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ASYMPTOTIC PROPERTIES VIA
AN INTEGRODIFFERENTIAL INEQUALITY

JAMES H. LIU

ABSTRACT. Recent results about asymptotic properties
for integrodifferential equations in " are studied in Hara, et
al. [6] by analyzing a Liapunov function v(-) satisfying

¢
v (t) < —av(t) +/ w(t, s)v(s)ds,
0

t >ty > 0.

We will extend the techniques in [6] to the study of inte-
grodifferential equations

x'(t) = A(t)

t
z(t) +/ F(t,s)z(s) ds:|,
#

t>t0 >0, (#=0o0r —o0),

in real Hilbert spaces with unbounded linear operators A(-),
when a Liapunov function v(-) satisfies

t
v (t) < —aw(t) + \/v(t)/ w(t, s)\/v(s)ds,
#
t>t9>0(#=0o0r —c0).

The results include uniform stability and asymptotic stability,
as well as uniform boundedness and ultimate boundedness,
which are not studied in [6]. The above integrodifferential
equations occur in viscoelasticity and in heat conduction for
materials with memory.

1. Introduction. In qualitative studies of differential or integrod-
ifferential equations, Liapunov or Liapunov-Razumikhin methods are
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very effective in analyzing the asymptotic properties, which include
stabilities and boundedness.

It is commonly required that the derivative of a Liapunov function
(or functional) along a solution be negative all the time, or Razumikhin
conditions are imposed to only require that the derivative be negative
when the Liapunov function reaches its maximum at ¢ on [0,¢] or on
(—00,t]. See, e.g., [3, 4].

Recently, Hara, Yoneyama and Miyazaki [6] presented some new
general results about the asymptotic properties of integrodifferential
equations in R”, in which the condition on a Liapunov function v(-) is
such that

(1.1) V' (t) < —av(t) + /Otw(t,s)v(s) ds, t >ty >0,

with .
limsup/ w(t,s)ds < «
t—oo 0
and
¢
(1.2) lim w(u,s)ds =0 fort>0.

uUu—00 0

It can be seen that, for large ¢, v'(t) < 0 if v(t) reaches its maximum
on [0,t]. So it is in the right spirit of a Razumikhin condition. However,
due to the special forms of inequalities (1.1)—(1.2), the proofs of the
results are very simple and elementary.

We are interested in the asymptotic properties of integrodifferential
equations in real Hilbert spaces, especially equations of the form

2’ (t) = A(t) {x(t) + /Ot F(t,s)x(s) ds}, t>ty >0,

(1.3)
x(s) = ¢(S), 0 S S S to,
and
(1.4) (1) = At) {x(t) + /too F(t,s)x(s) ds}, t> 1t >0,
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with unbounded linear operators A(+), which can be used to model heat
conduction or viscoelasticity for materials with memory. For example,
as stated in Grimmer and Liu [3], equations from heat conduction

4(t,x) = —Buy(t,2)
—/t bt — s)ua(s,2)ds, (#=0or —ox)
w(t, ) = —&?(t,x)/&v + f(t,x),
can be rewritten as (assuming F = 1)
2

% {u(t,x) + /t b(t — s)u(s,x) ds] + f(t, z).

#

ug(t, ) =

Similar to [3], we can construct a Liapunov function v(-) for equations
(1.3) and (1.4) in a natural way. Then, deriving an inequality in the
spirit of (1.1), we end up with

V' (t) < —av(t) + \/o(t) /# w(t, s)\/v(s)ds,

t>tg >0, (#=00r —o0)

(1.5)

where w is determined by F.

It will be seen from Lemmas 3.7 and 3.8 that transformations can be
made so that we may assume v(¢) > 0 in (1.5). And then, if we divide
24/v(t) in (1.5) and set y(t) = \/v(t), the inequality for y(-) will have
the same form as (1.1). This indicates that techniques used in [6] can
be extended to the study of (1.3) and (1.4).

In Section 2 we will summarize and generalize those results in [6]
concerning inequality (1.1). They are then applied in Section 3 to
establish results concerning uniform stability and asymptotic stability,
as well as uniform boundedness and ultimate boundedness, which are
not studied in [6]. Transformations from inequality (1.5) to (1.1) are
also given in Section 3. Finally, in Section 4 the results in Section 3
are applied to equations (1.3) and (1.4) to obtain the uniform stability,
asymptotic stability, uniform boundedness and ultimate boundedness.
An example in [6] indicates that, in general, uniform asymptotic
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stability is not expected under conditions (1.1) and (1.2). See [5, 7]
for studies of uniform asymptotic stability with other conditions.

We remark that similar results about stability and asymptotic stabil-
ity for (1.3) and (1.4), when A(t) = A, ¢t > 0 and F(t,s) = F(t —s) are
given in Grimmer and Liu [3] by Razumikhin techniques. We will see
that the treatment here is much simpler; only an elementary integrod-
ifferential inequality is used. And results about uniform boundedness
and ultimate boundedness can also be obtained in a unified way.

Finally, note that for the equation

t

2(8) = Az(t) + / F(t, 5)a(s) ds,

(1.6) #
t>tg >0, (#=00r —o0)
in R" with inner product (,), we can define v = (z,z) = ||z||?; then
o' (t) = 2(z(t), 2" (1))
t
o - 2<as(t),Aac(t) +/# F(t,s)x(s)ds>

SQ(x(t),Ax(t))—i—Z\/v(t)/# [|F(t, s)||\/v(s) ds.

If A is a negative definite or a stable matrix, then inequality (1.5)
can also occur naturally in this situation. Therefore the study of the
asymptotic properties of (1.6) an also be carried out using inequality
(1.5).

2. A lemma. In this section we prove a lemma which will be
used in the next section to study asymptotic properties. The lemma
summarizes and generalizes those results in [6] concerning inequality
(1.1). The proofs are similar to those in [6]; we give them here for
completeness.

Lemma 2.1. Let a > 0 be a constant. Assume that w(t,s) > 0 is
continuous for 0 < s < t, with

t
(2.1) limsup/ w(t,s)ds < «

t—o0 #
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and
t

lim w(u,s)ds =0 fort>0(#=0 or —o0).

U—00 #
Consider all functions v(-) = v(-,tg) : [0,00) — [0,00), or (—o0, c0) —
[0,00), such that

v —Qu tw ,s)u(s) ds,
(1) < <t>+/# (t,)o(s)
t>t) >0 (#=0o0r —o0).

(2.2)

(a) For any constant M > 0 fized, if v(s) = v(s,to) < M for
0 < s <ty when # =0, or for s <ty when # = —o0, then v(t) < M,
t> to.

(b) For any constants B > 0, By > 0 and ty > 0, there is a constant
T = T(B, Bo,to) > 0 such that if v(-) = v(-,tg) > 0 is a function
satisfying (2.2) with v(s) < By, (here 0 < s < to when # =0 or s <t
when # = —00), then v(t) < B, t > T + to.

Proof. We consider only # = 0 since the proof for # = —oo is the
same. From (2.1), there exist v > 0 and Tp > 0, such that

t
(2.3) 0<~vy<a and / w(t,s)ds <, t > To.
0

(a) Assume that v(s) < M, 0 < s <tg. If {v(t) < M,t >t} is not
true, then there exist M; > M and t; > to such that v(¢;) = M; and
v(t) < My, t € [0,¢1]. Here we only consider the case Ty < t;. The
proof for Ty > to is the same as in [6] and is omitted for simplicity.
Now, from (2.2), we have for Tp < tg <t < ty,

(2.4)  w(t) < v(tg)e *t0) 4 / tea<”>( /0 Tw(r,s)v(s) ds> dr.

to

Hence, from (2.3),

t1
. 1= < —a(ty— L o =) dr
(2 5) M U(tl) < Me Ot(t tO) _|_M / Ot(tl ’r‘)d

to

t1
(2.6) < My {e_a(tl_to) + a/ e—alti=n) dr} = M,

to
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which is a contradiction. Therefore, (a) is proven.

(b) If the result is not true, then there exist constants B > 0, By > 0
and to > 0, and a sequence {vg(-) = vi(-,to)} satisfying (2.2) and
tp — 00, as k — 00, such that vg(s) < By, 0 < s <ty and vg(ty) > B.

Accordingly, we can denote P the nonempty set of all such sequences
{vx}, and

(2.7) P = {lilrcrisup vi(te) | {vx} € P}.

Now, from result (a), we see that for any {vi} € P, {vr(s) < By,0 <
s < to} implies vi(tx) < Bg for t; € [0,00). Thus, P* C [B, By].
Therefore,

oco>L=max{p|pe P} >B>0.

By (2.3) there is a 0 with v/a < 6 < 1. As (af 4+ v)L/(20a) < L,
there is a {vg} € P such that

(2.8) lim sup vg(t) > (b +7v)L/(20x).

k—o00

From the definition of L, it is easily seen that for this {v;} € P, there
is an H > 0 such that

(29) ’Uk(t) SL/@, kZH, tZtH.

Now from (2.1) we can find t* > max{H,ty, to, To} such that

tH _
(2.10) /0 w(u, s)ds < %, u >t

Thus, from (2.2), (2.3), (2.9) and (2.10), one has for k¥ > H and ¢t > ¢*
(note that from result (a), {vi(s) < Bp, 0 < s < to} implies v (¢) < By,



ASYMPTOTIC PROPERTIES 391

t>0)
(2.11)
. t tHy
v (t) < vg(tF)e ) +/ ealt=r) (/ w(r, $)vg(s) ds) dr
& 0

(2.12)
t T
+/ e_a(t_r)(/ w(r, s)vg(s) ds) dr
o tr
(2.13)
. ¢ tr
< Bge ot )—l—BO/ ea(tr)(/ w(r, s) ds> dr
¢ 0
(2.14)
L t T
+ —/ eat=m) / w(r,s)ds | dr
0 Ji- 0
(2.15)
(-t 0—vL Ly
< ge—alt-t) , (@=L Ly
= ooe + 20« * Oo
(2.16)
< Boefa(tft*) + (0‘94'7)[/.
200

Let k be large so that t; > t*. Hence, from (2.8) and (2.16),

(@b +7)L . (0 +v)L
— <1 tp) < ———
26 < msupu(fy) < ot
which is a contradiction. This proves (b). O

Remark 2.2. If w(t,s) = w(t — s), then condition (2.1) is equivalent
to [;° w(s)ds < o

3. The asymptotic properties. In this section we will study the
asymptotic properties under conditions (2.1) and (2.2), or conditions
(2.1) and (1.5). The results include uniform stability, asymptotic
stability, uniform boundedness and ultimate boundedness. They can be
applied to any differential or integrodifferential equations, if for which
a Liapunov function satisfying (2.1) and (2.2), or (2.1) and (1.5) can
be constructed.
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First, for convenient reference, we give the following standard defini-
tions for the case # = 0. The definitions for # = —oo can be stated
accordingly. Note that, in the following, we use “system” to denote any
differential or integrodifferential equation in a space with norm || - ||.

Definition 3.1. For any ¢ty > 0 and any continuous function ¢
on [0,t0], a solution u(-,tg,d) of a “system” is a function on [0, c0)
satisfying the “system” for ¢ > to, and u(s) = ¢(s) for s € [0, to].

Definition 3.2. Solutions u(-) = wu(-,t0,¢) of a “system” are
uniformly bounded if, for each By > 0 there is a By = Ba(B;) > 0,
such that {||¢(s)|| < B1,0 < s <tp} implies ||u(t)|| < Bz, t > to.

Definition 3.3. Solutions u(-) = u(:,tg, ¢) of a “system” are ultimate
bounded if there is a bound B > 0 such that, for each B3 > 0 and ¢y > 0,
there is a T' = T'(B, Bs,t9) > 0 such that {||¢(s)|| < Bs, 0 < s < to}
implies ||u(t)|| < B, t > T + to.

Definition 3.4. Assume that u = 0 is a solution of a “system.”
Then solution u = 0 is stable if, given € > 0 and ¢y, > 0, there exists a
0 = d(e,tp) > 0 such that ||¢(s)|| < § on [0, o] implies ||u(t, to, P)|| < e
for t > tg. It is uniformly stable if it is stable and the § is independent
of to.

Definition 3.5. Assume u = 0 is a solution of a “system.” Then
solution u = 0 is asymptotically stable if it is stable and, for any ¢tq > 0,
there exists a constant r = r(tp) > 0 such that ||¢(s)|| < 7 on [0, to]
implies u(t, tp, ) — 0 as t — oo.

Applying Lemma 2.1, we now have the following result.

Theorem 3.6. Assume that there exist functions (“wedges”) W;
i = 1,2, with W; : [0,00) — [0,00) and Wy strictly increasing.
Further, assume that there exists a (Liapunov) function V such that,
for solutions u(-) of a “system,”

(c1) Wi([[u®)|]) <V (u(t)) < Wa([[u(®)]]),
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(c2) v(t) =V (u(t)) satisfies (2.1) and (2.2).

Then solutions of the “system” are uniformly bounded and ultimate
bounded. Also, if u = 0 is a solution of the “system”, then the zero
solution is uniformly stable and asymptotically stable.

Proof. Again, we consider only # = 0 since the proof for # = —oc0 is
the same. From the definitions of W; and condition (c1), we only need
to prove the corresponding statements for v(¢) = V' (u(t)). (Note that
even v(-) may not be a solution of any “system.”)

Uniform boundedness: For By > 0, choose By = By. Then, from
Lemma 2.1(a), v(s) < By, 0 < s < tg implies v(t) < By = B, t > to.

Ultimate boundedness: Choose B = 1. Then from Lemma 2.1(b), for
any Bs (treat it as By in Lemma 2.1(b)) > 0 and ¢y > 0, there is a
T =T(B, Bs, ty) > 0such that v(s) < Bs, 0 < s < ¢ implies v(t) < B,
t>T+tp.

Uniform stability: Given € > 0, choose d(¢) = . Then, from Lemma
2.1(a), [Jv(s)|]| < d(e) (=€), 0 < s <t implies that ||v(t)|| < e, t > to.

Asymptotic stability: Stability is proven already. Next, for any
to > 0, choose r = r(tgp) = 1. Then, from Lemma 2.1(b), for any
¢ (treat it as B in Lemma 2.1(b)) > 0, By = r (= 1), there is a
T =T(e,1,tp) = T(e,tp) > 0 such that v(s) < Bg =7, 0 < s <t
implies v(t) < e, t > T +to. (Thus v(t) — 0, t — o0.) u]

Now we demonstrate that if v(-) satisfies (1.5), then transformations
can be made so that inequality (1.1) is satisfied. Hence, the asymptotic
properties stated in Theorem 3.6 can also be obtained using inequality
(1.5). Once again, the results are shown for # = 0.

0 and satisfies (1.5),

Lemma 3.7 [8]. Assume that v(t) > 0, t >
=o(t)+ee " > 0 and satisfies

where w(t,s) > 0. Then for & > 0, g(t)
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(1.5), and y(t) = \/g(t) satisfies

a1 y0=-5u0+ [ Ly 1220

Proof. The results are established by taking a derivative in ¢. For
example, we have

g () < —av(t) + /o(t) /# w(t,s)\/v(s)ds — age™ "
< —afv(t) + e + o(t) /# w(t,s)\/v(s)ds
)+ Vo) | wlt, Va5 ds.

and

/

2\/7 \/7d5 a

y'(t) =

Lemma 3.8 [8]. If g(t) = v(t) + e satisfies the conditions stated
in Definition 3.2 through Definition 3.5, then so does v(-). (Note that
even g(-) may not be a solution of any “system”).

Proof. The results can be verified by checking the conditions. For
example, for Definition 3.4: Given € > 0 and to > 0. Since g(-) satisfies
conditions in Definition 3.4, there exists a 6; = d1(e,tp) > 0 such
that [|g(s)]| < &1 on [0,to] implying ||g(t)|| < € for t > ¢;. Now let
€ = 01(e, to)/2 and choose 6 = d1(g,9)/2. Then |[v(s)|| < § on [0, o]
implying [lg(s)|| < [[o(s)]| + & < 61. Thus, [[o(t)]| < llg()l| < ¢ for
t > to. Similarly, other conditions in other definitions can be checked.
(Note that o > 0 and hence e=*" — 0 as t — 00.) O

The following result verifies that Theorem 3.6 is still valid if inequality
(1.1) is replaced by inequality (1.5).
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Theorem 3.9 [8]. Assume that there exist functions W;, i = 1,2,
with W; : [0,00) — [0,00), and Wy strictly increasing. Further, assume
that there exists a function V' such that, for solutions u(-) of a “system,”

(c1) Wi(llu(®)[]) < V(u(t)) < Wa([[u@)]]),
(c2) v(t) =V (u(t)) satisfies (2.1) and (1.5).
Then solutions of the “system” are uniformly bounded and ultimate

bounded. Also, if u = 0 is a solution of the “system,” then the zero
solution is uniformly stable and asymptotically stable.

Proof. Consider the functions g and y defined in Lemma 3.7. From
(3.1) and (2.1), we see that the proof of Theorem 3.6 can be carried
over to show that y(-) satisfies conditions in Definition 3.2 through
Definition 3.5. Then it is clear that g(-) = y?(-) also satisfies conditions
in Definition 3.2 through Definition 3.5. Now the results are established
by applying Lemma 3.8. u]

4. Integrodifferential equations. In this section we will apply
the results in Theorem 3.9 to

At

){az(t) +/OtF(t,s)as(s) ds}, >t >0,
)

¢(S7 0§8§t07

and

with unbounded operators A(:) in real Hilbert space X with inner
product (,). Since we only study asymptotic properties here, we will
assume the existence and uniqueness of solutions, which can be found
in, e.g., [1, 2]. We define a Liapunov function V for z = (z,w) € X x X
by

(4.3) V(z) = {x,x) — 2{x,w) + g<w,w>.
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Also, we define ||2]|? = ||z||?> + ||w||? and let z(t) = (x(t),w(t)) with
x(+) a solution of equation (4.1) or (4.2), and

w(t) = z(t) + / F(t,s)x(s)ds,

#
t>0(#=0o0r —0).

Then it is clear that, in order to prove the asymptotic properties of
solutions z(-) of equation (4.1) or (4.2), we only need to prove the
corresponding statements for z(-). We also note that 2 = 0 is a solution
of (4.1) and of (4.2).

Theorem 4.1. Suppose that solutions x(-) of (4.1) and (4.2) exist
and are unique on [0,00), and suppose that for some constants A > 0
and 3 > 0,

(4.4) (A(t)x, x) < =Xz, z), x € D(A(t)), t>0,
and
(F(t,t)x,z) > pB{z,x), reX, t>0,
where D means domain. Then
(a) |lz[1?/5 < V(z) < 3||z]?,

(b) v(t) =V (2(¢)) satisfies inequality (1.5) with # = 0 for (4.1) and
with # = —oco for (4.2), where

1 3 3
a=win {3 2ireole - Sireol},
and 5
w(t,s) = (6 + 3\/(_5)H§F(t,s) .
So, if
t
limsup/ w(t,s)ds < a
t—o0 0
and

¢
lim w(u,s)ds =0 fort >0,

U—00 0
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then solutions of (4.1) are uniformly bounded and ultimate bounded,
and the zero solution of (4.1) is uniformly stable and asymptotically
stable.

Similarly, if
t
lim sup/ w(t,s)ds < «

t—oo — 00
and
t
lim w(u,s)ds =0 fort >0,

U— 00
— 00

then solutions of (4.2) are uniformly bounded and ultimate bounded,
and the zero solution of (4.2) is uniformly stable and asymptotically
stable.

Proof. First, we have
2 3 2
V(2) 2 Iz = 2[[a]l lw]] + 5 llwl]
1
(4.5) = (llal = [lewl)* + 5wl
1 1
= 5 Bllwll = 2lle)* + I

Thus, we obtain [|z]|?/5 < V(z) < 3||2||*>. Next, differentiating

v(t) = V(z(t)) with respect to ¢ yields (note that * denotes convolution)

= 2(z'(t), 2(t)) — 2(2' (1), w(t)) — 2(w'(t), 2(t)) + 3(w'(t), w(t))
(At)w(t), wt)) — 2(F (¢, )z (t), 2(t)) — 2 <x(t), %F * x(t)>

+ 3(F(t, t)x(t),w(t)) + 3 <%F * x(t), w(t)>
< =Mw®I? = 28|z ®)[1* + 31 F ¢ ) = @) [[w(®)]]

# @@l + 3l | 5 <a(0)
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< M2 = 28(0)+ 2P IO + o) )
+(2v3 + 3v2)/u(t) H%F * a:(t)H (from (4.5))
< (= 3+ S0P + (— 26+ JIFC 1 (o

+ (2V3 + 3v2)/o(t) H%F * x(t)H

IN

“BallleI + o)) + (2V3-+ VRNl |57 xalt)|

IN

_av(t) + (234 3V2)/olD) (\@H%F
—av(t) + /u(t) (6 + 3V6) (H%F

VD) (from (a)

IN

VD)

H%F *\/E(t)_/ot %F(t,s) Vu(s) ds

/_too H%F(t’ s)||V/o(s) ds

for (4.1) and (4.2), respectively. Thus, the results are established by
applying Theorem 3.9. o

and

Remark 4.2. Tt is known that A(t) = 0?/02°, t > 0 with domain
HL(0,1) N H?(0,1) satisfying (4.4) on X = L?(0,1) with A\ = 1. Thus
applications can be carried out. We omit them here.
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