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ON NONCOMPACT HAMMERSTEIN
INTEGRAL EQUATIONS AND A
NONLINEAR BOUNDARY VALUE PROBLEM
FOR THE HEAT EQUATION

P.P.B. EGGERMONT

ABSTRACT. We discuss the solvability of noncompact
Hammerstein integral equations, related to Volterra as well
as Wiener-Hopf equations. Usually the solvability is well
understood only in L2 setting, e.g., if the integral operator
is positive definite and the nonlinearity is monotone. We are
interested in obtaining the L% theory from the L2 theory.
This can be done by means of a result related to Hadamard’s
theorem, which allows us to consider the solvability of the
linearizations of the Hammerstein equation; by means of
a theorem in [5] concerning the spectra of convolution-like
operators on Lebesgue spaces; and by means of a compactness
argument involving the strict topology on L>°. We apply this
theory to the study of the solvability of the heat equation
on a half space with (mildly) nonlinear heat radiation on the
boundary.

1. Introduction. In this paper we study the solvability of noncom-
pact Hammerstein integral equations, prototypical of which are nonlin-
ear convolution equations on Lebesgue spaces. Usually, equations like
these are well understood in L? setting, and it is desirable to obtain an
L theory without additional conditions. Typically, a satisfactory L>°
theory is helpful when we want to establish uniform error estimates of
numerical methods for these equations, most notoriously for solutions
obtained by Galerkin methods, but sometimes the intrinsic interest is
in the L*° theory to begin with, such as problems related to the heat
equation. We consider only mild nonlinearities, i.e., nonlinearities with
a reasonable Lipschitz constant. This allows us to linearize the Ham-
merstein equation and leads to problems about the spectra of integral
operators on Lebesgue spaces. An indispensable technical device turns
out to be the strict topology on L, see [8] and, particularly, [2, 3, 4].
For an application of some of these matters in a related context, see [1].
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We illustrate the above approach on an integral equation formulation
for the heat equation on a half plane with nonlinear dissipation on the
boundary.

To make matters more precise, we consider the Hammerstein equation
on Q C RM,

(1.1) u+ KN (u) = v.
Here
(1.2) Ku(z) = /Qk(x,y)u(y) dy, x €,

with the integral kernel k measurable, and there exists a function
b e LY (RM) such that

(13) ‘k(.’ﬂ,y” < b((E - y)a a.e. r,y € Qa
and
(1) sup [ (Ko h) = Kog)ldy 0. [h] 0.
xeQ JQ
These two conditions cover the case k(z,y) = b(x — y)a(y), where

a € L*(Q). The conditions (1.3)—(1.4) are of course well known, see
[4, 17]. The nonlinearity N (u) is of Nemytskii type,

(1.5) N(u)(z) = N(z,u(z)), ae. z€Q,
where N is a Carathéodory function, with N(x,0) = 0, for all z € Q,
and

(1.6)

N
’M <D, aexze zeR.

0z

To describe a typical situation in which the L? theory is well under-
stood, we assume that  and A are monotone in the following sense.

(1.7) /Qu(x)lCu(x) dr >0, forallu € L*(Q),

(1.8) 0<d<

N
ON(z,z) éz’z)§D<oo, ae x€Q, zeR.
z
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Note that the absolute sizes of d and D are not important; the only
relevant quantity is the condition number D/d of the nonlinearity.
Under these conditions (1.7)—(1.8) it is well known that equation (1.1)
has a unique solution u € L? for every v € L? and that u depends
Lipschitz continuously on v, [16]. In addition, it follows that the
linearized equations

(1.9) o+ KN (uw)p =1
are uniformly solvable on L2, in the sense that

(1.10) sup [|[1 + KN (w)] Y]z < .

uweL?

Here N’ (u) is the operator of multiplication by (8/0u)N (z,u(z)),

(1.11) NV (w)p)(z) = %N(z,u(x))cp(z), a.e. ¢ € ().

The key observation is now that if (1.10) were to hold on L?, i.e.,

(1.12) sup [[[1 + KN (w)] 7|, < o0,

ueLP

then Hadamard’s theorem would give us the LP theory for equation
(1.1), modulo the technical condition that KA needs to be “C.” One
main theme of this paper is to prove that (1.10) implies (1.12), see
Section 3. The other theme is that (1.12) is all that is needed to get
the L theory, see Section 2. When the extra generality 1 < p < oo
seems to be more trouble that it is worth, we will restrict attention to
p = oo. In Section 4 we apply this theory to solve a boundary value
problem for the heat equation in a half plane with nonlinear radiation
on the boundary.

We finish this section by establishing some notations and conventions.
When considering nonlinear operators, equations, etc., the Banach
spaces in question are spaces of real functions. When we talk about the
spectra of linear operators, then we replace the Banach spaces by their
complexifications. So, for @ € RM, we let LP(f2) denote the Banach
spaces of real measurable functions on  with |ul? integrable on 2 for
1 < p < oo and essentially bounded for p = co. We denote the norm
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on LP(Q2) by || - ||p,e or simply by || - ||, when the set Q is clear from
the context. We let

LE () = {u e L*(Q) : esssup|u(x)| — 0, as n — oo}.

lz|>n

Let X be a Banach space over the complex numbers. For a bounded
linear operator £ : X — X we define the spectrum o(L, X) as

o(L,X)={Ae C:L—- )M :X — X has no bounded inverse}.

We will use this for our integral operators K which are defined on all
real LP spaces (1 < p < 00), and so also on all complex LP.

2. Hadamard’s theorem, and how to bypass it. We begin by
quoting the version of Hadamard’s theorem that seems to be the most
appropriate for our purposes. For a reference, see [6].

Let X be a Banach space, with norm || ||x. The map F : X — X is
Fréchet differentiable if for every u € X there exists a bounded linear
operator F’(u) : X — X such that

|F(u+h) = F(u) = F'(u)h]|x
[1A]lx

— 0, as||hllx — 0.
If this map F’(u) is continuous in u € X, then we say that F' € C1(X).

2.1 Hadamard’s theorem. Let X be a Banach space, and F €
CYX). If
sup [[[F"(u)] 7! ||x < oo,
ueX

then F': X — X 1s onto, and F has a Lipschitz continuous inverse.

The condition F € C!(X) is quite strong, but fortunately the
nonlinear map F(u) = u + KN (u) has some additional properties we
may put to good use. To be precise,

(2.2) the nonlinearity N satisfies the mean value property

N(u) = N(v) = N'(w)(u—wv), forall u,ve X,
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and so does KA. Here w is some element of X = L?(Q) between u and
v. (Recall that we take L? to be real here.)

(2.3) the nonlinear map F(u) = u+ KN (u) : Y — Y is onto for a
Banach space Y, with YN X dense in X. (At least for Y = L?(Q), and
X = LP(Q2), with 1 < p < o0, and for X = L§°(12).)

We thus get the following theorem.

2.4 Theorem. Let X and Y be Banach spaces, with Y N X dense in
X. Assume that F maps X NY into itself, and that this map extends
to a continuous map from X into X, as well as from'Y into Y in the
respective topologies. Assume that F(0) = 0 both in X and Y, and that

(2.5) F satisfies the mean value property on X as well as Y,
(2.6) F:Y —Y is onto,

(2.7) F:X — X is Lipschitz continuous and Gateaux differentiable,
and likewise for F :' Y — Y. Moreover, for all u € Y, the Gateaux
derivative F'(u) : Y — Y extends to a bounded linear operator from X
to X, and

[E' (W) x <O, forallue XUY.

Then F : X — X 1is onto and has a Lipschitz continuous inverse.

Proof. Let w € X, and consider the equation F(u) = w. Since
X NY is dense in X, choose {wy,}, C X NY such that w; = 0 and
[lw —wypl|lx — 0 as n — oco. By (2.6), the equation F'(u,) = w, has
a solution u, € Y. Then we have F(u,) — F(um) = w, — Wy, and by
the mean value property (2.5), for each n,m there exists a up, € Y
such that F'(u,) — F(um) = F'(Unm)(Un — Upm), so that

(2.8) F' () (U, — ) = Wy, — Wiy,

This equation holds in Y, but we may also think of it as an equation
in X. Now (2.7) lets us conclude from (2.8) that

(2.9) [[un = umllx < Cllwn — wl|x.

Now observe that w; = 0 corresponds to u; = 0. Then (2.9) implies
that u, € X for all n. Moreover, since {w,}, is a Cauchy sequence
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in X, it follows that {uy,}, is Cauchy as well. Thus, {uy}, converges
to some v € X, and then F(u) = lim F(u,) = limw, = w. Thus,
F : X — X is onto. The Lipschitz continuity of the inverse of F
follows likewise. O

We may apply this theorem to our situation, with F'(u) = u+KN (u),
and X = LP(Q) for 1 <p < oo, and X = LF(Q), and Y = L3*(Q).

2.10 Theorem. Let X be one of LP(2), 1 < p < oo, or LF ().
Assume that F(u) = u+ KN (u) maps X into X, is onto on L?*(Q),
and assume that

(2.11) sup ||[ + KN (w)] Y |x < oo.
ueX

Then F : X — X 1is onto, with a Lipschitz continuous inverse.

Finally, we must work a little bit to get from L5°(Q2) to the whole
space L>° (). The crucial notion is that of the strict topology on RM
see [2, 4, 8].

Let {u,} C L>®(Q) and v € L>*(Q2). We say that u,, converges to u
in the strict topology on L>(Q) if for each compact subset S of Q we
have

(2.12) esssup |un(z) —u(z)] = 0, asn — oo.
zeS

A crucial property is that we have an analogue of the Arzela-Ascoli
theorem.

2.13 Arzela-Ascoli Theorem [4]. If {un}, is a bounded, equi-
uniformly-continuous sequence in L*>(Q), then {un}, has a subse-
quence which converges to some element of L™ () in the strict topology.

With these notions in hand, we can extend Theorem 2.10 to L*.

2.14 Theorem. Under the same conditions as Theorem 2.10, the
map F(u) = u+ KN (u) maps L>(2) onto itself and has a Lipschitz
continuous inverse.
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Proof. Let v € L*(2). For n € N, define v,, € L§°(Q2) by truncation.

= {2 I<n

0, otherwise.

Observe that v, — v in the strict topology on L>°(€2). By Theorem
2.10 the equation F(u,) = v, has a solution u,, € L3 (), and

[unlloo < Cllvnllee < Clv]]oo-

It follows that {N(u,)}, is a bounded sequence in L>(2), and so
KA ) @) = KN () 0)] < IN (ool | (. 2) = (w2

from which it follows by (1.4) that {KAN(uy,)}, is equi-uniformly-
continuous on 2. It then follows from the Arzel-Ascoli theorem that
{KN (uyn)}n has a subsequence which converges to some w € L>(Q) in
the strict topology. Moreover, w itself is uniformly continuous on €.
From the equation

U + KN (up) = vp

it then follows without loss of generality that u, — v — w (strictly).
Finally, since KA is continuous in the strict topology [1, 2], it follows
that for u = v — w we have

u+ KN (u) =v.

This shows that F(u) = u+ KN (u) as a map from L () into itself is
onto. The Lipschitz continuity of the inverse follows from assumption
(2.11) in Theorem 2.10. o

For later reference, we quote a slightly different version of the Arzela-
Ascoli theorem. A sliding Arzela-Ascoli technique already appears in
[2] and in improved form in [3].

2.15 Sliding Arzela-Ascoli Theorem [2, 3]. Let Q@ = RY (=
(ROM) and let {x,}, C Q, with |z,| — co. Define the translations-
extensions T,, : L*(Q) — L*(RM) for u € L*(Q) by

w(x + ), T4z, €9Q,
0, otherwise,

Toule) = {
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If {un}n is a bounded, equi-uniformly-continuous sequence in L (),
then {Tpun}n has a subsequence which converges to some element u of
L>®(RM) in the strict topology. Moreover, u is uniformly continuous
on RM.

Proof. We only consider the case where every component of x,, tends
to co as n — oo. (If some component x,(¢) remains bounded, then
for our purposes we should redefine the x,, by setting x, (i) equal to 0
and make the appropriate changes in the proof.) Then the mazimal
supports (to give them a name) of T,u,, given by —x, + Q, are
strictly nested, and their union covers R™. The only catch in the

proof is that the 7,u, are not continuous on R but {7,u,}n>n

is equi-uniformly-continuous on Qy def —xn + Q. So, for each ball

B, & {x € RM : |z| < m}, there exists an Qy containing it, and so
we can extract a subsequence of {7, uy, }n>n which converges uniformly
on B,, to some element of L*>°(B,,). A diagonal argument then shows
that there exists a subsequence of {T,,u,}, which converges to some
element u € L (RM), uniformly on every compact subset of RM™. Tt
also follows that v is uniformly continuous on RM. O

3. Uniform invertibility of integral operators. The previous
section tells us that all we need to get a satisfactory L°° theory for the
equation u + KN (u) = v is to establish the theorem which says that

sup ||[I + KN (w)] |20 < o0
ueL2(Q)

implies that

sup [ + KN ()] " ]oo,0 < 00.
€L ()
In [11] this is proved (for M = 1), in the following form. (See also [10],
where an extra condition on b was needed.)

3.1 Theorem. Let b € LY(RM) and e € C(RM), with ¢(0) = 0.
Consider a set K of integral operators with integral kernels k(z,y)
satisfying

|k(z,y)| < bz —y), ae z,ye,
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and
/ |k(x, 2) — k(y, 2)|dz < e(x —y), forall z,y € Q.
Q

If =1 ¢ o(K, L?(Q)) for each K € K and

sup ||[Z + K] [l2,0 < oo,
KekK

then —1 ¢ o(IC, L>=(2)) for each K € K and

sup ||[I + K]0 < 0.
KeK

The proof for M > 1 goes through with minor changes. Here we
give the more natural proof, in that we first establish the theorem for
a single operator and then use compactness arguments to get results
which hold uniformly on K. Unfortunately, the first step seems to
require stronger conditions.

From now on, we assume throughout that Q = Rf . The results
below apply also to the case ) = Rf[_N x RY.

3.2 Theorem. Let e € C(RM), with ¢(0) = 0, and let £ be
measurable and nonnegative on  x Q, and for some a > 0,

(33)  esssup / ()| + 11w 2) [} + |z — y])* dy
€N |lz—y|>n

1s bounded for n = 0 and tends to 0 as n — oo. Consider a set L of
integral operators with (integral) kernels k(x,y) satisfying

(3.4) / |k(z,2) — k(y,2)|dz < e(x —y), forae x,y€
Q

as well as

(3.5) [k(x,y)| <U(z,y), forae z,ye.

If =1 ¢ o(K,L?(Q)) for each K € L and

(3.6) sup ||[I + K] 72,0 < o0,
KeL
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then —1 ¢ o(IC, L>=(R2)) for each K € L and

(3.7) sup [|[I + K] |oo.0 < 00
KeL

From a practical point of view, the difference between the condition
(3.3) and the condition “|I(z,y)| < b(z — y) for some b € L*(RM)” is
hardly going to make a difference.

A first natural step in the proof of the above theorem is to consider
the case where L is a singleton. Then it is just a question about spectra

of integral operators on LP spaces. The following result follows from
[5, Theorem 4.8(2)].

3.8 Theorem [5]. For every K € L,

o(KC,L>(Q)) C o (K, L*(Q)).

It is here that the condition (3.3) is needed, since this is a requirement
of [5].

In order to prove Theorem 3.2, we need the following construction.
This construction is implicit for Wiener-Hopf equations, for which the
solvability is quite naturally associated with certain equations on the
whole real line, [17], and essentially appears in [2]. Let L be as in
Theorem 3.2, and let 7L (translates of operators in L) be defined as
follows. An operator £ is an element of 7L if and only if there exist

(3.9) a sequence {K,}, C L,

(3.10) a sequence of translations/extensions 7,, : L?(Q2) — L?(RM)
defined for suitable {z,}, C Q as

Tou(z) = u(z+zy,), v+, €9Q,
" 0, otherwise,
for all u € L2(Q), whose adjoints 7,* : L2(R™) — L2(Q) are given by

T v(z) =v(r—x,), TEQ,

n
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such that
(3.11) {7,K,7;}, converges strictly to £, i.e., for all v € L>(RM),

T,K, T v — Lo, in the strict topology on L°°(RM).

We need the following theorem, which enunciates a very useful notion
of compactness.

3.12 Theorem. Let {K,}, C L, and let {7}, be a sequence of
translations-extensions, as in (3.10). Then the sequence {T,K, T, }n

has a subsequence which converges to an operator L € TL in the sense
of (3.11).

We first prove a weaker version of the above theorem.

3.13 Lemma. The sequence {T,K, T}, has a subsequence which
converges to an integral operator £ on LS (RM) in the sense that there
exists an infinite subset Ny of N such that for every u € L&®(RM),

T.Kn T u — Lu,

as n — oo, n € Ny, in the strict topology on L>(RM). Moreover, the
integral kernel of L satisfies the integrability conditions (3.3)—(3.5).

Proof. Let L, = T,K,T,;7. Let {ur}r C L(RM) be dense in
LERM), and set wy = ur/||ugl|pe@may. Then {Lowi}y is equi-
uniformly-continuous on RM | hence by the Sliding Arzela-Ascoli The-
orem 2.15 we may extract a subsequence {L,wi}nen, which con-
verges in the strict topology on L>(RM) to some v;, € L= (RM), and
N; D N3 D ...Ni D Ngy1 DO .... A diagonalization process yields
an infinite subset No, C N such that {L£,wg }nen,, converges strictly
for every k. Without loss of generality, we assume that N, = N. It
follows that {L£,w}, converges strictly for every w € L3°(R™M). Denote
the limit by Lw. Then, obviously, £ : LZ(RM) — L*°(RM) is a linear
operator. Moreover, since Lw is the uniform limit of {£,w}, (on every
compact set), it follows that £ is bounded.

Next we show that £ is an integral operator, whose integral kernel
satisfies (3.3)—(3.5). From the Sliding Arzela-Ascoli Theorem 2.15 we
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have that Lw is (uniformly) continuous. Thus, for each 2 € RM, we
have that Lw(x) is a bounded linear functional on L§ (RM). Therefore,
we may represent this functional as

Lw(z) = /RM w(y)dr.(y), x€ RM,

where )\, is a Radon measure on RM | see, e.g., [9]. Since the integral
kernels &, (z,y) of the operators £, satisfy

kn(z,y)| < Uz +Tn,y +yn), z,y€RM,

(with I(x,y) = 0 for (z,y) ¢ Q x Q), we thus get that ), is absolutely
continuous with respect to Lebesgue measure. So dA;(y) = A(z,y) dy,
with A\(z,-) € LY(RM) for all x € RM, and we may write

Lo@) = [ Noul)dy, seRY.
RM
The final conclusion that

essSup, o /| AR+ D0 e ) dy
r—y|>n

is bounded for n = 0 and tends to 0 as n — oo, now follows easily.
O

The following corollary requires no proof now.

3.14 Corollary. If L € TL, then L is an integral operator whose
integral kernel satisfies (3.3)—(3.5).

3.15 Proof of theorem 3.12. The sequence {L,}, o {T.KT, }n

has a subsequence which converges to some integral operator £ in the
sense of Lemma 3.13, and the integral kernel of £ satisfies (3.3)—(3.5).
For convenience, we assume that the whole sequence converges. We
must now strengthen the convergence to the sense of (3.11).

We denote the integral kernels of £, and L by k,(z,y) and k(z,y),
respectively. Let u € L®°(RM). Let A ¢ RM be compact, and let
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e > 0. Since all k,(z,y) are dominated by I(z,y), and both I(z,y)
and k(z,y) satisfy (3.3)—(3.5), we may choose m € N such that for all
n €N,

(3.16) €SS SUP, e 4

[ ket dy] <
ly|>m
and likewise for k. Now define v,, by truncation:

)= {4 =

0, otherwise.
Then v, € L(RM) and so by Lemma 3.13,
esSSUP, e 4| LrnUm — LUn| < &,
for all n large enough. Combined with (3.16), it follows that
esssup,e4|Lru — Lu| <,

and the theorem is proved. ]

Before we can prove Theorem 3.2, we need a connection between
the strict convergence of (3.11) with convergence in L? and associated
spectral properties of the classes L and 7 L.

3.17 Lemma. If {7,K,7,}, converges to L € TL in the sense of
(3.11), then the convergence is in effect strong convergence on L*(RM).

Proof. Let L, %ef T.K. 7. By (3.3)—(3.5), we have that for

w € L (RM),
(3'18) Hﬁnwl\mbm”oo — 0, m — oo,
uniformly in n, and by Corollary 3.14, also

(3.19) 1£w]jzj>mlloec — 0, m — o0
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Since L,w converges to Lw, uniformly on compacta, then
(3.20) ||Lrw — Lw||oory — 0, 1 — o0,

still for all w € L (RM). Since (3.18)—(3.19) also hold for the L?-norm,
it is then an easy exercise to show that (3.20) implies that

[|Lnv — Lo||g g — 0, 1 — o0,

for each v € L2(RM). o

3.21 Lemma. If —1 ¢ o(K, L*(Q)) for all K € L, and

sup [[[Z + K] ]2,0 < oo,
KeL

then there exists a constant ¢ > 0 such that for every L € TL, and for
every u € L*(RM),

|Ju+ Lul|g g > cf|ul[2,gm-

Proof. Let L € TL, and let £, = 7,K,7,7 converge to £ on
L*(RM) in the sense of (3.11). By Lemma 3.20, we may assume that
the convergence is in effect strong on L?(RM). Since the equation
u+ Lyu = v on RM is equivalent to w + K,w = 7,7v on Q, it follows
that |[[Z 4 L£,]) "o rm < ||[Z + K] 7Y |2,0, and we have for a suitable
constant C,

sup |[[Z + L] Jomm < C.
n

The lemma now follows from, e.g., [14, Chapter 3, Lemma 1.1]. i

Finally, we need a simple fact about the (uniform) continuity in the
strict topology of operators in L. See [1,3]. We omit the proof.

3.22 Lemma. Suppose {u,}, is a bounded sequence in L>=°(RM),
which converges to some u € L°(RM) in the strict topology. If
{Kn}n C L, with L as in Theorem 3.2, then L,(u, —u) — 0 in the
strict topology on L>°(RM). Here L,, = T,K,T,*.
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We are now ready to prove Theorem 3.2.

3.23 Proof of Theorem 3.2. We suppose that —1 ¢ o (K, L2(£2))
for all £ € L, but that (3.7) does not hold. We then prove that (3.6)
does not hold either.

By [5, Theorem 3.8] we know that —1 ¢ o(K,L>°(Q)); thus, if
(3.7) does not hold then by the uniform boundedness principle there
must exist a sequence {K,}, C L, and a v € L*°(Q) such that
I|[Z + Kn] 0|00 — o0. It follows that there exists {u,}, C L>(£2),
with ||un |0 = 1, and

Now {K,up}n is equi-uniformly-continuous on €2, by assumption (3.4),
and then without loss of generality, so is {uy, }n. Let {zn}, C Q be such
that |u,(z,)] > 1 —n~1. Let 7, be the translation-extension operator
defined in (3.10). Then from (3.24)

(3.25) [ Tnwn, + T, K0 T, Trtin || oo e — 0.

By applying the Sliding Arzela-Ascoli Theorem 2.15 we see that
{7 un}n contains a subsequence which converges to some u € L>=(RM)
in the strict topology and w is uniformly continuous. For nota-
tional convenience, assume that the whole sequence converges. Since
|u(0)] = limy, |un(x,)| = 1, it follows that u # 0. Now, by Lemma 3.22
and (3.25) we get that {u + 7,K, 7, u}, converges to 0 in the strict
topology on L>®(RM). By Theorem 3.12, the sequence {7,K,7,}n
contains a subsequence which converges strictly on L>(RM) to some
L € TL, so that u + Lu = 0, with u # 0. Then —1 € o(£, L*(RM)),
and so by [5, Theorem 3.8] also —1 € o(£, L?(RM)). By Lemma 3.21,
it follows that (3.6) does not hold. O

4. A nonlinear boundary value problem for the heat equa-
tion. In this section we consider an application of the theory developed
in the previous sections. We consider the heat equation in a half plane,
with nonlinear heat exchange on the boundary. The one-dimensonal
case has been treated exhaustively [18], with different methods under
weaker assumptions on the nonlinearity. A different treatment of the
two-dimensional problem is given in [13].
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Let IT = {(z,y) : —00 < & < 00,0 < y < oo} with boundary JII (the
x=axis, and consider the temperature distribution u(x,y;t) in the half
plane at time t. We assume that u satisfies the initial boundary value
problem

uw—Au=0, inllxRT,

(4.1) u(z,y;0) = f(z,y), onll,
uy(z,0;t) = g(z,t,u(x,0;t)), on dll x R*.

We assume that f is bounded on II. The nonlinear heat exchange may
vary over time and may also vary with the position on the boundary.
If it is independent of the position on the boundary, then it reduces
to a problem with one spatial dimension. We assume that g is a
Carathéodory function, g(x,t,0) =0 for all z, ¢ and satisfies

(4.2) O<d§g—g§D<oo, for all (z,t,u) € O x RT x R.
u

In the sequel we will show that the initial boundary value problem (4.1)
has a unique solution uw € L (IT x RY) for every f € L>®(II x R™T),
and that u, restricted to OII, depends Lipschitz continuous on f in the
L*>-topology, i.e., there exists a constant C' such that if u; corresponds
to fi, then

(43) |~ |, Ileomas < ClA = follomers

Similar estimates with respect to g, e.g., the dependence of u with
respect to ug in case g(z, t,u) = y(x,t, u —ug(z, t)) will not be pursued
but are equally important.

It is, of course, well known that to solve problem (4.1) it suffices to
find u(z,0;¢) for all z, ¢, see [13]. Using Green’s formula, and assuming
that |u(z,y;t)| and |Vu(z,y;t)| are bounded as ||+ |y| — oo (for fixed
t), it can be shown that ¢(z, t) = u(x, 0; t) satisfies the integral equation

(14) 59+ KG(9) =,

(4.5) G(p)(z,t) = g(z,t, p(x,t), (z,t) €0l xRT,



NONCOMPACT HAMMERSTEIN INTEGRAL EQUATIONS 63

and I is given by

(4.6) Ku(z, 1) = /O [O k(o — €t — T)u(€, 7) de dr,

for (z,t) € 91l x R*, with k(z,t) = K((z,0);t), where K is the causal
Green’s function for the heat equation in the plane

exp(—[x|*/4t)

(4.7) K(xt) = SEEELED,

(x,t) eI x RT,
and
(4.8) Wl t) = / /H K((z — &n):0) f(€.n) dé dn,

for (z,t) € Ol x RT. Then the solution of the boundary value problem
is (tentatively) given by Green’s formula for x € II, ¢ > 0

(49) u(x;t):/HK(X—y;t)f(y)dy
+/0 /jo [K(x—(£,0);t—7)g(&, 7, ¢) —0Kn(x—(&,0);t—7)] d d,

where K, denotes the normal derivative of K(x — y;t) with respect
to y. Assuming that ¢ is bounded on II x RT, it is a well-known
exercise to show that |u(x;t)| and |Vu(x;t)| are bounded by const v/,
uniformly in x, and then that (4.9) gives the solution of the boundary
problem (4.1). Finally, from the Phragmen-Lindeldf principle [19], it
follows that for all x € I, ¢t > 0,

(4.10) u(x;8)] < max{]| floo,m, [¢llcc,omxr+ }

and thus « is bounded on II x R*.

From the above, in order to solve (4.1), it suffices to show that the
integral equation (4.4) has a bounded solution ¢. We want to apply
the theory from Sections 2-3, but the equation (4.4) is not yet in the
required form, since k ¢ L'(OII x RT). The situation is even worse
than this, since K is not even a bounded operator on L?(9Il x R™).
However, just as for the one-dimensional case, we may transform it
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into an equation which has the required form, see [10]. First note that
the integral operator (4.6) is densely defined and is monotone on its
domain:

(u, Ku) def/ / u(z, t)[Ku](x,t) dedt > 0,

for all v € domain (K), u # 0. As a matter of fact, by the Plancherel
formula,

(4.11) (u, Kou) = /R h(w, o) i(w, o) 2 dw do,

with @(w, o) the Fourier transform of u, and likewise for k. A simple
calculation shows that

w o def/ / l‘ t —2mirw— 27'r1ta'd dt

= [dn(io + 87w?)]"1/2,
with the principal value of the square root, so that the real part of
k is positive. Then the right-hand side of (4.11) must be positive as
well (the imaginary part vanishes). It follows, [7], that Z + AK has a
bounded inverse on L?(9Il x R*) for all A > 0,
(4.12) IIZ + MK Yz onxr+ < 1,
and from A\(Z + AK) 1K =7 — (Z + AK) 7, we also get

(4.13) IAIT + AK]

We now rewrite (4.4) with A = (d+D)/2 as (1/2)po+AKp+AKGx(p) =
¥, where Gx(¢) = (G(¢) — Ap)/A, and so

(4.14) o+ LrGx(p) =1,

where £y = 2A\(Z + 20\K)71K, and ¥ = 2(Z + 2AK) 1. One easily
verifies that G, is a strong contraction, with contraction constant
(D —d)/(D + d). Tt follows that £,G) is a strong contraction. By
the Banach contraction principle, whenever W is in L?(9I1 x RT), we
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have that equation (4.14), and so also (4.4), has a unique solution ¢,
which depends Lipschitz continuous on ¥ in the L?(9I1 x R*)-topology.
More importantly, the same reasoning gives us the crucial property

(4.15) ||[Z + £2GA(#)] H|2.0mxmr+ < const, for all measurable ¢
with const = (d + D)/2d. We now assume that £, is an integral

operator with integral kernel [(z — &, ¢ —7), and [ € L' (01 x RT), and
that

(4.16) // (2, Ol(L+ 2] + 6/ d dt < oo.
0 —o00

Then we are all set up for the application of Theorem 3.2 and Theorems
2.10-2.14. Note that we have from (4.7)—(4.8),

(4.17) W] loo,arrxrt < [1.f o011,
and so, if [ € L}(0I x R™T),

(4.18) 1¥]]oc,omxr+ < |1

|1, ox R+ || l]oo, -

4.19 Theorem. Let g satisfy (4.2). Then the integral equation (4.4)
has a unique solution o € L (OI1 x RY) for every f € L>®°(I1), and ¢
depends Lipschitz continuously on f in the L -topology.

Finally, the unique solvability of the initial boundary value problem
(4.1) for bounded f now follows, and the solution is bounded, and

(4.20) ||u < Ol flloo,m-

aHxR+||°°

The Lipschitz continuity (4.3) follows likewise.
We finish by proving (4.16). Observing that

/t/OO k(x — &t —1)k(E —n, 7 —0)dEdr
1

= SVt —o)k(z —n,t = 0),
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we note that the integral kernel &, (x — &, ¢t — 7) of K™ satisfies
(4.21) En(z,t) = Ky (t) exp(—z? /4t)

for some function k,. From the Neumann series for (Z + 2A\K)™!, we
then conclude that the kernel I(x — &, ¢t — 7) of the operator £, satisfies

(4.22) I(x,t) = m(t) exp(—a?/4t),

for some function m. Then, from the equation Ly + 2AKL, = K, we
get that m(t) satisfies the integral equation

A ff ) 1

(4.23) m(t)

It follows that u(t) = v/tm(t) satisfies the equation

N A G I U
(4.24) u(t)+ﬁ/0 == 120

As shown in [15], this shows that yu is locally integrable on RT, and
that

1 1
d Ei(=Xt2), t>0,

(4.25) p(t) = ESWLA TR

where E; is the Mittag-Leffler function, see [12]. From the known
asymptotic properties of E%, it follows that u(t) = O(t=3/2) for t — oo,
and so we get that

(4.26) m(t) = 0(t™?), t— oo.

It is now an easy exercise to show that the above estimate combined
with (4.22) implies that (4.16) holds.
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