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SOME RESULTS ON NONLINEAR HEAT EQUATIONS
FOR MATERIALS OF FADING MEMORY TYPE

PH. CLEMENT AND G. DA PRATO

1. Introduction. In this paper we consider a model for the heat
conduction for a material covering an mn-dimensional bounded set )
with boundary 0Q,n = 1,2, 3.

(1.1)
% (bou(t,x) + f(f B(t — s)u(s,x) ds) = coAu(t,z), t>0,z€Q,
w(0,2) =z, x €,

where u(t,x) is the temperature of the point z at time ¢t (we assume
that the temperature is 0 for x € 9N), by is the specific heat and
co the thermal conductivity. We assume that the specific heat has a
term of fading memory type fot B(t — s)u(s, x) ds, whereas the thermal
conductivity is constant. Concerning the kernel § we assume only that
it is locally integrable in [0, co[; this will allow us to consider kernels as
Bt) =e ittt w>0,a€]0,1].

Model (1.1) (including also a memory term for the thermal conduc-

tivity) has been introduced in [7] and studied in [1] and [5].

We write problem (1.1) in abstract form in the Banach space X =
C(Q),
i =
(1.2) { S (u(t) + (B *u)(t)) = Au(t), t>0,
u(0) =z,
where u(t) = u(t,-) and A is the realization in C(Q) of the Laplace
operator A with Dirichlet boundary conditions.

In order to study (1.2), we assume that A generates an analytic
semigroup and that (8 is Laplace transformable with Laplace transform
B(X) analytic in a sector S, g = {\ € C\{0} : |arg(A — w)| < A} with
w € R and 0 € |n/2,7]. Then the Laplace transform 4 () of u is given
formally by

(1.3) a(N) :== F(\)z = RO+ A\3(\), A)z.
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In Section 2, by proceeding as in [3] and [6], we solve problem (1.2)
by means of a resolvent operator R(t) obtained by inverting its formal
Laplace transform F()). We remark that if 3 € W' (0,00), then
problem (1.2) can be easily studied as a perturbation of heat equation.
The main difference of our results with respect to [3] and [6] is that
when [ is not regular there is also a lack of regularity for R(¢)x. Indeed
it can happen that, even if z # 0 is very regular (say z € D(A>)),
R(-)x is not differentiable in 0. For this reason we introduce in Section
3 a new notion of strict solution in order to study the inhomogeneous

problem

(1.4) {Z_t(gl;(i);_ (8 u)(1)) = Au(t) + f(), >0,

where f:[0,7] — X is continuous.

In Section 4, assuming, in addition, that ( is nonnegative and
nonincreasing and that ||e!4|| < e, for some w < 0, we prove the
estimate

(1.5) IR < swrp(D),

where s.,1 3 is the solution of the integral equation

¢
(1.6) swen®)+ [ (ot D)t = )sup(o)do = 1.

0
This result enables us to solve (see Section 5) the semilinear problem,

iu * U = Au u
L.7) {zt(é)g:w (1) = Au(t) + F(u(t)), t>0,

where F': X — X is locally Lipschitz and such that
(1.8) llz]| < ||z —6F(x)||, ¥Yd>0, VzelX.

We recall that nonlinear integrodifferential equations of this type have
been discussed, when [ is regular, by several authors (see [2, 1] and
the references quoted therein). But in the above papers it is assumed
that the nonlinear term is monotone; moreover, only the existence of
weak solutions is stated.
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We have also studied the positivity of the solutions. More precisely,
under the hypotheses of Section 4 we can show that, if Q is a closed
convex cone in X such that e (Q) C Q and if z € Q, then the solution
of (1.4) remains on Q. A similar result holds for problem (1.7).

Finally, in Section 6, we have discussed the physical example (1.1)
also when a nonlinear perturbation term occurs. In a subsequent paper
we shall consider the more general case in which also a memory term
related to conductivity appears.

2. Construction of the resolvent R(t). Let X be a complex
Banach space (norm ||-||), A: D(A) C X — X a closed linear operator
and 3 : [0,00[— R a Laplace transformable function. We shall denote
by p(A) the resolvent set of A, by o(A) the spectrum of A, by R(\, A)
the resolvent of A and by B()\) the Laplace transform of 3. For any
6 €10, [ we shall denote by S,, ¢ the sector

Sw.o ={A € C\{0} : |arg(A —w)| < 0}.

We are here concerned with the Volterra integrodifferential equation

o) (H0+(72000) = A, ¢>0
u(0) =z,
where x € X and (6 *u)(t) = fot B(t — s)u(s)ds. We assume
(2.2)
IM > 0,w € R, 6 € ]n/2,7[ and « € ]0, 1] such that
(i) p(A) D S, and |[|RNA)|| < M/|IA—w|, YA€ S, 0
(ii) There exists an analytic extension of 3()\) in S, ¢ (still denoted
by B(X\)) such that [|B(\)|| < M/|X —w|®, VA€ S,0.

We fix once and for all a maximal analytic extension of B(\) (still
denoted by (A)) and we denote by  its domain of definition. Set

(2.3) pr=1{A€ LA+ ABN) € p(A)}
and

(2.4) F(\) = RA+AB(\),A4), VYA€
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Let us remark that we do not assume that D(A) is dense in X and that
0 is right differentiable at 0. Examples of kernels fulfilling hypotheses
(2.2) are B(t) = e ¥t 1w >0, €]0,1].

LEMMA 2.1. Assume (2.2). Then there exists an r > 0 such that,
setting wg = w + rsect, one has pr D S,, 0 and

2M
. < v
(2.6) F(\) = RO\ AL+ ABNRN, A, VA E Sy, 0
Finally, there exists My > 0 such that
(27) HAF(/\)H < My, Ve SWB,Q.

PROOF. Given y € X and A € S, ¢, consider the equation
(2.8) Az + AB( Nz — Az = y.
Setting Az — Az = z (2.8) reduces to
(2.9) 2+ AB(N)R\, A)z =y.

By (2.2) there exists an r > 0 such that

(2.10) INBO)R(N A)|| < =, YAE Su0

N | =

Now (2.5) and (2.6) follow by a standard fixed point argument.
It remains to prove (2.7). Recalling (2.6),

AF(\) = A+ AB\)F(N) —1

(2.11) . R
= AF(\) + A8\ R\, A1+ ABN)R(N, A -1

so that (2.7) follows from (2.5) and (2.10). O
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We now set

1
2.12 =— [ MF
(2.12) R(t) = 5 L MFO) AN, 1> 0,

where v = 7y~ Uyt 7T = {A € C : X\ = wy + pet? p > 0} is oriented
counterclockwise.

The following result is proved as in [3, 6].

PROPOSITION 2.2. Assume (2.2) and let R(t) be defined by (2.12).
Then the following statements hold

(i) There exists K > 0 such that

(2.13) IR()|| < Ke*rt, >0,
K
(2.14) IR (t)]] < Tewet, t>0.

(ii) We have

(2.15) }irr(l) R(t)xr =z, Vax e D(A).

Thus R(-)x, B * R(-)x € C([0,00[; X), for all x € D(A).
(iii) R is analytic in the sector Sog_r /2.

(iv) Forallt >0 and z € X, R(t)x € D(A) and AR(:) is analytic in
the sector Spg_z /2

(v) Forallt >0,

(2.16) R(t)+ /O B(s)R'(t — s)ds = AR(?).

PROPOSITION 2.3. If x € D(A) and Ax € D(A) we have

(2.17) lim %(R(t)x + (8% R()x)(t) = Aa.

Thus R(-)x + (8% R)(-)z € C*([0,00[; X) and AR(-)x € C([0, c[; X).
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PROOF. From Proposition 2.2,

%(R(t)x + (8% R()z)(t)) = AR(t)z = R(t)Az, t> 0.

Since Az € D(A), (2.17) follows from (2.15). O

PROPOSITION 2.4. If x € D(A), then R(-)z+ (8% R)(-)z is Lipschitz
continuous. Moreover, there is a K' > 0 such that

(2.18) IR (t)z| < K't* x|
PROOF. Let € D(A); if t > 0, by (2.16), we have
%(R(t)x + (K = R(-)x)(t)) = AR(t)x = R(t)Ax.

Thus, by (2.16), R(-)x + (8 * R)(-)x is Lipschitz continuous. Moreover,

R'(t)z

i / AeME(N)xd\ = i / M(AF(X) = 1) zd)
2w J, 2w J,

_ %Lekt(AF(A)x — AK(\)F(\)z) dA

= R(t)Ax — % / MAK (N F(N)xz dA.

The first term is bounded near 0 by (2.13). Concerning the second one,

and the conclusion follows. O

i/e*fAX(A)F(A)diH <M
29 oy

ewot

oo
/ 10N =g ],
™ Jo



NONLINEAR HEAT EQUATIONS 381

PROPOSITION 2.5. Assume (2.2), let z € X and set v(t) =

fot R(s)zds. Then

(i) For all T > 0,v € L®(0,T : D(A)) N W1>(0,T : X).

(ii) If z € D(A), then v € C(0,T : D(A))NCH0,T : X).

PROOF. Let p > w, then, by taking the Laplace transforms, one can
check the identity

v(t) = R(p, A){pv(t) — R(t)z — (B * R(-)2) (1)},

and the conclusion follows. O

We now want to characterize those elements  of X such that R(-)z
is Holder continuous. This problem is connected with the asymptotic
behavior of ||AF(\)x — z||, as the following lemma shows.

PROPOSITION 2.6. Assume (2.2) and let R(t) be defined by (2.12). Let

x € D(A), and v €10, 1], then the following assertions are equivalent:

(i) Vi €]0,0[, there exists a constant K1(n) > 0 such that

2.19 R(ret™z — z|| < Kq(n)e®?" M7 Y > 0.
(2.19) | U

(ii) V n €]0,0[, there exists a constant Ko(n) > 0 such that
(2.20) [|R (ref™)z|| < Ka(n)ewrm<sm7 =1 Ve >0,

(iii) V' € 10, 0], there exists a constant Ks(n) > 0 such that
(2.21)

INEN)z —z|| < Ks(mA—w| ™7, for A=wy+pe™ /2D, v p >0

where the constants K;(n),i =1,2,3, are increasing in 7.

PROOF. (i)=-(iii). It is sufficient to prove (iii) for A = wy +
petim/24n=2) "/ h > 0, with € € ]0,n[ and 1 € ]0,6[. Set

Ly :={2€C :z=re r>0}.



382 PH. CLEMENT AND G. DA PRATO

We consider the case A = w4 pet("/2+1-¢) the other case being similar.
First we define

(2.22) QN)x :/ e MR(2)rdz, z€X.
Iy,

Q()) is well defined and analytic on the sector S ;)4 /2; thus, Q(\)z =
F(N)z. Tt follows that

1
F = —Az —
AF( Nz —x 2ir )1, Ae” P (R(z)x — x)dz

which yields (iii) by a simple computation.

(iii)=(ii). We consider only the case z = re’, the other case being
similar. Let n € ]0,0[,r > 0, and z satisfying (2.21). From Proposition
2.2, we have, for r > 0,

. 1 1
"(reMz = — [ AeMF(\ d)\:—/ MONF(N)z — ) d\
R/ (re) 2m/7 AFN e = g [ A OFO) - )

and (ii) follows.

(i))=-(i). We only consider the case z = re"?. We have

|R(re'Mx — x| = lim
e—0

/ R/ (re')x dr

€

< lir%(r — &) Ky(n)evorcosnyr—1
E—

and the proof is complete. O

The next proposition states a relation among the assumptions of
Proposition 2.5 and real interpolation spaces D 4(7,o0) introduced in
[4]. Let us recall the definition of D4 (7, 00),v € ]0, 1[; we set

(2.23)  ||z|ly, = Sug{Hz\”R(A,A):UH; A =wp + pe} 0 elo,d].
p>

It is well known that the norms {||z||.,;n € ]0,0[} are equivalent.
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PROPOSITION 2.7. Assume (2.2), and let R(t) be defined by (2.12).
Let © € D(A), and v € 0,q]; then the following assertions are
equivalent:

(i) x € Da(y,00).

(ii) ¥ n €]0,0], there ezists a constant Ks(n) > 0 such that (2.21)
holds.

PROOF. (i)=(ii). Let 2 € Da(y,0), A\ = wp + pe*™. Then

AF(N)z—z = AF(\)z — BN F(\)z

(2.24) . .
= [L+ABA) RN, A)TPAR, A)z—AB(N)F(\)x.

Thus there exists a constant C' > 0 such that

1
WWH .

Since v < «, this completes the proof of the first implication.
(ii)=(i). By (2.24), we have

INFWz — o) < C {anm n

(2.25) R\, Az =[1+ )\ﬂA()\)R()\, AH{AFN)z —z + )\ﬂA()\)F(A)x},
and now the conclusion follows easily. O
We end this section with an approximation result which will be used

later. Let A, be the Yosida approximation of A, i.e., A, = nJ, — n,
where J,, = nR(n, A). Set

(2.26) pr, = {A € LA+ AB(N) € p(An)}
(2.27) Fu(A) = RA+A3(N), 4n), VA€ pp,
(2.28) R, (t) = ﬁ / eME,(\)d\, t>0.
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PROPOSITION 2.8. Assume (2.2), and let R(t) be defined by (2.12)
and Ry (t) by (2.28). Then

(2.29) IR, (t)|| < Ke*t, t>0,
and
(2.30) lim R,(t) = R(t), Yt>0inL(X)

uniformly on bounded sets of 10, ool.

3. The nonhomogeneous problem. We are here concerned with
the problem

G () + (Bxu)(t)) = Au(t) + f(t), t>0,
oo {500
where x € X, f € C([0,T]; X) and A and § verify (2.2).

We denote by R(t) the resolvent defined by (2.12). We say that
u € C([0,T]; X) is a mild solution of problem (3.1) if it satisfies the
integral equation

(3.2) u(t) = R(t)z + /O R(t—s)f(s)ds, t>0.

We want now to define a strict solution of (3.1). Remark that if A =10
and f = 0, it is not in general true that u(t) = R(t)z is of class C*.
Thus the following definition seems to be natural.

DEFINITION. w is called a strict solution of (3.1) if u € C(]0,T); D(A)),
u+ B*ue CH[0,T]; X) and fulfills (3.1).

PROPOSITION 3.1. Assume (2.2), and let f € C°([0,T]; X), for some
0 €10,1[,z € D(A), Az + f(0) € D(A). Then the mild solution u to
(3.1) is a strict solution.

PROOF. Set

(3.3) u(t) = up (t) + uz(t) + us(t) + ualt),
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where

(3.4) u1(t) = R(t)x

(3.5) up(t) = / R(t - 8)[f(s) — F()] ds

(3.6) us(t) = / R(s)[f(t) — £(0)] s

(3.7) ug(t) = /0 R(s)f(0)ds.

Since

(38)  ua(t) = AR F(0) + (8 R)(FO)E) — F(0)],
we have

(3.9)

Alua (t) + ua(t))
= R(t)(Az + f(0)) + (8 R)(-)f(0)(t) — £(0) € C([0, T]; X).

By Proposition 2.3,
R()z + (B * R)(-)xz € C'([0,00[; X), and AR(-)z € C([0,00[; X).

Thus we have only to check that v is a strict solution of (3.1) with
x = 0. Set

(3.10) vn(t) = /O Rt — ) f(s) ds,

where R, (t) is defined in (2.28). We have

an ) = (= RO O + [ LRG0 - o) ds
=: 2, (t) + wy(t).

Now z,(t) = f(t) = Ra()[f() = f(O)] + Rn()f(0); since f(0) €

D(A)R(-), f(0) is continuous in [0,T] by Proposition (2.2); moreover,

it is easy to check that R(-)(f(-) — f(0)) is also continuous in [0, T]. So,

o) Tim_z,(t) =(1 = R()f(t) in C(0,T]; X),
' (1—R()f(-) € C([0,T]; X).
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Moreover, by recalling (2.14) and using the hypothesis f € C°(]0, T];X),
one sees that there exists a constant C such that
|

STl = 9176) = 0| < Cle s,

It follows that

(3.13)
Jm w,(®) = [ SRE= )76 = O ds = w(t) in C(O.T)X)

and so v € C([0,T]; X). Since v(0) = 0, we also have 8 x v €
C*([0,T]; X), and, consequently, v € C*([0,T]; D(A)). This implies
that w is a strict solution of (3.1). O

4. Some additional properties of R(t). In this section, we prove
some additional estimates for the resolvent ||R(t)||, which will be used
in the next section. Also, we consider a closed convex cone @ in X and
give sufficient conditions in order that R(¢)(Q) C Q.

We assume, besides (2.2),

(41 (i) 3 w < 0 such that ||e*4]| < evt, for all t > 0,
' (ii) B is nonnegative and nonincreasing.

For any kernel K we denote by sy the solution of the integral equation
(4.2) S+ K xsi =1.

It is well known (see for instance [1]) that, if K is nonnegative and
nonincreasing, then sg (¢) > 0 for all ¢ > 0.

PROPOSITION 4.1. Assume (2.2) and (4.1). Let R(t) be defined by
(2.12). Then the following estimate holds:

(4.3) IR < sp1w(t), VE=0,

where st is defined in (4.2).
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If, moreover, e!4(Q) C Q, then R(t)(Q) C @, Yt > 0.

PROOF. In view of Proposition 2.7, it suffices to prove that

(4.4) ROl < Swsransal(t) V>0,

where R, (t) is defined by (2.28).

Let x € X, and let u,(t) = R, (t)z; then R, (¢)x is the solution of the
problem
(4.5) { nuy, (t) + %(un(t) + (B xup)(t)) = ndpup(t), t>0,

which is equivalent to

(4.6) Un + (B+n)*u, =+ 1xnJyuy,
and also to
(4.7) Up, = Spt8T + Sntg * NI pUy,.

Since 5,48 > 0, it follows that

n2

(4.8)  lun®) < snyp@)|l2|] +

/ Saa(t — 9)lun(s)]] ds,
0

n—+w

which implies, by a classical argument,

(4.9) lun (@] < ¢n(®)]]]],

where ¢,, is the solution to the integral equation

2

n+w5n+ﬁ * On = Sntg-

Since the Laplace transform of ¢,, and s,, are given, respectively, by

() hul) =
n+w N
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and
. 1
(4.12) $n(A) = ——— |
A+n+AG(AN)
we have
(413) GV . ; )
. n = ~ = Slnw/(n4+w )
)\‘f'nnﬁ‘f‘)\ﬁ()\) [nw/(ntw)+8]

which implies (4.4). Finally, to prove the last statement it suffices to
remark that, by (4.6), it follows that u,(t) € @, for all ¢ > 0, since

Jn(Q) C Q.o

5. Semilinear equations. Let X be a complex Banach space and
@ a closed convex cone in X. For any r > 0 we shall denote by B,
the ball B, = {z € X;||z|]| <r}. Let A: D(A) C X — X be a closed
linear operator, 3 : [0,00] — R a Laplace transformable function and
F : X — X a nonlinear mapping.

We are concerned here with the semilinear problem

(5.1) {%W®+W*wmrw%m+meyt>@

u(0) = z.
We assume (2.2), (4.1) (with w = 0, for simplicity) and, concerning F,

(i) For all > 0, there exists M, > 0 such that
|F(z) = F(y)l| < Mylle —yll, Va,y e B
(ii) For all § > 0 and all x € X, ||z|| < ||z — 6 F(x)]].
(iii) F(0) = 0.

(5.2)

We say that v € C([0,T]; X) is a mild solution of problem (5.1) if u
fulfills the integral equation

(5.3) u(t) = R(t)x + /0 R(t — s)F(u(s))ds,

where the resolvent R(t) is defined by (2.12).
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In the following lemma, we gather, for later use, some properties of
the nonlinear mapping F'.

LEMMA 5.1. Let F be a mapping in X such that hypotheses (5.2)
are fulfilled. For any r > 0, set §, = Ms,/2. Then, if 6 € ]0,6,], the
mapping 1 — §F : By, — X is one-to-one and (1 — 6F)(Ba,) D By.
Define a mapping Js,. : B, — X, for all v > 0 and § € ]0,6,[, by
setting

(5.4) Jsr(r) = (1—0F) " (z), z¢€B,.
Then

(5.5) s (@)l < |, Vo€ B,
(5.6) gimo Jso(x) =2, V€ B,.

PROOF. The first statement follows from (5.2)(i) and the Contraction
Principle. Moreover, (5.5) follows from (5.2)(ii) and (5.3) is easily
checked. O

We set, finally,

1
(5.7)  Fs,p(z)=F(Js.(x)) = S(J(;,T(x) —x), x€ B, §€]0,6]
By (5.5), it follows that
(5.8) }irr(l) Fs5,(z) = F(z), VY€ B,.

We prove the main result of this section:

THEOREM 5.2. Assume (2.2), (4.1) (with w = 0) and (5.2). Then
problem (5.1) has a unique mild solution w. If, moreover, Js,(Q) C @
for 6 €10,0,[ and x € Q, then u(t) € Q for all t > 0.
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PROOF. Fix r > 0, let € B, and 6 € ]0,6,[. Consider the
approximating problem

5:9) { D (ug(t) + (B us)(t)) = Aus(t) + Fs . (us(t)), t>0,
' us(0) = z,

which is equivalent to

(5.10) us(t) = Rs(t)x + % /Ot Rs(t — s)Js5,r(us(s)) ds,

where Rs is the resolvent operator of problem (2.1) with A replaced by
A—1/6. By standard arguments, equation (5.10) has a unique solution
in a maximal interval [0, 75[. By (4.3) and (5.5),

1 t
(5.11)  [lus@)| < sp+1/5(®)]|z]] + g/o spr1/6(t — 8)|lus(s)|| ds.
Then

(5.12) [lus ()] < Ps()]]],

where ;5 is the solution to the integral equation

1 t
G:13) a0 =sars(®) + 5 [ saeslt - us(s)ds.
0
As is easily checked, ¥5(t) = sg(t), so that

(5.14) lus (I < s5(8)]]]]-

This implies that the solution us of (5.10) is global.

Now, it remains to prove that there exists the limit lims_,ugs(t) =
u(t) and that w is the required solution. For this purpose we consider
the solution u(t) of equation (5.3) in its existence maximal interval
[0,7[; by (5.8) and the Contraction Principle (depending on the pa-
rameter 9), it follows that

(5.15) %im ugs(t) = u(t)

—0



NONLINEAR HEAT EQUATIONS 391

uniformly in all intervals [0,¢1] C [0,7[. Thus we obtain the a priori
estimate

(5.16) [lu(®)]| < sg(t)||x]|, forallte[0,7],

and problem (3.1) has a global solution.

Let us now assume that nJs,(Q) C Q; then, by (5.10), it follows that
us(t) € Q for all ¢ > 0 and § > 0. Thus, by (5.15), we have u(t) € Q
for all £ > 0, and the proof is complete. O
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