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SOME EXISTENCE RESULTS FOR A NONLINEAR
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WITH SINGULAR KERNEL

STIG-OLOF LONDEN

ABSTRACT. We consider the nonlinear Volterra integro-
differential equation

t
ug(t, z) — / a(t — s)o(ug(s, @)z ds = f(t,z), t>0, z€R,
0

with initial function u(0,z) = uo(xz). We prove existence of
global (in time) smooth solutions in the case where the data
are small, assuming only a’ € L'(R1) and strong positivity on
the kernel. A local existence result for large data is obtained.
The proofs use approximating kernels, uniformly of strong
positive type and energy estimates.

1. Introduction. The equation

V) ug(t, ) — /0 a(t — s)o(ug(s,x))eds = f(t,z), t>0, z €R,
u(0, z) = uo(x),

where a(t) is positive in some sense, presents a bridge between problems
of a nonlinear parabolic and problems of a nonlinear hyperbolic nature.
If a(t) = 1, then (V) is nonlinear hyperbolic; if a(t)dt is a pure
point mass at the origin, then (V) is nonlinear parabolic. In the
intermediate case, where a(t) is positive and, say, decreasing, convex
and in some sense singular at the origin, one may expect solutions
combining features of both the extreme cases.

In the linear case, where o(u) = ku, this has been established in
much detail. Roughly speaking, the more singular the kernel is at the
origin, the more smoothing out of initial conditions does the solution
present. In fact, the finite propagation speed of the wave equation and
the smoothing properties of the heat equation may coexist. See [3, 7]
and the references mentioned therein, [8, 15], and [16].
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In the nonlinear case (where one usually assumes, at least, that o is
sufficiently smooth and satisfies o’(z) > 0, € R) the available results
on classical solutions are mainly of three types, i.e., local (in time)
existence for large data, global existence for small data and results on
the development of singularities of solutions for certain initial data in
the case where a is sufficiently regular at the origin.

The equation (V) was first considered by MacCamy [12] and later
by Dafermos and Nohel [1]. They assumed that a(¥) is continuous and
bounded on R¥, for i = 0,1,2,3, that a is of strong positive type,
and, in addition, that certain moment conditions on the derivatives of
the kernel are satisfied. The existence results in [1] were improved by
Staffans [19] who demonstrated that sufficient conditions on the kernel
for local (large data) and global (small data) existence are, respectively,

a’ € L. (RT), a(0) >0,

and
a of strong positive type, a’,a” € L'(R™).

Obviously, less assumptions on the size of the derivatives of a allow
setups closer to the parabolic case and should, therefore, in principle
not make the existence question more difficult. However, the more
singular the kernel is, the greater are the technical problems involved
in the proofs. In fact, even local existence for large data in the case
where a(04) = 0o or a/(0+) = —o0, is an intricate matter.

The equation (V) is a particular case of

(W) gt — Sl (£,2) ) — / &t~ $)0(ua(s,2)) ds = f(t,2), €20,

which has been studied in several recent papers. (Included in the
problem (W) are initial conditions and, if x is restricted to a bounded
interval, some boundary conditions.) A major motivation for the study
of (W) is the fact that this equation occurs in viscoelasticity, see [7] for
a brief survey and [18] for a thorough account. In these applications,
both ¢ and 1 are taken monotone strictly increasing and are assumed
to be sufficiently smooth. Thus (V) may be viewed as a first model of
the time behavior of an unbounded bar of a material with memory.
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The studies on (W) include [2, 9] and [10]. In [9], where both local
and global existence results are obtained, it is assumed that

ba' € LNRY), (-1)PD >0, i=0,1,2,
and (for global existence) that
¢ —b(0)y' > 0.

Here b(t)d:ef— [ d/(s)ds. Thus, this last condition requires, if one has
(V) in mind (where a is given and ¢ = ¢), that a(co) > 0. In [10], a
local existence result is obtained for the case

be LYRY), (=)™ >0, i=0,1,23.

In the recent paper [17] both local and global existence results are
proved for a generalization of (W). These results allow o’ ¢ L] _, ie.,
a(04) = oo in (V) is not excluded. Instead, the transform condition
|IRb(w)| > C|Tb(w)|, for w € R and some constant C, is imposed.
(Again, b(t) = — [ a’(s)ds.) For the global existence result (in the
notation of (V)), the condition a(co) > 0 appears to be essential.

The breakdown of smooth solutions of (V) has been studied in [6]
and [13].

In the present paper we show that
a' € LY(RY), ais of strong positive type,

are sufficient conditions on the kernel for obtaining global existence
of solutions of (V) for small data. We impose no conditions on a”,
and a/(0+) = —o0, a(o0) = 0 are not excluded. Neither is the kernel
required to be monotone in any sense. With @’ € L'(R™") replaced by
a' € L. (R"), we give a local existence result for data of arbitrary
size. Our method of proof uses kernels ay, uniformly of strong positive
type, that approximate the given kernel, and modified versions of the
energy estimates developed in [19].

It is of interest to compare the present Theorem 2.1 with a result
concerning global weak solutions of

(Vo) .
ug(t, ) — /0 a(t — s)o(ug(s,x))zds = f(t,x), x€(0,1), t>0,

u(0, ) = ug(z) € H(0,1).
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We have [11, Corollary 1]

THEOREM 1.1. Let

a € C?*(0,00) N C[0,0),

(1.1) a(t) >0, (~1)'aD(t)>0, i=0,1,2, t>0,
. . . 1" _
ln?l%)nf(t oglfgta (7)) = 00,

assume that o is continuous, monotone nondecreasing, and let, for
some constants Ay, Ao,

|O'(.I)| SAl(‘I|+1)7 .’,EO'(I) 2)\2(:52_1)7 r eR.
Finally suppose that

f € ACioc (R*; L%(0,1)).

Then there exists u such that
u e Ly, (RY; Hg (0,1)),  u € Ly, (RT5 L2(0, 1)),

Uty € Llloc (R+7 H_l(ov 1)),
and such that u satisfies (Vo).

It is seen that (1.1) (roughly equivalent to a’(0+) = —o0) gives us
global existence of weak solutions for large data. In view of Theorems
2.1 and 2.2 (and overlooking the fact that, in Theorem 1.1, x € (0,1),
whereas, in Theorems 2.1 and 2.2, x € R) it is an intriguing problem to
analyze how smooth the solutions of Theorem 1.1 are, or, alternatively,
whether and how the local solutions of Theorem 2.2 break down if (1.1)
holds.

Further results on weak solutions have been obtained by Engler [4]
(on (W)) and by Nohel, Rogers and Tzavaras [14] (on (V)).

2. Summary of results. Our main result concerns (V) in the case
where the data are small. We show that if a is of strong positive type,



SOME EXISTENCE RESULTS 7

with @’ € L'(R™), then (V) has a solution that exists for all ¢ > 0.
No assumptions are made on a”, and a’(04) = —oo is not excluded.
The solution obtained is smooth in the sense that (2.10), (2.12) are
satisfied. Moreover, the second and third order derivatives are small
at infinity in the sense given by (2.11), (2.12). The symbol LP(L?),
p € [1,00], stands for the class of functions f(¢,x), defined for ¢ > 0,
z € R, satisfying || f(t,)|7. = [g |f|*dz < oo a.e. on R, and such
that || f(t, )| . is integrable with respect to ¢ over R™.

THEOREM 2.1. Let

(2.1) a € AC,. (R1),

(2.2) a € LYRY),

and assume that

(2.3) a is of strong positive type.
Let
(2.4) o€ C3R), o(0)=0, o'(0)>0,

assume that the initial function ug satisfies
(2.5) U0z s U0z > Wozzr € LQ(R),
write uy(xz) = f(0,x) and suppose that

(2.6) U1, Uig, Uiee € LP(R).
Assume that f = f1 + fa + f3, where

fi € L°(L%), fiz € (L*NL®)(L?), fiee € (L? N L) (L?),

(2.7)
flacgcac € LQ(L2)a flta fltaca flt:cac € Llloc (L2)7

(28) f27f2t7f2waf2tm7f2ww7f2txm €L2(L2);
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(29) f33f31‘; f31x € LOO(L2), f3t7f3tmvf3tzx € Ll(Lz)

In addition, if a(co) = 0, then let f3 = 0. If the LP-norms of
U, U1, f1, fo, f3 and their derivatives listed in (2.5)—(2.9) are sufficiently
small, then there exists a global solution u of (V) such that

(2.10) Uty Ugy Uty Uggs Utza, Uzzr € LOO(L2)7
(2.11) Uty Uz, Utrzs Ugzr € L2(L2)a

(2.12) wy — fro Uite — fras e — fro — @’ ()0 (uoz)w € (L2 N L)(L?).

Our proof may be outlined as follows. First, we replace a by a
smooth kernel a, having the same constant of strong positivity as a,
and such that ar — a in a suitable sense as k — 0. (See Lemma
3.1.) Previous results allow us to conclude that the equation with the
approximating kernel a; has a solution up. Next, we show that wuy
satisfies certain bounds, uniformly in k. The fact that aj has the same
constant of strong positivity as a is crucial for this step. To obtain
these bounds we proceed as in the proof of [19, Theorem 2]. However,
certain changes have to be introduced since we make no assumptions
on a”. Once uniform bounds on s, Ukz, Ukis, Ukrss Uktzs, Ukzes NAVE
been established, one may let & — oo and obtain uy — wu, where u
solves (V).

Of course, from (2.10)—(2.12) and (V), one may obtain further results
on the asymptotic size of the derivatives of u. We refer the reader to
[19] for such statements.

The procedure outlined above can be used to obtain a local existence
result for large data. This is done in Theorem 2.2. The global condition
a’ € L'(R") is now replaced by o’ € L, . (R"); again, no assumptions
are made on a” and a'(0+) = —oo is not excluded.

In the proof of Theorem 2.2 we replace the given kernel a by smooth
approximating kernels a; having the same constant of strong positivity
as a. (See Lemma 3.2.) The approximated equation has a unique
local solution u. Next, we prove that the same derivatives of uy that
we listed above have uniformly bounded L>°((0,T); L?)-norms for some
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T > 0. To obtain these bounds we apply the same (although somewhat
simplified) arguments as in the proof of Theorem 2.1. Letting k — oo
we obtain ur — u, where u solves (V) on (0,7). Finally, we show
that if the L°°((0,Tp); L?)-norms of u remain bounded on the maximal
interval of existence (0,7p), then Ty = co. The proof of this requires
some additional analysis.

THEOREM 2.2. Let a,o0 satisfy (2.1), (2.3), (2.4), and, in addition,
suppose that, for some constants pg and p1,

(2.13) 0<po<o(z)<p, z€eR.

Let ug,uy satisfy (2.5) and (2.6), respectively. Assume that f =
fi+ f2 + f3, where

f17 f117 flww € Li)(?c (L2)7 flwmx € leoc (L2)7
(214) fltafltz>f1tmm € Llloc (L2)7

(215) f27f2t7f2maf2tzvf2rzvf2tzl‘ EL12oc (Lz)’

(216) f3a f3a:7f31x S Lﬁfc (L2)7 f3t7f3tx7f3tmw S Lll()c (L2)

In addition, if a(co) = 0, then let f3 = 0. Then there exists a solution
u of (V) defined on a mazimal interval [0,Ty) x R, where 0 < Ty < oo.
This solution satisfies

(217) Uty Uy Uty Uz Utze, Uzax € Lﬁ?c ([Oa TO); Lz)-
If
(218) Uty Uy Uty Uz, Utzw, Uzzr € Lm([ov To), L2)7

and if Uypzee € L ([0, Tp); L?), then Ty = oo.

loc

‘We conclude this section with a few technical comments.



10 S.-O. LONDEN

The inequality
1
(2.19) laB| < Ao + 552, a,BeER, A>0,

is frequently used in the proofs of Theorems 2.1 and 2.2 without specific
mentioning.

Norms are denoted by || - || with various subindices. In Section 4, the
notation || - ||, is to be understood as follows. Let (¢, ) be defined
for t € [0,Tor), © € R. Then
(2.20)

Tok 5
||Uk||£ = Huk”ii’((O,TOk);L% :/0 </R |Uk(t,l‘)2d$) dt, p€ [1,00),

(221)  Jlukl3e = llurllZoe ((0,700):22) = €58 sup /\uk(taiﬂﬂzd%
t€[0,Tor) /R

Above, Ty, = oo is not excluded.

In Section 5, the time integration is always over a compact interval.
Thus |luk|l, is defined by (2.20), (2.21) but with Tpy replaced by
Ti, = min(1, Tox, T1z). See (5.3), (5.4).

Other occurring norms are self-explanatory.

3. Auxiliary lemmas. The proofs of Theorems 2.1 and 2.2 rely
on an approximation of the given kernel a which is of strong positive
type by kernels ay, that are smooth up to the origin and are of strong
positive type with the same constant ¢ as a. Below, we formulate and
prove the two lemmas needed. The third lemma provides a convenient
estimate for the evaluation of integrals of the type fg P(s)(bxp)(s)ds.
The use of this lemma is a key step in avoiding any assumption on
a”. Finally, for the convenience of the reader, we formulate Lemmas
3.4-3.7 (corresponding to [19, Lemmas 4.1-4.4]). These lemmas are

used in Sections 4 and 5.

Although they are used only in the scalar case, we formulate the
approximation Lemmas 3.1 and 3.2 for (complex and) matrix-valued
kernels. To do this, we need to recall some notation.
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Let (-, ) denote some inner product on C™. An n xn matrix A is said
to be positive, denoted A = 0, iff (v, Av) > 0 for all vectors v € C™.
Denote the adjoint of A by A*. The matrix R A = (A+ A*)/2 is called
the real part of A, and the matrix Z A = (A — A*)/(2¢) the imaginary
part of A. Thus A =R A+iZ A. A matrix-valued measure « that is
finite on J C R is said to be positive if a(E) = 0 for every Borel set
EcCJ.

A function a € L (RT;C™" ") is said to be of positive type iff, for

loc

every ¢ € L*(R; C") with compact support, one has

(3.1) R /R (o(t), (ax @)(8)) dt > 0.

A function a € L{ (RT; C™ ") is said to be of strong positive type

if there exists a constant ¢ > 0 for which the function a(t) — ge™'I is
of positive type.

Let a € Li,  (RT; C™") satisfy [, e “|a(t)|dt < oo for all € > 0.

loc
Then the following conditions are equivalent:

(i) a is of positive type,
(ii) Ra(z) = 0 for Rz > 0,

(iii) lim inf, ;7 » >0 R a(z) =0 for every 7€ R and liminf|,| o % >0
Ra(z) = 0.

Obviously, a is of strong positive type with constant ¢ iff (ii) or (iii)
holds with R a(z) replaced by R [a(z) — ¢(1 4 2)~!]. See also (3.21).

For further properties of positive matrices and functions (and mea-
sures) of positive type, see [5, Chapter 16, Sections 2—4].

Our first lemma concerns a kernel of strong positive type having an
integrable derivative.

LEMMA 3.1. Assume that

(3.2) a € AC),. (RT;C™™),
(3.3) a € LYRT;C™*™),
and let

(3.4) a be of strong positive type with constant q¢ > 0.
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Then there exist {ax}5>, satisfying

(3.5) a € C*(RT;C™ M),
(3.6) sup laillzimey < oo, aj € LYRF;C™M),
(3.7) ay, 18 of strong positive type with constant q > 0,

and such that, for k — oo,

(3.8) ay(t) — a(t) uniformly on R,

(3.9) aj, — a’ in L*(RT; C™*™).

Moreover, a — ay, is of positive type for all k.

PROOF OF LEMMA 3.1. Without loss of generality, take a(co) = 0
and ¢ = 1. Note that since a’ € L*(R™T), the (distribution) Fourier
transform @ of a is a function, defined for w # 0. Moreover, the
condition a(oco) = 0 implies that the Fourier transform of a has no

point mass at the origin. Write a(w) = R a(w).

By the fact that a is bounded, continuous and of positive type on

R™, one has, using Bochner’s Theorem [5, p. 498],

(3.10) a(t) = l/ e“ta(w)dw, teRT.
R

™

Furthermore, « is positive and integrable, i.e., a = 0 and o € L'(R).

Let 1 be defined by

n(t) = Lt(cost —cos2t), te R\{0},
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Then n € C*®(R), n® € L'(R) for i = 0,1,2,..., and [ n(t)dt = 1.
The transform 7 satisfies

L, lw] <1,
ﬁ(w) =4q2- |w‘7 1< |w| <2
0, lw] > 2.

For k > 0 and t € R, let ni(t) = kn(kt). Clearly,

Inell i) = Il wy,  mk € L'(R).

In addition, one has 7 (w) = 7(%), and so
]" |W| S ka
(3.11) @) = { 2 12], k< || <2k,
0, 2k < |w|.
Define

b(t) =a(t), t > 0; b(t)=a(-t)*, t<0.
Then b = 2a. Let fx = ng * b. There follows

(3.12)  fr € CF(R; C™™"), sup I fellorry < o0, fil € LRY),

and
2a(w), lw| < K,
fe(w) = ik (W)b(w) = < 22— [¢)a(w), k< |w| < 2k,
0, 2k < |w|.

Next define E(t) = e7l!II, t € R, and g = E — n, * E. Then
gr € C¥(RT)NC>®(R™), with

(3.13) sup |lgi 1) < 00, g € LY(RY).
Obviously,
0’ ‘OJ| S kv
Ge(w) = Rir(w) = maz(fl = DI k< o] <2k,
251, 2%k < |w).

14+w?
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Let by (t) = fr(t) + gx(t), t € R. Thus bi = fr + Gk, and, hence, since
a is of strong positive type with constant 1,

(3.14)
20(w), ] <&,
bp(w) = § 22 = [$Daw) + 20181 = V)igm ! = 2!, k< |w| < 2k,
H%I’ |w| > 2k.
Consequently,
(3.15) ﬁz < B(w) = Rbx(w) < 2a(w)

Finally, define
ar =bg, t>0; ap,=0,t<0.

Then akd:efR ak = l;k/Z; thus, each ay is of strong positive type with
constant 1. Moreover, each aj is bounded and continuous on R*;
hence, by Bochner’s Theorem [5, p. 498],

1 .
(3.16) ag(t) = —/ e“tog(w)dw, teRT.
R

s

By (3.10), (3.14), (3.16),

sup |(a —ag)(®)| < l/ la(w) — ag(w)]dw — 0, k — 0.
teRT TJR

To conclude the proof, observe that, by (3.12) and (3.13), one has
ajl € LY(RT), and that

g =0, fr=mpxb =V, k— oo,
both in L'(R). O

For the proof of Theorem 2.2, we need the following lemma regarding
a kernel of strong positive type with nonintegrable derivative.

LEMMA 3.2. Let a satisfy (3.2) and (3.4). Then there exist {ay}7°,
satisfying (3.5), (3.7), (3.8) and such that, for every T >0,

(3.17) a, — a' in L*((0,T); C™™™).
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Moreover, a — ay is of positive type for all k.

PROOF OF LEMMA 3.2. As in the previous proof, we may take
a(oco) = 0 and ¢ = 1. Note that (3.2), (3.4) imply that a is bounded on
R™. It follows from Bochner’s Theorem that

(3.18) a(t) = l/ e“ta(dw), teRT,
R

s

where the positive measure a may be identified with the real part of
the distribution Fourier transform of a. Observe that « is finite, i.e.,
Jr lel(dw) < oo.

Let 1, nk, b, fx, gr be defined as in the proof of Lemma 3.1. As in that
proof one gets (cf. (3.15))

I dw = bp(dw) = R by (dw) < 2a(dw).

14+ w?

Again, let ay = bg, t > 0; a, = 0, t < 0. Then a; € C°(RT; C™*") is
of strong positive type with constant 1 and

1 .
ap(t) = —/ e“tag(dw), teRT,
T JR
where ap = Ra, = by /2. The uniform convergence of aj to a is

immediate.

There remains to prove that aj — o’ in L'(0,7) for T > 0 arbitrary.
Since gj, — 0 in L' (R), it suffices to show that 7}, xb — a’ in L*(0,T).

Fix e > 0, T > 0, choose N > 2T sufficiently large, and write

fe’e) N 0
(3.19) M * b= / —I—/ —I—/ {n(t — s)b(s)} ds.
N 0 —00
Then note that

\/m%@—@mgw

N

<e tel0,T],
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independently of k, provided N = N(e,T) was taken large enough.
Integrate the second term on the right side of (3.19) by parts to get

N
/O (= s)a(s) ds = — i(t — N)a(N) + ni(6)a(0)
N
—|—/O ne(t — s)a’(s)ds, te[0,T].

Since a is bounded, we have limy_, oo [—nk (t — N)a(N) +nx(¢)a(0)] = 0,
uniformly for ¢ € [0,7]. From the fact that o’ € L'(0,T) there follows
fON nk(t — s)a'(s)ds — a’ in L*(0,T). See, e.g., [5, Chapter 2, Lemma
7.4).

The integral in (3.19) over R~ is handled in an analogous fashion. O

For the estimation of the higher derivatives in the proofs of Theorems
2.1 and 2.2, the following lemma is crucial. It is a simple reformulation
for the Hilbert space case of [5, Chapter 17, Lemma 4.2].

Let H be a complex Hilbert space with scalar product (-, -) and norm
|| - lez. For p € LE (R*; H) and a € L{, (RT; R), define

loc loc

(3.20) Q1.0 - | ' <<P(t), / alt - s)e(s) ds> .

Note that here a is scalar-valued, whereas ¢ takes values in H. (Cf.
(3.1).)

If a is of positive type, then Q(p,T,a) > 0 for all ¢ and T. Let
e=-¢" % t € R*. Then, if a is of strong positive type with constant g,
one has

(3.21) Qp,T,e) <q'Qp, T, a)

for p € L (RT;H) and T > 0.

loc
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LEMMA 3.3. LetT > 0, letv) € L?((0,T); H) be absolutely continuous
with ' € L*((0,T);H), assume that b € L'((0,T);R) and that
pe L2 (RT;H). Then

loc

T
/0 (W(2), (b ) (1)) dt

(3:22) < |lbllpr o [0(T)ller sup (2Q(p,t,¢))2

t€[0,T]

1
+ 16l 21 0,7y (19 20,7y, 1) + 19| L2(0,7:m) ) Q2 (0, T €).

To make the arguments in the proofs to follow somewhat more
self-contained, we formulate Lemmas 3.4-3.7 that are needed for the
estimates in Sections 4 and 5. Below @ and e are as in Lemma 3.3. In
our applications of Lemmas 3.3-3.7, H = L*(R).

LEMMA 3.4. ([19, Lemma 4.1], [5, Chapter 16, Corollary 6.6].) Let
a € C(R*,R) be of positive type, let ¢ € Li (RT; H), and let T > 0.

loc
Then )

/0 a(T = s)p(s)ds|| < 2a(0)Q(p,T,a).

H

LEMMA 3.5. ([19, Lemma 4.2], [5, Chapter 16, Corollary 5.3].) Let
a satisfy a,a’ € L*(RT;R). Then, for every ¢ € Li_(RT;H) and

loc
T >0,
T
/

where Ca = ||a||2L1(R+) +4Ha/||2L1(R+)'

2

dt < CoQ(p,T,e),
H

/Ot al(t — s)p(s) ds

LEMMA 3.6. ([19, Lemma 4.3], [5, Chapter 16, Corollary 6.3].) Let
f,f' € LA(R*;H). Then, for every p € L{ . (RT;H) and T > 0,

loc

2

/0 (), F) dt| < CQp,T,0),

where Cp =2 [o. (IfI1% + 1/1%) dt.
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LEMMA 3.7. ([19, Lemma 4.4].) Let a € L{, (R™;R) be of positive

type with a(oc) > 0 and let f' € L*R*Y;H). Then, for every
pe Ll (R H) and T > 0,

T 2
/0 (o (8), £(2)) dt

<( G ) sup Q(g.t,a),

a(o0) te[0,T

where Cp = 2(supyers+ [f (W)l m + [+ I/ 0]z db)*.

4. Proof of Theorem 2.1. Let ¢ be the constant of strong positivity
of a and choose a sequence of kernels a;, satisfying (3.5)—(3.9). By
(2.1)-(2.3), such a sequence exists. It is a consequence of the present
assumptions and [19, Theorem 1] that, for each k, there exists a unique
local solution uy of

¢

u'(t,x) — / ap(t — s)o(ug(s,x))pds = f(t,z), t>0, v €R,
(Vi) 0

u(0, ) = uo(x),

defined on the maximal interval [0,Tp;) X R and satisfying (2.17).
We intend to show that if the data are sufficiently small, then the
derivatives in (2.10), (2.11) of these solutions uy, are bounded uniformly
in k, i.e., that
(4.1)

def
a= S:P[Hukt”oo + [z lloo + [uktelloo + | Ukzzloo
+ ||ukt:cacHoo + ||ukac;cacHoo] < 00,

(4.2)

def
ﬂ:C sup|||ukes [l2 + [[ukaz 2 + [|wktza |2 + [[Ukzaz [|l2] < oo
k

From this fact it follows that Ty; = oo for all k. Finally, we let £ — oo
and show that, by (4.1), (4.2), one has uy — u, where u solves (V).
Recall that, in this section, || - |, = || - || Lr((0,704);22)-

Without loss of generality, let up, and f (for each t) have compact
support on R. Then uy, has compact support on R. As in [1, 19],
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let C stand for an a priori constant, and let v denote a controllably
small constant, that is, a constant that can be made arbitrarily small
(uniformly in k) by taking the norms in (2.5)—(2.9) sufficiently small.

Fix positive numbers ¢, pg, p1 such that
(4.3) 0<po<o'(z)<pi, |z[<co.
We claim that there exists p € (0, ¢g], independent of &, such that if
(44)  Jukel S Jukeal <y ke < p tE€RT, 2 €R,

then a and (§ are controllably small. On the other hand, if « is
sufficiently small, then (4.4) holds for all k. This legitimizes the
(seemingly circular) argument.

The estimates below are quite analogous to those in [19, Proof of
Theorem 2]. Consequently, we do not repeat them in all detail. There is
one exception, namely, the following. Since we do not assume a” € L',
we are able to bound the second order derivatives only by a third order
derivative. However (this is where the use of Lemma 3.3 is crucial),
using these bounds we can show that the third order derivatives, hence
the second order derivatives, are in fact controllably small.

To simplify the notation in the estimates, we write u = ug, ¢ =
—o(ug),. For the moment, let ¢ be smooth so that Q(¢ua,t,ar) is
well-defined.

The estimates [19, (5.3)—(5.8)] may be repeated to yield (Q as in
(3.20) with H = L*(R))

(45) HuwHoo + sup Q(‘pv Svak) S v
s€[0,Tok)
(4.6) ”uxw”io + sup  Q(¥z,s,ar) < v+ Y[|uzzll2 + C.U”uxw”g
s€[0,Tor)
Next, as in [19], write (Vi) as uz + w1 = f — ws, where wy =

(ar — (ak(0) + 1)e) x ¢, wy = (ax(0) + 1)e * ¢. Multiply (Vi) by
uma% and integrate over [0, s] xR, s € [0,To;). This yields, after some
simple estimates and integrations by parts,

(4.7

HumH%—i—poHumH% /um(s x)wi(s,x d:c—/ /umwg dx dt

//utm fo — wsg) dx dt,
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where wy = (a}, + (ax(0) + 1)e) * ¢. To estimate the term [ [§ Uzsw2
dx dt, we use Lemma 3.3. Define by, = aj, + (ax(0) + 1)e. Then, by
(3.21), Lemma 3.1, (3.22) and (4.5)

UggWo dx dt

Uz (bg * ) do dt‘
R

1 1
< ||bkr||L1(R+)(22 ||uzz‘|oo+||uzz“2+||utmH2) sup Q% (90; 376)
s€[0,Tok)
< Y(lluaelloo + uasll2 + luzs l2)-
The remaining integrals in (4.7) are estimated as in [19]. One obtains
(4.8)
s€[0,Tox)

Divide (4.8) by a sufficiently large constant, add the resulting inequality
0 (4.6), and finally choose u sufficiently small. This yields

(4.9) ||utz||§+||umx||%+||uergo+ sup Q@ 8, ar) < Y+ Uizall2-
s€[0,Tox)

To obtain estimates on the third order derivatives, multiply (V) by
gamaa—; and integrate. The result is (cf. [19, (5.15)])

10)
%/ o' (uz(s,2))u2,.(5,7) dx + Q(Puz, S, ar,)

1
- "oz )udypp (0, 2) da 4 = / / (g )uspu?,, dedt
2 R

+ / / ”/(ux)u Wtz dx dt + 2/ / O'H(Ug;)uxxuzxmutxm dx dt
0 R R

+ / / @zxfmm dx dt.
0 R

Use (2.5), (2.7)—(2.9), (4.3), (4.4), (4.9), and Lemmas 3.6 and 3.7
to estimate the right side (estimate the nonhomogeneous term as in
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(5.9)—(5.11)). This gives
(4.11)

”uxmngo + sup  Q(Pax,s,ar) <+ CM(HU:L’MH% + Huth%)
5€[0,Tox)

+ (a2 + [[twexl2)-

For the final estimates, multiply (Vi) by utmaa—; and write the
resulting equation as

(412) ufxw + Utga Wige = utxx(facgc - w3xw)-

Integrate this equation over [0,s] x R, s € [0,Tox), and observe that
the second term can be written as
(4.13)

//utmwlmdmdt:/ / Upps Wz dajdt—/uxm(s,x)wlx(s,x) dx
o JrR 0o JR R

+/ /a'(uw)uimdazdt—i—/ /U”(um)uixummdxdt.
0o JrR 0o Jr

From (4.3), (4.4), (4.12), (4.13) there results, after simple estimates (cf.
[2, (5.17) and the preceding inequality]),

Huth% +p0||urrz||g

S
//umxwgzdxdt
o JR

(4.14) + tiwall2 (| frazll2 + |w3eel2)
+ [[ugzz]loo (| f2xlloo + | f3zlloo + 1| f3ezllt + w1z loo)
+ wawe 2] fore 12 + o0zzall L2 @) (| f2x lso + |f32]l0)
+ Cpllugs |2 terz ||2-

<

Integrate the first term on the right side by parts, then apply (3.6) and

Lemma 3.3 to obtain
/ / Uga (bg * Pup) dx dt
o Jr

S
/ /umzwgzdxdt‘—
0o JR

1
< C(Hua:;ﬂHoo + ||uww||2 + ||Uth||2) sup Q* (‘wavsvak)-
s€[0,Tox)

(4.15)
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Also recall that, by Lemmas 3.4 and 3.5,

||w1;c||oo S C sup Q%(prasaak)a
(4 ]_6) s€[0,Tox)

1
||w31mH2 S C sup QQ(SDIQHS?&]C)'
s€[0,Tok)

In (4.14), use (4.15), (4.16) and (2.5), (2.7)~(2.9). This yields

1
< Ollugazlloo sup Q2 (@, s, ax)
s€[0,Tok)

1
+C(||uwx||oo+ ||umw||2 + ||utmw||2) sup Q2(<pa:;m$aak:)
s€[0,Tox)

Employ (4.9) to estimate the quantities ||uzz||2, [|Uzz|locos @@z, S, ak).

There results, provided we choose p sufficiently small,
(4.17)

1
s€[0,Tok)

or, after applying (2.19),

(4.18) ||Utwc||§ + ”Umang < Vllumxllio +C sup Q(¢ze,s,ar) + 7.
s€[0,Tox)

Divide (4.18) by a sufficiently large constant, add the result to (4.11)
and select p sufficiently small. This gives

(419) ||uzx:r:||oo + Hutza:H2 + HuxzzH2 + sup Q((pmxu 37ak) S -

s€[0,Tox)
By (4.9) and (4.19) one has
(4.20) [utzll2 + [[uzzll2 + [[Uzzlloo + sup  Qpz, s, ar) <,
s€[0,Tox)

and, by (4.6),

(4.21) [Uazlloo < -
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To obtain
llutlloo + lutelloo + [[ttzelloo <,

one uses (Vi), Lemmas 3.1 and 3.4, the assumption on f, (4.5), (4.19)
and (4.20).

Since the controllably small constant  is independent of k, (4.1) and
(4.2) have been established. In particular, these bounds imply that
Tor = oo for all k. Moreover, note that (4.1) and (4.2) remain valid
even if o is not smoother than what is required by (2.4).

Before we let £k — oo, a bound on u; must be obtained. Differentiate
(Vi) to get

t
(i = £)(t,2) = ~ax(0)(t.2) — [ ai(t = 9)o(s,2) ds.
0
By (4.2), (4.3), (4.4), and since supy, ||aj,[| L1 r+) < 00, we have
(4.22) Sup luse — fell2 < 7.

Fix T > 0, N > 0 and let Q = [0,T] x [-N, N]. From (2.5), (4.1),
(4.22), and by the assumption on f,

< 00.
W22(Q)

uk(t,x)—/o f(s,x)ds

sup
k

Therefore, by the compact imbedding, there exists g € W12(Q) such
that uy, — fot f ds converges to g in W12(Q). Define u = g+ fot f. Then
Uky — Uy, Uke — Up a.€. on ). By a simple diagonalization argument
we have

(4.23) Upy — Up, Us: — Ur a.e. on RT x R.

From the weak compactness it follows that u satisfies (2.10), (2.11). A
simple use of (3.8), (4.3), (4.23) and Lebesgue’s dominated convergence
theorem shows that u satisfies (V) (in the distribution sense).

Using (2.10), (2.11), (4.4), and the hypothesis on a and o, one easily
gets (2.12). O
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5. Proof of Theorem 2.2. Let {a;}?°, be a sequence of the type
given by Lemma 3.2 and again consider (V}). By [19, Theorem 1], this
equation has a unique local solution uj defined on the maximal interval
[0, Tox) that satisfies (2.17), (2.18).

Our first purpose is to show that there exists T' > 0 such that T < Ty,
for all k, and such that
(5.1)
Sup [luktll B+ vnel| B+ usta | B+ Ukaall B+ [Ukice | B+ | tkzzz | B] <00

Here, B = L*((0,T); L?). We then let k — oo and obtain uj — u,
where u is a solution of (V) on [0,7]. Finally we observe that if the
maximal interval of existence of u is finite, and (2.18) and the additional
regularity condition hold, then u may be continued.

To begin, note that, by the hypothesis on f and wuy,

def
(5.2) 0= sup |k (0, )| + sup |uke (0, )| + sup gz (0, )]
z€R z€ER z€R

is finite and independent of k. Let

def
Ty = sup{t | sup |ugz(s, )| + sup |ugsz (s, x)|
zeER zeR

(5.3) + sup |upaa(s, )| < 20,0 <s <t}
zER

Without loss of generality, assume that, for each ¢, the functions f,
up have compact support on R. As in the proof of Theorem 2.1, we
write u = ug, ¢ = —o(u,), and denote constants that depend only on
the given functions a, f,o and ug by C. In particular, the constants C
are independent of k. For the moment, take o sufficiently smooth for
Q(@az,t, ax) to make sense.

The estimates below, although only local in time, are formally entirely
analogous to those in the proof of Theorem 2.1; hence, we do not repeat
all the details.

Multiply (Vi) by ¢ and integrate over [0,s] x R, s € [0,T}), where
(54) Tk = min(l,TOk,le),
to get, by (2.5), (2.13),

65) Pl M +Qesa) <C+ [ [ pfdsar
0 R
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As in the proof of Theorem 2.1, this gives

(56) Hu1||00 + Sup Q(@a Sa ak) S C7
s€[0,T%)
i.e., (4.5) with v replaced by C'. (In this section, |||, = ||| Lr((0,73,);L2)-)

Next, multiply (Vi) by 90@8% and integrate over [0, s] xR, s € [0, T}).
Perform the same estimates that gave (4.6), use the trivial inequality
1
[-ll2 < T2 |- ||~ and the fact that s < T, implies |0” (uz)us| < C, and
finally, if necessary, decrease Tj. (This possible decrease is independent
of k.) One arrives at

(5.7) |tezlloo + sup Q(@z,s,ar) < C.
s€[0,T%)

y (Vi), the hypothesis on f, Lemma 3.4 and (5.7),

(5.8) Ut lloo < C.

Thus we may proceed to the third order derivatives and need not repeat
the steps contained in (4.7)—(4.9).

To estimate the integrals in (4.10), where s € [0,T}), we make use
of the fact that |o”(ug)|, [0" (uz)|, |uat|, |tze| < C for s < Ty. The
first term on the right side of (4.10) is obviously bounded by a constant
C. The second, third and fourth terms are bounded by, respectively,
Clluzzell3s Cllutes|l2, Cllttzes |2||teze]]2- Then note that

(5.9)

By Lemma 3.6 and (2.15),

(5.10)

1
Qoa;meww dﬂ?dt‘ < c sup Q2 (@mwﬂ%ak)v
R s€[0,T%)
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and, by Lemma 3.7 and (2.16),

(5.11)

s
//(szffixzdl'dt‘gc sup Q%(@xmasaak)-
0 R

s€[0,Ty)
Consequently, (4.10) implies

Huwmaz ||§o+ sup Q(‘pazma S, ak)
s€[0,T%)

<C(1+ Hume% + utzallz + uaea 2l utsall2)-
1
Since ||-||2 < T}? |||/, We obviously get, after decreasing T}, if necessary,

(5-12) ||umwz||§o + sup Q(@mwvsvak) <C+ CHUtmw”%
s€[0,T%)

We are left with the task of estimating the terms in (4.14), where
s € [0,Ty). Let F denote an a priori function satisfying F(z) | 0 for
x | 0. Then, by Lemma 3.3 and (5.7) (cf. (4.15))

/ / umngdzdt‘SF<Tk)<||um||2+1) Sup Q% (ras s, a1).
0o JR s€[0,Tv)

Next observe that by Lemma 3.4

1
|wszzllz < F(Tk) sup Q2 (uw, s, ak).
s€[0,Tx)

To estimate ||wiz]lco, recall (4.16) and (5.7). Finally, invoke the
assumption on ug and f to realize that (4.14) implies
(5.13)
[wtzalls + lluzesll3 < C+ Clluges oo + F(Tk) ESE(I)II;“ )Q(@zxa 5, Q).
s slk

Divide (5.12) by a sufficiently large constant, add the result to (5.13)
and, if necessary, take T} sufficiently small. One obtains

(514) Hu;cacxHoo + ||utac;c||2 + sup Q(‘pxaca Saak) <C.
s€[0,T%)

By (Vi), the assumption on f, Lemma 3.4, (5.6), and (5.14), we have
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From (5.6)—(5.8), (5.14), (5.15), it follows that we have (5.1) but only
with the space B = L>°((0,T}); L?). Obviously, this conclusion remains
valid for o only in C3.

To conclude that the values T}, are, in fact, bounded away from zero,
we first differentiate (Vi) with respect to ¢ and x, use the assumption
on f, and (2.4), (3.8), (3.17), (5.3), and (5.14) to get

(5.16) stz |lr < C.

Then observe that it is a consequence of (5.1) with B = L°°((0,T},); L?),
(5.2), (5.3) and (5.16) that Th; < Tor with Thx | 0 as k — oo cannot
possibly hold. (If the solution wuj exists, then, by (5.1) and (5.16),
the time required for the derivatives in (5.2) to grow from 6 to 26 is
bounded away from zero.) Then note that it follows from (2.17), (2.18)
with v = uy, and Ty = Tog, and from (5.1) with B = L>((0,Ty); L?),
that Tor < Tk, with Tor | 0 as kK — o0, is excluded.

Thus, there exists 7' > 0 such that the solutions wuy exist on [0, 7]
and satisfy (5.1).

To obtain a solution u of (V) on [0, 7] that satisfies us, ug, Uts, Uze,
Utpr, Uger € L((0,T); L?), one argues as in the proof of Theorem 2.1.

Let Ty < oo be the length of the maximal interval of existence of a
solution w of (V) that satisfies (2.17). Suppose that (2.18) holds and
that Ty < co. We claim that, in this case, and provided the regularity
condition ugzzr € Li.. ([0,70); L?) is satisfied, the solution may be
continued.

Clearly we may extend u to [0,Tp] x R. Consider the approximating
equation

uge(t, ) — ag(t — s)o(ukz (s, )y ds
(5.17) /TO

To
= f(t,x) +/ ap(t — s)o(ug(s,x))s ds,
0
for t > Ty and = € R, with ui(Tp,z) = u(Tp,z). By (2.18), there
exists § < oo such that |ug|, |u|, |t < 0 for t € [0,Tp], = € R.
Without loss of generality, u,(Tp, ), Uzs(T0,"), tzzz(To,*) € L2(R).
Write g (¢, z) = fOT° ax(t — s)o(uy(s, ), ds. Clearly,

(f+g)t7 (f+g)tw € Llloc ((TO,OO);L2)'
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In addition, gr. € Li. (L?).
Using Ugaze € Li. ([0,To); L?), it is straightforward to show that one

loc
does have supg< <7, @(Pzz,s,a) < co. Thus, since a — ay, is a kernel

of positive type,

(5.18) sup sup Q(@zz, s, ar) < oo.
k s€[0,To]

Moreover, without loss of generality, gx(70,), grz(T0,), Graz(To,:) €
L*(R).

Thus, [19, Theorem 1] may be applied to show that (5.17) has a
solution uy existing on some interval [Ty, T} ) and satisfying

[eS) . T2
Ukt, Ukg, Ukt Ukzzs Uktre, Ukzze € Lloc ([TO> Tk)» L )

We claim that inf; T > 0. To prove this claim, one simply repeats
the proof above, including g in f;. Of course, for this repetition to
succeed, we must show that g¢; can in fact be handled in the same
way as fo was. (The argument below may be simplified if one uses
Upazs € Li . ([0,Ty); L?) once more.)

It is straightforward to show that, by (2.18),

SI;P(HngB +llgktll B + lgka |l B + gkt B) < 00,

where B = L?((Ty, Tp + 1); L?). Then observe that an examination of
the proof above reveals that the conditions fous, foree € L?(L?) were
needed only to estimate fos Jr Pree foee dxdt. The part of this double
integral that interests us is now (¢ = —0(Ukz)z, P = —0(Uz)z)

s To
Ik - / / Prax (t, -T) / ag (t_T)L)O;Ew (Ta 'T) dr dx dt’ s € [TO’ TO+1]
To /R 0

But I; has the upper bound

1 1
< sup Q()2 (@kxm7s,ak))Q2(Sozx,TO,ak)7
SE[T07T0+1]

where Qo(y, s,ax) = f;o Jre(t,z) f;}) a(t — 7)o(r,x) dr dx dt. Thus,
by (5.18), we obtain the relation corresponding to (5.11).
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With infj, T, > T, and bounds corresponding to (5.1) established, one
may let k — oco. Then g — g = fOTU a(t — 7)o (uy (7, ), dr uniformly
ont > Ty, x € R, and one obtains u; — u, where @ solves

at(t,a:)—/ a(t — $)0 (i (s,7))s ds = F(t,2) + gt 2)

To

on [To,To + T x R for some T > 0. Clearly @ is an extension of u. By
this contradiction, 7o = co. O
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