
sense of Martin Cabrera, cf. [19, Corollary 4.15], a is constant. Here,
M has a trans-Sasakian almost contact 3-structure, if M x R has a
locally conformal quaternionic Kéhler structure. However, each almost
complex structure of M x R is not necessarily W, and each almost
contact structure of M is not necessarily trans-Sasakian.

From Theorem 8.1 we have the following corollaries.

Corollary 8.3. If (fx,&x,mn,9), A =1,2,3, are by-Kenmotsu, then
b1 = by = b3 = 0. Therefore, we have a hypercosymplectic 3-structure
[19].

Corollary 8.4. If (fx,&x,mn,9), A = 1,2,3, are ay-Sasakian, then
a1 = ag = az = a, where a is constant. Therefore, we have an a-
Sasakian 3-structure.

Remark 8.5. In [24, 25], submanifolds of a manifold equipped with a
Kenmotsu almost contact 3-structure are studied. In view of the above
discussion, such structure cannot exist. However, the results of [24, 25]
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may be true when the ambient manifold carries a hypercosymplectic 3-
structure [19]. A (4n + 3)-dimensional torus T4"*3 (n > 1) is a typical
example carrying a hypercosymplectic 3-structure.
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