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PHELPS’ UNIQUENESS PROPERTY
FOR K(X,Y) IN L(X,Y)

MART POLDVERE

ABSTRACT. We study pairs of Banach spaces X and Y
with X* or Y* having a metric compact approximation of
the identity (MCAI) with adjoint operators such that the
subspace K(X,Y') of compact operators from X to Y has the
Phelps’ uniqueness property U in the space of all continuous
linear operators L(X,Y), i.e., every functional f € K(X,Y)*
has a unique norm-preserving extension to L(X,Y).

Our main results are: (1) K(X,X) has property U in
L(X, X) whenever X has an MCAI and K (E, E) has property
U in L(E,E) for every closed separable subspace E of X
having an MCAI; (2) if a Banach space Y has an MCAI, then
K(X,Y) has property U in L(X,Y) for all Banach spaces X
if and only if K(I1,Y) has property U in L(l1,Y). We also
show that if a separable dual space X* has an MCAI with
adjoint operators, then property U for K(X, X) in L(X, X)
is determined by the properties of the extreme points of the
unit ball of L(X, X)*.

0. Introduction. Let X be a (real or complex) Banach space, and
let Z be a closed subspace of X. By the Hahn-Banach theorem, every
continuous linear functional ¢ € Z* has a norm-preserving extension
f € X*. In general, such an extension is highly non-unique. Following
Phelps [16], we say that Z has property U in X if every g € Z* has a
unique norm-preserving extension f € X*.

According to the terminology in [2], a closed subspace Z of a Banach
space X is said to be an ideal in X if there exists a contractive
projection P on X* with ker P = Z1. Tt is straightforward to verify
that, if Z is an ideal in X, then, for every f € X*, Pf € X* is a norm-
preserving extension of the restriction f|z € Z*. Therefore, ran P is
canonically isometric to Z*. In the sequel, we shall use the (generally
non-Hausdorfl) weak topology o(X,ran P). Ideals with property U
have been studied e.g. in [10, 11, 14, 15].
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In this paper, we study property U for the subspace of compact
operators K(X,Y) in the space of all continuous linear operators
L(X,Y) between two Banach spaces X and Y. We restrict our
attention to the case where X** or Y* enjoys the Radon-Nikodym
property (shortly, RNP) and X or Y has a shrinking metric compact
approximation of the identity. Recall that a net (K, ) in K (X, X) with
IKo|| < 1 is called a metric compact approzimation of the identity
(shortly, MCAI) if lim K,z = z for all z € X. If also lim K, z* = «*
for all 2* € X*, then (K,,) is called a shrinking MCAI. Note that, see
[4, proof of Lemma 1], if (K,) is any weak* convergent (in K (X, X)**)
shrinking MCAT of X, respectively weak* convergent (in K(Y,Y)*)
MCAI of Y, then K(X,Y) is an ideal in L(X,Y’) with respect to the
following Johnson projection P on L(X,Y)" defined by

respectively
(0.2) Po(T) = 1i’£r1¢(KA7T)7 pe L(X,Y), TeL(X,)Y).

In Section 1, we give a sufficient condition for the convergence of nets
with respect to the weak topology induced by the Johnson projection,
and establish a criterion of property U for ideals of compact operators
in the corresponding space of all continuous linear operators.

In Section 2, we prove that, in certain cases, property U for K(X,Y)
in L(X,Y) is separably determined, and study its hereditary properties.
In particular, we prove that (1) K (X, X) has property U in L(X, X)
whenever X has an MCAI and K(F, E) has property U in L(E, E)
for every closed separable subspace E of X having an MCAIL; (2) if
a Banach space Y has an MCAI, then K(X,Y) has property U in
L(X,Y) for all X if and only if K(I1,Y) has property U in L(l1,Y).
Most of the results of this section are extensions of the corresponding
results on M-ideals (for the prototype of (1), see [12, Theorem 2]; for
the prototype of (2), see [12, Corollary 7], see also [9, Theorem 2.12] for
the separable case), a well-studied subclass of subspaces with property
U, see [3]. Recall that a closed subspace Z of a Banach space X is said
to be an M -ideal in X if it is an ideal in X with respect to a projection
P on X* such that, for each f € X*, one has ||f| = [|Pf]| + ||f — Pf]|-
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In Section 3, we prove an extremal test for property U for separable
ideals, and, as an application, we show that, under certain assumptions,
the uniqueness of the norm-preserving extensions of functionals of the
form z** @ y* is sufficient for K(X,Y") to have property U in L(X,Y).

Let us fix some notation. The closed unit ball and the unit sphere of a
Banach space X will be denoted, respectively, by Bx and Sx. For a set
A C X, we denote its convex hull by conv A, its linear span by span A,
and the set of its extreme points by extA. The symbol L(X,Y") will
stand for the space of continuous linear operators from X to a Banach
space Y, and K(X,Y) for its subspace of compact operators. We shall
write L(X) and K(X) instead of L(X, X) and K (X, X), respectively.
We also denote

Ux = {(2n)52 C Xt [la1]| €1, |lzng1 — 2l <1, n e N}

1. Auxiliary results. Our arguments to prove the results in
Section 2 are based on

Proposition 1.1 (see [14, Theorem 3]). Let Z be an ideal in
a Banach space X with respect to a projection P. The following
assertions are equivalent.

(i) Z has property U in X.
(ii) Whenever € > 0, (yn)521 € Uz, K is a conver subset of Z, and
x is in the o(X,ran P)-closure of K, then there are z € K and ng € N
satisfying
[Yno + 2 = z[| < no +e.

(iii) For every (yn)52; € Uz and every x € Bx, there is a net (z4)
in Bz such that lim z, = x in the o(X,ran P)-topology and, provided
e > 0, one can find an index oy so that, for every a > «q, there is
some ny € N satisfying

1Yno + T = 2all < na +e.

If K(X,Y) is an ideal in L(X,Y) with respect to some Johnson
projection, then, in order to make use of Proposition 1.1 to decide
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whether K(X,Y) does or does not have property U in L(X,Y), it
would be helpful to have some description of the convergence of nets
with respect to the weak topology induced by this projection. This will
be given in

Lemma 1.2. Let X and Y be Banach spaces with X** or Y*
enjoying the RNP and X, respectively Y, having a shrinking MCAI,
and let P be a Johnson projection on L(X,Y)". Then, for any shrinking
MCAI (K,) of X, respectively Y, and oll T € L(X,Y), one has
lim, TK, = T, respectively lim, K,T = T, in the o(L(X,Y),ran P)-
topology.

Proof. Let (K, ) be any shrinking MCAT of X (the proof is almost
verbatim with some obvious changes if we assume that Y has a shrink-
ing MCAI), and let T € L(X,Y), f € L(X,Y)" and € > 0. It suffices
to show that there is an index ag such that |Pf(T) — Pf(TK,)| < ¢
for all & > ag. To this end, first observe that whenever x** € X**
and y* € Y*, then, for the functional z** ® y* € L(X,Y)" de-
fined by z** @ y*(V) = «**(V*y*), V € L(X,Y), one has P(z*™* ®
y*) = 2™ @ y*. Since X** or Y* has the RNP, by [1, Theorem 1],
span {z** ® y*|k(x,y): ¥ € X**, y* € Y*} is a dense subspace of
K(X,Y)", and thus there aren € N, z* € X**, yf € Y*,i=1,...,n,
such that, for g = > 1 z/* @ y; € L(X,Y)", one has

I1Pf =Pyl =1P(f =9l = [I(f = 9lxxmll

11 kcen|l < 51

= K(X,Y) — 9IK(X,Y NIEE
(X,Y) (X,Y) 3|7

Choosing an index g so that, for all a > ag, one has

1Ty — K" Ty} || < i=1,...,n,

3nlaye|l”
it remains to observe that, for any a > «y,
|Pf(T) = Pf(TKd)| < ||[Pf =Pyl [IT| + [Pg(T — TKa)
+Pf =Pyl lIT| [ Kall
2e

<3+ ;w;k*((T—TKQ)*yf) <e. O
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The following criterion of property U is now a quick consequence of
Proposition 1.1 and Lemma 1.2.

Proposition 1.3. Let X and Y be Banach spaces with X** or Y*
having the RNP, and X, respectively Y, having a shrinking MCAIL. The
following assertions are equivalent.

(i) K(X,Y) has property U in L(X,Y).

(ii) For every (Sp)ply € Uk(xy), T € Br(x,y), € > 0, and every
shrinking MCAI (K,) of X, respectively Y, there are ng € N and
K € conv{K,} satisfying

|Sne +T —TK|| <no+e, resp. ||Sn, +T —KT|| <ng+e.

(iii) For every (Sn)ply € Uk (x,y) and T € Bpx,y), there exists a
shrinking MCAI (K,,) of X, respectively Y, such that, provided e > 0,
one can find an index aq so that, for every a > «q, there is some
ne € N satisfying

(1.1) ||Sp, +T—TK,|| < ng+e, resp. ||Sn, +T— K T|| < ng+e.

Proof. (i) = (ii) and (iii) = (i) follow immediately from the corre-
sponding implications of Proposition 1.1 by Lemma 1.2.

(ii) = (iii). Let (Kj3)gen be any shrinking MCAI of X, respectively
Y. Consider the set A = {(B,¢): 8 € B, e € R, ¢ > 0} directed in
the natural way. By (ii), to each o = (8,e) € A, one can associate
some K, € conv{K,: v € B, v > B} such that, for some n, € N, the
condition (1.1) holds. The net (K, )qaca clearly meets all the conditions
of (iii). ©

2. Hereditary results on property U for K(X,Y) in L(X,Y).
Most of the results in this section are extensions of the analogous results
for M-ideals.

Throughout this section, we shall repeatedly exploit the following
well known lemma (see [17, Theorem 15] or [3, p. 126], and, e.g., the
proofs of [7, Theorem 4.2, (¢)=-(a), and Proposition 4.1, (b)=-(c)]).
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Lemma 2.1. Let a Banach space X have property U in its bidual.
Then

(a) X* has the RNP,
(b) every MCAI of X is shrinking.

Theorem 2.2. Let X be a Banach space having an MCAI. Suppose
that K(FE) has property U in L(E) for all closed separable subspaces
E C X having an MCAIL. Then K(X) has property U in L(X).

Remark. 1) The proof of Theorem 2.2 is essentially based on the
same effects as its prototype’s for M-ideals, see [12, Theorem 2], see
also [13, Corollary 4.3]. However, use of Proposition 1.3 makes our
proof somewhat simpler than the proof of the prototype.

2) It is well known that, see e.g., [3, p. 301], if X is a Banach space
and K (X) is an M-ideal in L(X), then K(FE) is an M-ideal in L(F) for
all closed subspaces F C X having an MCAI. We do not know whether
the analogous result is true for property U.

Proof of Theorem 2.2. Since every closed separable subspace of X is
contained in some closed separable subspace having an MCAI, and our
assumptions yield that every closed separable subspace of X having
an MCAI enjoys property U in its bidual, see [5, Theorem 4.5] or
[14, Theorem 7], every closed separable subspace of X has property
U in its bidual (because property U in biduals is inherited by closed
subspaces). Thus, by [14, Corollary 5], X has property U in its bidual.
By Lemma 2.1, the latter implies that X* has the RNP and any MCAI
of X is shrinking.

Suppose for contradiction that K(X) does not have property U
in L(X). Then, by Proposition 1.3, there are (S,)72; € Uk(x),
T € Br(x), € > 0, and a shrinking MCAI (K,) of X such that

|1Sn +T — KT|| >n+e forallme N and all K € conv{K,}.
We are going to construct a closed separable subspace £ C X having
an MCALI so that K(FE) fails to have property U in L(E).

To this end, first pick any index a; and any z € Bx, and put
Cy = {z}. Now continue as follows. Given indices «; and finite sets
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C;,cX,i=1,...,m (m € N) pick an index a,,+1 > a,, so that

1
| Ka, iz — 2| < 1 for all z e Cy,.
Choose a finite 1/(m + 1)-net A, 1 of conv{K,,,...,K,,, ., } and a
finite set B,,+1 C Bx so that, forall K € A,,,41 andn € {1,... ,m+1},
there exists some x € B,,,41 satisfying

1
(S +T —KT)x|| > ||S,+T — KT|| - ——.
m+1
Then put
Cm-‘,—l :CmUBm+1U U {VJ?} .

Vel{T,Si, Ky, i=1,... ,m+1}
2€C,UBp 11

Proceeding as described, we obtain a sequence (K, )pv=1 C Br(x) and

asequence (Cy,)20_; of finite subsets of X. Denote E = span UX_; Cl,.
Since Tz, Spx, Ko, v € E for all x € E, n € N, m € N, denoting
T = T|E, S,L = Sule, Km = am|Ea n,m € N, we have T S BL(E)a
(Sn)22y € Uk (p), Km € By(m), m € N. Clearly (K,,) is an MCAI
of E. Since property U in biduals is inherited by closed subspaces,
the subspace E has property U in E**, and, by Lemma 2.1, (K,,)
is shrinking. For all n € N and all K € conv{K,,}, one has
|Sn +T — KT|| > n + ¢, and, by Proposition 1.3, K(E) fails to have
property U in L(E). O

Theorem 2.3. Let X and Y be Banach spaces with Y having
property U in Y** and an MCAI. Suppose that K(E,F) has property
U in L(E, F) for all closed separable subspaces E C X and F C'Y with
F having an MCAIL. Then K(X,Y) has property U in L(X,Y).

Proof. Let (K,) C Bg(y) be any MCAI By Lemma 2.1, (K,) is
shrinking and Y* has the RNP.

Suppose for contradiction that K(X,Y) does not have property U
in L(X,Y). Then, by Proposition 1.3, there are (S,)p2; € Uk (x,v)
T € Brx,y), € > 0, and a shrinking MCAI (K,) of Y such that

IS, +T — KT||>n+¢e forall neN andall K € conv{K,}.
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We are going to construct closed separable subspaces £ C X and
F C Y with F having an MCALI so that K (F, F) fails to have property
Uin L(E,F).

To this end, first pick any index «; and z € By, and put C; = {z}
and Dy = {S12,Tz}. Now continue as follows. Given indices «a; and
finite sets C; € X, D, C Y, i=1,...,m (m € N) pick an index
Q41 > Quy SO that

[ Kay —yll < for all y € Diy,.

m

Choose a finite 1/(m + 1)-net A, 11 of conv{K,,...,Kq,,,,} and a
finite set B,,+1 C Bx so that, forall K € A,,,11 andn € {1,... ,m+1},
there exists some = € B,, 41 satisfying

1

N(Spn+T—KT)x|| > ||Spn+T - KT|| — ——.
m—+1

Then put Cy,+1 = Cp, U Byq1 and

Diy1 = Dy U U {va} U [ U {Kaiy}].
Ve{St,...,Sm+1,T} ie{l,... ,m+1}
2€CH 41 yED,,

Proceeding as described, we obtain a sequence (Ka,,)p=1 C Br(v)

and sequences (Cp,)5°_; and (D, )2, of finite subsets of X and Y,
respectively. Denote E = span UYX_; Cp, and F' = span UX_; D,,.
Since Tz, Spx € F for all x € E, n € N, and K,,y € F for all
y € F, m € N, denoting T= Tk, S, = Snle, Km= Ka,,|F, n,m € N,
we have T S BL(E,F)u (gn)%ozl € UK(E,F)> K, € BK(F)u m € N.
Clearly (K,,) is an MCAI of F. Since property U in biduals is inherited
by closed subspaces, the subspace F' has property U in F** and, by
Lemma 2.1, (K,,) is shrinking. For all n € N and all K € conv {K,,},
one has ||S, +T — KT| > n+e¢, and, by Proposition 1.3, K (E, F) fails
to have property U in L(E, F). mi

Proposition 2.4. Let X and Y be Banach spaces with X** or Y*
having the RNP, and let K(X,Y) have property U in L(X,Y).
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(a) If X has a shrinking MCAI, then K(X,F) has property U in
L(X,F) for all closed subspaces F C'Y.

(b) If Y has a shrinking MCAI, then K(X/E,Y) has property U in
L(X/E,)Y) for all closed subspaces E C X.

Remark. For the prototype of Proposition 2.4 for M-ideals, see [9,
Proposition 2.9].

Proof of Proposition 2.4. (a) Suppose that X has a shrinking MCAL
Let F' C Y be any closed subspace and let j: F' — Y denote the natural
embedding. Fix arbitrary (S,) € Uk (x r)y and T € Bp(x p). Clearly
(jSn) € Ug(x,yy and jT' € By (x,y). Since K(X,Y’) has property U in
L(X,Y), by Proposition 1.3, there is a shrinking MCAT (K,) C B (x)
such that, provided € > 0, one can find an index g such that, for every
a > «p, there exists some n, € N satisfying

[Sna + T = TKy|| = [|jSn, +JT — jTKa| < ng +e.

By Proposition 1.3, K (X, F') has property U in L(X, F).

(b) Suppose that Y has a shrinking MCAI Let E C X be any closed
subspace and let ¢: X — X/F denote the quotient map. Fix arbitrary
(Sn) € Ug(x/B,y)y and T € Br(x/p,y). For any U € L(X/E,Y), one
has [|U|| = ||Uql|, thus (Snq) € Uk x,y) and Tq € Brxy). Since
K(X,Y) has property U in L(X,Y), by Proposition 1.3, there is a
shrinking MCAI (K,) C Bg(y) such that, provided € > 0, one can find
an index «g such that, for every a > «q, there exists some n, € N
satisfying

[Sn, +T = KoT|| = |90, + Tq — Ko Tql| < 1o +¢.
By Proposition 1.3, K(X/E,Y) has property U in L(X/E,Y). o

Corollary 2.5. Let Y be a Banach space having an MCAIL. The
following assertions are equivalent.

(i) K(X,Y) has property U in L(X,Y) for all Banach spaces X.
(ii) K(11,Y) has property U in L(11,Y).
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Remark. For the prototype of Corollary 2.5 for M-ideals, see [12,
Corollary 7], see also [9, Theorem 2.12] for the separable case. By
courtesy of Theorem 2.3, the proof of Corollary 2.5 is more direct than
its prototype’s one.

Proof of Corollary 2.5. (i) = (ii) is more than obvious.

(ii) = (i). Let X be a Banach space, and let £ C X and F C Y
be closed separable subspaces with F' having an MCALI Since K (I1,Y)
has property U in L(l1,Y’), the subspace Y has property U in Y**,
see [14, Theorem 12], and, by Lemma 2.1, Y* has the RNP. By
Proposition 2.4(a), K (l1, F') has property U in L(ly, F'). Since property
U in biduals is inherited by closed subspaces, the subspace F' has
property U in its bidual, and thus, by Lemma 2.1, F* has the RNP
and any MCATI of F is shrinking. By Proposition 2.4(b), K(E, F') has
property U in L(E, F) (because every closed separable Banach space
is isometrically isomorphic to a quotient of ¢1). It remains to apply
Theorem 2.3. O

3. Extremal test for property U. The following theorem is an
extremal test for property U for separable ideals.

Theorem 3.1. Let X be a Banach space, and let Z be a separable
ideal in X with respect to a projection P € L(X™) such that, for every
x € Bx, there is a sequence (21,)59_1 C Bz satisfying lim z,,, = = in
the o(X,ran P)-topology. If, for all ¢ € extBx~ with ||¢] = [|}|z],
the functional ¢ itself is the only norm-preserving extension to X of its
restriction on Z, then Z has property U in X.

Remark. The assumption for Z to be an ideal in Theorem 3.1 cannot
be dropped even if X is finite dimensional, see [6, p. 459, Example].
We do not know whether the assertion of Theorem 3.1 remains true
if one drops the assumption for Bx to be contained in the sequential
o(X,ran P)-closure of Bz.

Proof of Theorem 3.1. Let f € Sx~ satisfy ||Pf|| = || f]|. It suffices to
show that Pf = f. Suppose for contradiction that Pf(z) # f(z)
for some x € Bx. Put E = span(ZU{z}) and C = extBg-,
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and let @ € L(E*) be the ideal projection for Z in E induced by
P (i, for h € E*, one has Qh = Pg|g where ¢ € X* is any
extension of h to X). Let a sequence (z,,)5w_; C Bz be such that
lim z,,, = x in the o(X,ran P)-topology of X; then also lim z,, = z in
the o(E, ran Q)-topology of E. Denote h = f|g. By Choquet’s integral
representation theorem, there is a regular Borel probability measure p

n (Bg«,w*) concentrated on C and representing h. By Lebesgue’s
bounded convergence theorem, one has

Qh(z) = lim Qh(z)

m—00

= lim h(znm)

m—00

= Jim_ [ w(en) du(w)

m—00

= lim Qw(zm) dp(¥)

m—00

[ Jim_Qutz)duts / Qu(x) du(y

m—00

Denote A = {¢p € C: Q¢ # }. Observe that [|Qy| < 1 for all
¥ € A. (Indeed, let ¢ € A. Since ¢ € extBg-, then ¢ has some norm-
preserving extension ¢ € extBx-. Since QY # 1, also P¢ # ¢, and
thus [|Qv]| = [|[Pg[| < [|¢] = 1 because if ||[P¢| = |[4]|, then P¢ and ¢
would be different norm-preserving extensions to X of ¢|z.) Since

/C (6 — Qu) () du() = h(x) — Qh(x) £ 0

one has p(A) > 0, and hence [, Qv du(v) < pu(A). Thus

IPfIl = QI = sup [Qh(y)|

yEBE

/Qw ) dia() ‘

< /C sup |Qu ()] du(t)

YyEBE

= sup
yEBR

- / Q| due)
C
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:/ |\Q¢|\du(w)+/ Q| ()
A a\A

< p(A) + (O A) = p(C) =1 =],

a contradiction. O

Recall that if X and Y are Banach spaces, and z** € X** and
y* € Y* then the functional z** ® y* € L(X,Y)" is defined by
@y (T) =™ (T*y*), T € L(X,Y).

Corollary 3.2. Let X and Y be Banach spaces with X* and Y*
being separable and X or'Y having a shrinking MCAI (K,,)>_,. If,
for all x** € Bx«« and y* € By~, the functional ** @ y* € L(X,Y)"
itself is the only norm-preserving extension to L(X,Y) of its restriction

on K(X,Y), then K(X,Y) has property U in L(X,Y).

Remark. For x** € Bx«+ and y* € By~, the functional z** @ y* €
L(X,Y)" itself is the only norm-preserving extension to L(X,Y) of its
restriction on K(X,Y) e.g. whenever 2** is a weak*-denting point of
Bx++ or y* is a weak*-denting point of By, see [8, Lemma 3.1].

Proof of Corollary 3.2. Suppose that (K,,)5°_; is a shrinking MCAI
of X, respectively Y. Let ¢ € extBrx y)+. Since conv {z** @y*: 2** €
Bx++, y* € By-} is weak* dense in Br(x,y)*, Milman’s converse to
the Krein-Milman theorem and the weak® compactness of Bx«« and
By« yield that ¢|g(xy) = ™ ® y*|g(x,y) for some z** € By«
and y* € By~«. Observing that K(X,Y) is a separable ideal (because
K(E, F) is separable if and only if E* and F' are separable) in L(X,Y)
with respect to the projection P defined by (0.1), respectively (0.2),
where (K,) is a weak® convergent (in K(X,X)™, respectively in
K(Y,Y)**) subnet of (K,,), and, by Lemma 1.2, imTK,, = T,
respectively lim K,,,7 = T, in the o(L(X,Y),ran P)-topology for all
T € L(X,Y), an appeal to Theorem 3.1 finishes the proof. o
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