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ON THE BACKWARD EULER METHOD FOR
TIME DEPENDENT PARABOLIC INTEGRO-
DIFFERENTIAL EQUATIONS WITH
NONSMOOTH INITIAL DATA

AMIYA K. PANI AND RAJEN K. SINHA

ABSTRACT. In this paper the backward Euler method
is applied for discretization in time for a time dependent
parabolic integro-differential equation. A simple energy tech-
nique is used to derive almost optimal order error estimates
when the initial function is only in L2.

1. Introduction. In this paper we shall consider a time dependent
parabolic integro-differential equation of the form

t
ur + A(t)u = / B(t,s)u(s)ds in Q x J,
0

(1.1) u=0 ondQ x J,

u(-,0) =wup in §,

where € is a bounded domain in R? with smooth boundary, .J denotes
the interval (0,7] with T < oo, and u(z, t) is a real-valued function in
Q x J with uy = du/0t. We shall assume that A(t) is a time dependent
uniformly elliptic, second order self-adjoint linear partial differential
operator in Q and B(t, s) is a second order partial differential operator
with appropriately smooth coefficients.

Such problems and variants of them occur in several applications,
such as in models for heat conduction in rigid materials with memory,
the compression of poroviscoelastic media, reactor dynamics and epi-
demic phenomena in biology. For a detailed study, we refer to Yanik
and Fairweather [14].

Let HY = {¢ € H'(Q) | ¢ = 0 on 90}. Further, let A(t;-,-) and
B(t, s;-, ) be the bilinear forms on H} x H} corresponding to operators
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A(t) and B(t, s), respectively. The weak formulation of (1.1) is then
defined as: Find u : J — H{ such that

(uer @) + Alt;u, 6) = /0 Bt s:u(s), ¢) ds,

Voec HY, telJd
u(0) = up.

Here and below, we denote (-,-) and | - || by the L? inner product and
the induced norm on L?(2).

For the purpose of Galerkin procedure, we assume that we are given
a family {Sy}, 0 < h < 1, of finite dimensional subspaces of H{ such
that

inf {[l¢ —X[| + Rll¢ — X1} < CR"[ 4],
XESh

pe H' NHY, r=1,2.

The standard semi-discrete finite element approximation is then defined
as a function uy : J — S} such that

t
(ns X) + A(t: wn, X) = / Blt, s un(s), X) ds,
0

VX €Sy teJ,
up(0) = Prug,

(1.2)

where Pyug is the L2-projection of ug onto Sj.

In the present paper we shall discuss time discretization of (1.1) based
on the backward Euler method. Let k& > 0 be the time step and ¢,, = nk
with T = Nk. Further, let U™ be the approximation of wu(t,) and
0:U™ = k~Y(U™ — U™ 1). Then the backward Euler scheme is to seek
U™ € Sy, such that, forn=1,2,... , N,

n—1
(D:U",X) + Atn; U™, X) =k Y Btn, t;;U7,X),
(1.3) =0
VX € Sh,

UO = Phuo,
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where the integral term in (1.2) has been approximated by the rectangle

rule
tn n—1

G(s)ds~ kY o(t;), 0<t,<T.

0 =0

Below, we shall state the main result of this paper, whose proof will
be carried out by energy arguments in Section 3.

Theorem 1.1. Let u be the exact solution of (1.1) and U be the
backward Euler approximation defined by (1.3). Then there exists a
positive constant C = C(T) such that, fort, € (0,T],

U™ —u(t,)| < Ct,* (h2 + k(l + <log %))) l|uol|.

For our error analysis, we shall use the standard Sobolev space
H™(Q), m € Z and its norm as || - ||,,. Let us define ||¢||—; 5 as

16l—s = sup X

xes, Xl

j=0,1.

Throughout this paper C' denotes a generic positive constant indepen-
dent of h, k and any function involved and not necessarily the same at
each occurrence.

The numerical solution of parabolic integro-differential equations was
first studied by Douglas and Jones [2] using the finite difference method.
Later, Yanik and Fairweather [14] presented fully discrete Galerkin
finite element approximations to the solutions of a nonlinear parabolic
integro-differential equation with B at most of first order. For a more
general parabolic integro-differential equation with A independent of
time, Sloan and Thomée [10] discussed the discretization in time with
special attention paid to the storage requirements of the memory term.

Earlier, Thomée and Zhang [12] derived optimal L2-error estimates
for the semi-discrete Galerkin method applied to (1.1) with A(¢) = A.
The related fully discrete backward Euler scheme has been discussed
by Thomée and Zhang [13], and optimal order error estimates are
obtained through the semi-group theoretic approach when the given



222 A.K. PANI AND R.K. SINHA

initial function is only in L2. The method adopted also paid attention to
the advantageous storage requirements of the memory term. Recently,
for smooth initial data, Pani et al. [7] have also studied fully discrete
numerical methods for (1.1) and obtained stability and optimal error
estimates using energy arguments, and the methods considered there
pay attention to the storage need during time-stepping. The semi-
discrete Galerkin finite element approximation to (1.1) was presented
by Pani and Sinha in [6], and optimal error estimates are derived using
the parabolic duality argument and energy methods for rough initial
data.

The related reference on finite element error analysis for parabolic
equations with nonsmooth data can be found in Bramble et al. [1],
Luskin and Rannacher [5], Huang and Thomée [3,4], Sammon [8, 9]
and Thomée [11].

The layout of this paper is as follows. Section 2 contains some
preliminary materials. Moreover, a stability result related to the semi-
discrete solution wj, is proved for our subsequent use. In Section 3
the backward Euler scheme for the discretization in time has been
discussed. Finally, a proof of the main result, i.e., Theorem 1.1, is
presented with the help of a series of lemmas.

2. Preliminaries. In this section we shall briefly review some basic
results and stability estimates for our future use. For a proof, we refer
to Huang and Thomée [3] and Pani et al. [7].

Let Ty, = Ty(t) : L? — S}, be defined by
A(t; Trap, X) = (¥, X), VX E Sp.

We now recall some properties related to the solution operator T},
namely, the operator T}, is positive definite on S}, and it approximates
the exact solution operator 7' = T'(t) = A(t)~! in the following sense

(2.1)  ([(Th = D)l + hll(Th = T)) < CR2|[Y[l, ¥ € L*(Q).
Since T}, is differentiable in time ¢, it is an easy exercise to show that
IThlly < O Twplly < Cllepll-1.ms

where T} denotes the differentiation with respect to time ¢. We
shall assume that the finite element mesh satisfies the quasi-uniformity
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condition. Then the following inverse estimate holds true for S, i.e.,
for x € Sy,
Xl < Cr x|,

Let B(-,-) be any bilinear form on H} x H} associated with a second
order partial differential operator. Then, using (2.1) and the inverse
estimate, we have for ¥, X € S,

|B(sb, TuX)| < |B(, (T, — T)X)| + | B(xb, Tx)|
(2.2) < C([lhlXI + N1 X
< CllY|l[Ix]l-

In our subsequent analysis, we shall also use the following properties
related to the solution operator T,, = Aj(t,)~' : S, — S, where
Ap(tn) : Sp — Sy, is defined by

(An(tn)¥, X) = Atn; ¥, X), ¥, X € Sh.

Suppose T, = A(t,)~! to be the continuous analogue of T}, = T}, (t,,).
Then we have, see Pani et al. [7],

(T = Tl + AT = T vl < CR2|[9], 4 € Sh
Analogous to (2.2), we obtain
(2.3) 1By, ToX)| < Cll[lIXIls ¥, X € S
Moreover, A(t,; Thip, X) = (¥, X), ¥, X € Sp, and hence,
(2.4) (9A)(tn; Tu-19,X) + A(tn; (00 Tn)¥, X) = 0,

where (0A) is the backward difference quotient with respect to the first
variable ¢ at t = t,,. It is well known [4] that there exist positive generic
constants C7 and Cs such that

(2.5) Call¥ll-1,n < ITatllr < Coll]|-1,n-

Taking X = (0;T,,)v in (2.4) and, using coercivity and boundedness of
A, it is easy to obtain

(2.6) 1@ Ta) ()l < ClTo19ll < ClY]|=1,n-
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Below we shall prove the following estimates for the semi-discrete
solution wuy, satisfying (1.2) which will be of frequent use in our error
analysis.

Theorem 2.1. Let uy, be the solution of (1.2). Then, for ug € L2,
the following estimates

() un(@®)]? + fo lun(s)[I3 ds < C|luo|?,
(b) #[lune(O)|I? + fy s%l|uns(s)]3 ds < Cllug]?,

() [y *llunss(5)]2 1.5 ds < Clluoll?,

and
t
(d) fo I Thunss(8)]1% 1, ds < Clluoll®
hold.

Proof. Setting X = uj, in (1.2) and integrating the resulting equation
from 0 to ¢, it is easy to obtain the estimate (a). To estimate (b), we
first differentiate (1.2) with respect to time ¢ to have

(untt, X) + A(t; une, X) = = At un, X) + B(t, tun(t), X)

2.7) —|—/0 By(t, s;up(s), X) ds.

Choose X = t?uy; in the above equation and use the standard energy
argument to prove (b). For the estimation of (c), use boundedness of
A, A;, B and B; to obtain

t
tneell -1 < c(uuhth i+ [ Tuno)l ds).
0

Applying estimates (a) and (b), it now follows that

t
/O s (3)[2 1 ds
t S
<of 52(||uhs|%+|uh|%+ / ||uh<f>|§dr) ds

< Clluolf*.
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Finally, for the estimation of (d), we take X = Thvy, for vy, € Sy, in (2.7)
and use the self-adjoint property of T, and (2.2) to have

t
(@m0} < € (onal-sallonls-+ sl sl + [ (o)l dslon)
0

From (1.2), we obtain

t
el < € (sl + [ fun(e)lh s ).
0
Therefore,
1 Thuneel| =1,

t t
<C(||uh||+|uh|1+ / lun(s)]] ds + / ||uh<s>||1ds),
0 0

and hence,

t t
/O | Thttnas |21 5 ds < C / <||uh<s>|2+||uh<s>||%
+ [P+ ||uh<f>|%>dr) ds
< Clluo®.

This now completes the proof. a

We shall also frequently use the discrete version of Gronwall’s lemma
which is stated as follows. For a proof, see Pani et al. [7, Lemma 2.3].

Lemma 2.1. If&, >0, a,, > ap_1, f; > 0 and &, < an+2?:_01 B;&;
forn >0, then &, < a, GXP(E?:_OI Bj)-

3. Error analysis for backward Euler method. In this section
we shall be concerned with discretization in time by the backward Euler
scheme given by (1.3) and derive almost optimal order error estimates
in L? assuming ug € L2
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For the proof of Theorem 1.1, we split the error U™ — u(t,) as
(U™ —up) + (up — u(ty)) with u} = wup(t,). Since the estimate of
lupp — u(ty)] is known from Pani and Sinha [6, Theorem 4.1], it is
enough to derive an estimate for ||[U™ — u}|. Let n™ = U™ — u}. From
(1.2) and (1.3), we obtain an error equation in n™ as

n—1
@™ X) + Altnsn™ X) =k Blta; tj;n’,X)
(3.1) §=0
+ Qp(un)(X) + (7", X),
n’ =0,

where 7 = uf, — Deuf, and Qp(un)(X) = k2775 Blt, tyiuf, X) —
Jo Bltn, su(5),X) ds.

In order to compute 0", set ™ = Zle 1y where 1, ¢ = 1,2, are
determined by

n—1
@t X) + Altns s X) =k Blbn, b0, X) + Q (un) (%),
(3.2) 3=0
X€ESy, n>1,
n =0,
and
(gtn;ax) + A(tn;ng’x) = (Tnvx)v

(33) X e Sh; n = 15

ny = 0.

For the estimation of n%', we shall closely follow the analysis of Huang
and Thomée [3].

Lemma 3.1. Letn% be a solution of (3.3). Then, forn=1,2,... ,N,

n
tallns|I? + kD el < OF?|luol >

j=1
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Proof. Set 15 = t,n% and 7" = ¢,7™. Multiply (3.3) by ¢, to have
(3.4) (Dt X) + Altn: 5, X) = (77, X) + (1571, %).

Taking X = 7% in (3.4) and using coercivity of A, we obtain

1=, _ ~ _ _ _
SOl I + ellmg 1T < 17" - nllig i+ lIng = - n iz [

Sum n from 1 to m to have

m m
trlln5* 2+ kD talng T < Ck Y tallr"21,
(35) n=1 n=1

m—1

+CE D Bl 5

n=1
To estimate the first term on the righthand side, we note that

1 [t
o E/ (8 = tn—1)unss(s) ds,

tn—1

and, hence,

1 tn
IR <5 [ 6t e, (I s

tn—1

Since t,(s—t,—1) < sk for s € [t,—1, 1], we obtain, using Theorem 2.1,

m tn
k thT"% §Ck2/ $2|u 2, ds
56) >t [ Pl

n=1

< Ck?Jluol .

Next, to estimate the second term on the righthand side of (3.5), we
proceed as follows.

Using the property of T;, = Tj(t,), first write error equation (3.3) in
the form _
Tnatng + 77; = TnTn-
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Now rewrite the above equation as

gt(Tnng) +ny =T,7" + (EtTn)ngil =F,+ (EtTn)ngilv
where F,, = T,,7". Taking the inner product with 7,15 and using
(2.5)—(2.6), we find that

1= n n n

SO Tanz %) + ellng 121 < IFnll -0l T 11

+ 1@eT)ms I T3l =1.m
< ClFull=1nlmg =10
+ s = | Tns |-

Using Young’s inequality, it follows that

15 n n c n n—
§5t(||Tn772 1) + clln ||%1,h < Z(Hfiz H%,h + [Im3 1||%1,h)
+ C”Fn”%l,h + C||Tanz |-

Sum n from 1 to m to have

T 1* + k> s 1205 < CEY N Fl? 0+ Ck Y I Tans ]|

n=1 n=1 n=1

An application of the discrete Gronwall’s lemma, Lemma 2.1, leads to

m m
(3.7) I Tns |12 + ek > n5 11210 < Ck Y 1 Fal? 1
n=1

n=1
To estimate the term on the righthand side of (3.7), we note that

1Ful2y p = 1T -1

1 tn
<o ]t T O ds

tn—1

For § € (t,—1,t,) use the mean value theorem and properties of T}, to
obtain

| Totnss ()l -1,0 < | Th(8)unss(s) -1, + KN T5,(8)unss ()| -1.n
< NTh(s)unss(s) -1, + Ck|| Ty (3)unss(s) 1
< | Th(s)unss(s)|l-1,n + Ckllunss ()| -1,n-
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Therefore, again using Theorem 2.1, we obtain

m tm
EY [F 2, < OF / 1T () tnas(5)]21 5 ds

n=1

tm
oK / ()21 ds

S Ck2||’LL0H2

Combine (3.5)—(3.8) to obtain the desired estimate. This completes the
proof. a

To achieve a bound for 7", it remains to obtain an estimate for n{.
Below we shall derive this using a series of lemmas.

Let Q) (up)(X) = —k Z:anl (tnsup, X) + f() (s;up(s), X) ds, and

m n—1

QB up)( *k2ZZB tn,tj,uh, X)

be the quadrature error when we apply the right rectangle rule. In the
following lemma, we shall derive some estimates related to the above
quadrature errors for our future use.

Lemma 3.2. With Q%, Q% and @g defined as above, there is a
positive constant C' such that, for X € S,

Q% (un) (T )] + |Q7 (un) (LX) + [Qp (un) (T X))

<Ok(1+log )nuOHxn
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Proof. Using the right rectangle rule we note that
QZ(uh)(TTLX) = _kA(th u%w Tnx)

ty
+ / A(s,up(s), TnX) ds
0

+ Z/ (tj—1—s)
j=2"ti-1

A8, uns(8), TnX) + Ag(s, un(s), TnX)] ds.
Now apply (2.3) to have
|Q% (un ) (T X)| < Ckllun (ta)|l[1X]]

ty
+C / lun ()]l ds

n t;
+ Y [ Quna() + (o)) s
j=27ti-1
By Theorem 2.1, we obtain

@4 E01 < 0143 tog 2 Y )
=2 77

1
< ob(1+108 7 )l I

Next, using the left rectangle rule, we rewrite
QB (un)(TnX) = kB(tn, 0;un(0), Tp,X)

t1
- / Bltn, s1un(s), Tox) ds
0

noloetig
+ Z / (s —tj11)[B(tn; s, uns(s), TnX)
j=17%

+ Bs(tnv S5 uh(s), Tnx)] ds.

A similar argument as above shows that
n—1
n lj+1
@01 < k(14 S 10 50 ) ol
=1 /

1
< r(1+10g7 ) ol
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Finally, to estimate @;;, we now split

m n—1
n=1 7=0

_ /tn B(ty,s;un(s), TimX) ds}
(3.9) [kZ/ (tn, s3un(s), T X) ds

/ / (s, T5un(T), TmX) dT ds]

= Q1 5 (un) (T X) + Qz.p (un) (T X).

Note that
Q15 *kZQB (un)(TmX),

and hence, using the estimate of Q% (replacing T, X by T,,X) we have

(3.10) Q) mx>|<ck(1+log )|uo|||x||

For the second term on the right of (3.9), it now follows that

tn
QQBuh mX Z/ S_tnl

tn 1
Os 0 y Ty UR\T )y Lm T
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Again, a use of (2.3) yields

Q0 (un)( mx|<0k2 / [un(s) X

d
o) / Juns) 1] dr] ds
<Ok Y. ol
n=1

< CFk|luol[[[XI]-

Now combine (3.9)—(3.11) to estimate the third term. This completes
the proof. o

Lemma 3.3. There is a positive constant C' such that the following
estimate holds form=1,2,... /N

)

2
1
63 T B2 + b ||2<c[k2(1+log ) a2+ s 7 1|2]

j=1

n—1 n
c[k-z 112+ B S 1P
j=1 j=1
n—1 )
+kzt?||njll2],

j=1

where )" = kY77 0.
Proof. Choose X = t,,0:(T,n}) in (3.2) to have

tn(Bent, 0 (Tny)) + tn Atn; i, Or(Ton?))

n—1

=k Z tnB(tn; tj; njagt(Tnn{l)) + th%(uh)(Et (Tnn?))

Jj=0
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Note that
tn (D, O (Tan')) = @t?ﬁbaT deny')
tn(@eni', (B T)n ™),
taAltns 0}, 9u(Tanf)) = 55t[tn||77?|| = §H77{HH2
— tu (@A) (tn; 17, Tumai ™),
and

nQB(uh)(at( niy)) = 8t[nQB(uh)( ni)]
— Q% (un)(Tnany ™)
— 101 (Q (up)) (Tr—1n} ™ b

For n =1, it is easy to obtain
(3.12) k| Ty 0t |13+ talnt ||? < CE?[|uo|? + CEtF||n*||.
We now sum n from 2 to m to have
- 3,1 3 .,.n 1 m||2
k Z tn (O, ToOunt') + §th771 [

n=2
m

< 2

l\DIH
()

m

[y~
kY [=ta @}, (0 T)ny ™) + tn (@A) (tns 0, Tucany ™))
n=2

+

+ kZtnB<tn,tn_1;ﬁ”‘%&(Tm?))‘
n=2

m n—1

| =KD D tn(02B) (tns tys ¥ (T}

n=2 j=1

+ Hthg(Uh)(TmnT) — t1Qp(un)(Tim)|]

+ _kZQB Uh T 1771 1)

1
+ _kztn 10u(Q (un)) (Toany )| + StaIm |

n=2
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1 12
= Ll + 2| + s| + [a] + s| + ol + 17 + Stallm |I”.
For I; and I, apply (2.3), (2.5) and (2.6) to obtain
1 m—1
]+ 15 < 2k 3
n=1

+ Ck Y [tall@ent 10| @ To)mt ™ I + ol ]

n=2

—

3

|7 H2
1

l\DI»—l

n

+Ck Z[thTﬁm?lllHn?_lll + gl mg ),
n=2

and hence,

m m
1 _
L]+ 1Ll < ChY P + 5k Y tal Tudenf |1
n=1 n=2
To estimate I3, we first rewrite it as

Iy =k th[tnB(tnatrhl; ﬁnila Tont')]

n=2

~ k> Bltn,ta-i; ", T ™)

m
_kztn—lB(tn7tn—l;"7n_1 Tn 1"71I 1)
n=2

_thn 1 81 tnatn 1;7 n72 Tn 1"7? 1)

_kztn 1 a2 tn—1,tn— 1;ﬁn72 Th- 177? 1)’

where 01 B and 0B are the difference quotients of B with respect to
the first and second arguments, respectively. The first term on the
righthand side of I3 can be written as t,, B(tm, tm—1; 0™ %, Trn).
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Now applying (2.3) to all the terms in I3 and, since t,, = t;—1 + k,
we have

[I3] < C(tm— Jr’€)||Am Y2

m—1
+Ck Z 1™ +Ck D Inf]I?
n=1
m—1

+Ck Y " + tmllni”\l2

n=1

For Iy, let us rewrite it as

m—1 m

Li==kY" 3" tu(0:B)(tn, t; ¥ ", 9(Tun))

j:l n=j+1

= —k? Z Z 81& tn,tjan i1 , Tnt')]

+k2zz [(02B)(tn, tj; 7~ Tpoam ™)

+tn71(5213)(tn7tj;ﬁj s Tnani'™ 1)]

m—1

=~k Y tw(@2B) (b, ty; ' L)

m—1
+k Y t(02B)(ts,ti 0 Tyl
j=1
m n—1 _ ‘
+ 52 (@B bty Ty ™)
n=2 j=1

+ 1 (D21 B) (b ty5 7, T ™)),

whence 021 B is the difference quotient of 9B with respect to the first
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argument, and hence,
m—1
I3 < CE DYt I
j=1
m—1 ]
+Ck Yy tlla |l
j=1
m n—1 )
+CR DD il
n=2 j=1
m n—1
+OR Y tua M 0t
n=2 j=1
Using the Cauchy-Schwarz inequality, it now follows that

m—1 m—1
(1| < CR Y |1+ Ck D mdlI?

j=1 j=1
m n—1 1
+OR Y WP+ gtml\nTll2-
n=2 j=1

For I5 and Ig, use Lemma 3.2 to obtain

2
1
1+ ol < O (14 1og 1) Tl

m—1
+Ck Yy [t |?
n=1

+ 2 (1 + 2l 7).

e

Finally, for I, rewrite it as

m
I = — Z tp—1 |:kB(tmtn—1; uz_lan—ln?_l)

n=2

tn
— / B(tn,s;uh(s),Tn,m?fl)ds

tn—1

—k Z tn—ngl_B} (Tn—ln?_l)

n=2

:I71 +I72’
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where 0, B is the difference quotient of B with respect to the first
argument. Using (2.3), we have

m tn
B<eYt [
tn—1

n=2 n—

(5~ ) 2 (Bt 5 n (), T )] ds

<k2/ (1Bt 51 1ns(5). Ty ™)
rL 1
+ |Bs(tn, s5un(s), To—1my ™ ")|) ds

<0k2 / (luns ()] + lun (s) ) sz~

Again, use Theorem 2.1 to obtain

m—1

17| < Ck? o] Z Iy =M1 < CR|fuo |l + Ck Y [ln'|I*.

n=2 n=1

For I?, Lemma 3.2 can be easily modified to have

m—1

2
12|<0k2<1+log ) ol + €k S [l 2.

n=1

Combining the above estimates, we obtain the required estimate using
(3.12), and this completes the proof. o

Note that the righthand side of the estimate ¢,||n™| in the previous
lemma involves terms containing 7. Therefore, in the following lemma
we shall obtain some estimates related to 7.

With " = k>0, 7/, clearly 0;7" = n™ and 7° = 0. Multiply (1.3)
by k and then sum with respect ton from 1 tom with1 <n <m < N
to have

(3.13) (U™ X)+k>_ Alty; U™, X)
n=1

m n—1

= k> ) " Bty t;;U7,X) + (Pyuo, X).

n=1j=0
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Integrate (1.2) from 0 to ¢ to obtain

(314) (uh(t),X) +/0 A(S Uh( ) X)d

= (Ppuo, X / / (s, T;up(7), X) dT ds.

Using (3.14) at t = t,, and (3.13), we find that

m n—1

@™ +kZA (™ X) = K2 )N Bltn, tii7,X) + Q7 (un)(X)

n=1 5=0

+Qp (un) (X).

Since kY0 ) Altn;n™ X) = Altm; 1™, X) — k307 (0A) (tns 7", X),
where (0A)(tp;--) = k™ A(tn;- ) — Altn_1;- )] is the backward
difference quotient of A(t, -, -) with respect to the first variable at t = ¢,,,
we obtain

(D™, X) + Altm; 7™, X) —kz 7" X)

m n—1 )
+ 52> Blt, tis, X)
n=1 j=0

(3.15)

+ QU (un) (X) + @ (un) (X).

Lemma 3.4. With 7™ given as above, we have

n 2
) 1
I+ 3 117 < 0 (15 g ) ol

=1
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Proof. Choose X = T,,,77"™ in (3.15) to obtain

(3.16) (i)™, Toui)™) + At 1™, Trn)™)

i n 1 T Am)
" m n—1

—|—k‘QZZBtn,t],n Ti™)
n=1 j7=0

+ Q% (un)(Tm™)
+ @g(uh)(Tmﬁm)

For m = 1, it follows that

(@', Ti') + 12 = Q4 (un)(T17") + Qp (un) (T17").

| =

Applying (2.3) to the terms appearing on the right of the above
equation, we obtain

(3.17) 1T |17 + Kl ? < CR?[luoll?,
We first note that

Q(Etﬁma Tmﬁm) = gt[(ﬁ_ma Tmﬁml}
+ k(atﬁm Tmatﬁm)
_ (Am 1 (816 ) A — 1)

and for m > 2,

m n—1 m n—1
K2 N Bt tyin?, Tuft™) = k2 > Bltn, ty; 0vi?, Toii™)
n=2 j=0 n=2 j=1

=k Z B(tnv tn—1; ﬁnila Tmﬁm)
n=2

m n—1

- k2 Z Z(EQB)(tnatj; ﬁjilaTmﬁm)a

n=2 j=1
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where 02 B is the backward difference quotient of B with respect to the
second argument. Here we have also used summation by parts.

Sum (3.16) with respect to m from 2 to ! with m <[ < N and use
(2.3) to have

!
@', Tin') + 2k > ™ I1P < (Y, Tut))|

m=2
l
+C [l&’ >

|
m=2 n=1

m—1
"l

UM

l
kY 1w @ L) a™

m=2

m n—1

l
FEDY SN A A

m=2n=2 j=1

l
+ k> 1Q% (un) (Tii™)|

m=2

l
3 1 () (T .
m=2

For the third term on the righthand side, we shall use (2.5)—(2.6) and
apply Lemma 3.2 for the last two terms. Then use Young’s inequality
to obtain

l
1T |13+ & D ™1 < CITuit |17

m=2

1\2
+ Ck? <1 + log E) [|uo ||?

I m-—1
+CRY > )P
m=2 j=1
-1
+Ck Y Tmi™ 13-

m=1
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With the help of (3.17), we have

2
mal + 3 11 < 082 (1 1og ) Tl

m=1

-1 m

+CR* Y Y 1P

m=1j=1
-1

+Ck Y T3

m=1

Apply the discrete Gronwall’s lemma to complete the rest of the proof.
O

Lemma 3.5. With 7" as above, the following estimate

n 2
. . 1
e I3 12+ 117 < 01+ o 1 ) ol

J=1

holds.

Proof. Take X = 0;(T},i™) in (3.15) to obtain

(3.18) (D™, u(Tuii™)) + Altms 7™, e (Tni™))
= 2(5 )t 1" 0 (Tli™))
Zi: tnatj;njagt(Tmﬁm))
A (u )(5( mi™))
@g( 1) (Oe(Tit™))

NOte that (5”77”7 5t (Tmﬁm)) = (8tﬁma ngtﬁm) + (8tﬁm7 (8tTm)f}m71)a

and

~m g ~m 1= ~m =Y A AT —
Atm; 1™, 00(Tni™)) = SO = (DA) (b 0™, Tynai™ ).
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For m = 1, use (2.3) and Young’s inequality to obtain
(3.19) kIT 0 [T + 1211 < Ck?[luo]®.

For m > 2, sum (3.18) with respect to m from 2 to ! to obtain

l
a3 Am 1 ~
kY Tmdei™ |13 + §H77l||2
m=2

l
1 . o —
S (AR SECENCE AT
m=2
(@A) (s ™ Tm_mmw]]

+
M-
NE

@A)tz i1 <Tmﬁm>>]

2n=1

m

NE

e B(tn,tn_l;ﬁnl,a(mﬁm»\

m=2 1

iy - Z

2n

=~ 3
Il

82B tnat]an 5t(Tmﬁm))‘

HM:I

ey @muw@(Tmﬁm»\

l
s @’;ﬂuh)@t@mﬁm))]

=[] + [Iao| + [Is| + [Ls] + [I5] + [L6] + |17]-
In view of (3.19), I is bounded by the term on the right of (3.19).
From (2.3), (2.5) and (2.6) we have, for I,
!
L] < Ok Y (1™ -1 nll@eTn) ™ la + 8™ H1A™ ]

m=2
l
< Ck YN Tmde™ 11 8™+ 1™ 7™ 1)
m=2
l

<ek 3 T 0™ 2 + Cle Z ™.

m=2
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To estimate I3, we observe that

I3—]€QZ Z aA 7I7 615( ))

n=1m=n+1

l
= kY (@A) (7", T
n=1

l

— k> (OA) (tn; 7", Toiy™)

n=1
and, hence, an application of (2.3) yields

-1
(I3 < Ce kz 7™ +Ckz 7" 1% + el |-

n=1
Similarly, we have for I, and Iy

-1

l
Ll + 5| < CEk Y ™17+ Ck Y ™1 + 1l
n=1

n=1

For Ig, we find that

9), we have

3.
THE Ck( )Iuolln I+ Chlluol 1]

+
<1 tlogt ) laoll? + <[l
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Note that

l
> [k;_l (kA(tm;u;y,Tmmm—l)

m=2
tm
—/ A(s;uh(s),Tmlﬁml)dsﬂ.
t 1

m—

Apply (2.3) to obtain

\16|<Ckz

m2m1

J/ $([luns ()] + lun (s)I1) dsll™ |-

By Theorem 2.1, it now follows that

Loog2 \ /2 l 1/2
Bl onPlul (3 a—) (kX 1R
m=2 m—1 m=2
-1
< Cklluol* +Ck D 7™

m=1

Finally, for I7, we use summation by parts to obtain

1

I = [@;(um(ml) — Qp(up)(TyY)]
—kzat Qp (W) (Troai™ 1)

m=2

=13 + I

Using Lemma 3.2 and (3.19), it now yields

1\? )
1< CE (1 +1og ) ol + <l
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To estimate 2, we rewrite it as

!
I = _[k2 Z B(tmatw“thm 1™

For 12!, apply Lemma 3.2 to obtain

l
1 < k) 1QF (un)(Toaa™ )|

m=2
-1
sck2(1+1og ) ol + Ck 3 1™ P
m=1

To estimate 122, we note that

l tim 9
2—’ Z/ (S_tm 1)68

m=2"1tm-1
>< (

/BSTuh T 1™ 1)d7’)d8
0

l tim
<Ky [ B sun(s). T )

—oJtm—1

/|B 8, T3 up (1), T 1™ )| d7) ds
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and, hence, using the property (2.3) and Theorem 2.1, we obtain

Lo ptm
2l <cey. [ (u)l
m=2

tm—1

S
+ / llun ()| dr) ds ™|

-1
< OR|luo|® + Ck Y [I7™ |

m=1

Combining all the above estimates and choosing e appropriately, we
arrive at

l 2 l
[ am - 1 N
b S B+ 1017 < k(1 og 1 ) uol? + 0k 3 171
m=1

m=2

Adding k||T10;7'||? to both sides of the above inequality and making
use of (3.19) and Lemma 3.4, we now complete the rest of the proof.
O

Lemma 3.6. With 7" as above, the following estimate

n 2
_ R 1
ES TR + el < O (1 tox ) ol

Jj=1

holds.

Proof. Setting X = t,,0¢(T}»A™) in (3.15) and repeating the argu-
ments of Lemma 3.5, we obtain the required estimates. For the sake of
clarity, we present below a short proof.

Note that, except for the term Ig, all other terms in the previous
lemma, i.e. Lemma 3.3, are bounded by Ck?(1 +log(1/k))?||uol|?, and,
hence, we shall only estimate I5. Write I for the present case as

l

Is =k > Q% (un) (Bu(Ti™))

m=2
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l
= kY Biltn @ (un) (L™

m=2

l
—k Z tm—lgt [QZL(uh)](Tm—lﬁmil)
m=2

l
— k> QU (un) (L™ )
m=2
= [1QU (un)(Tr)') — t1Q4 (un)(Tai)")]

l
3 A B Q ()} (T ™)

m=2

l
kD QR (un)(Tai™ ")
m=2
=1+ 13+ 3.

Using Lemmas 3.2 and 3.4, the terms I} and I are bounded as desired.
To estimate 12, we find that

l
BI< kDt [
m=2

0 e
%[AC up(s), Trn—1i™ ]| ds

tm
tm—1

l tm
<Ok S [ sl + (o) sl
m=2

tm—1

Apply Theorem 2.1 and Lemma 3.4 to obtain

Lo ptm
<oy [ ol st
m=2

tmfl
-1
< Ck?luol* + Ck Y [17™|I?

m=1

1\ 2
< Ck? <1 + log E) HuOHQ,

and this completes the proof. O
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Finally we obtain the following estimate for n}.

Lemma 3.7. Let 0} be a solution of (3.12). Then there is a constant
C independent of k such that

n 2
I8+ k3 17 < 08 (14 g ) ol

Jj=1

Proof. The proof will follow along the lines of that of Lemma 3.4
taking X = T,,n} in (3.12). We, therefore, omit the details. O

Proof of Theorem 1.1. We write U™ —u(t,,) as UM —u(t,) = n"+e(ty).
From Pani and Sinha [6, Theorem 4.1], we have

le(ta)ll < Cht uoll.
Since the estimate for 1y can be derived from Lemma 3.1, it is sufficient

to derive an estimate for ||n}||. Now, use of Lemmas 3.4-3.7 in Lemma
3.3 yields

1 2 n—1
n|2 2 2 2 ni2
P < O (14105 ) o O
Altogether, we obtain
2),m |2 2 1\ 2 = 20,7112
tulln" (I < Ck7( 1 +1log + ) [luoll +Ck Yt |1*
=1

Now apply the discrete Gronwall lemma and then triangle inequality
to complete the proof. i
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