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GENUS FORMULAS FOR ABELIAN p-EXTENSIONS

FAUSTO JARQUIN-ZARATE, MARTHA RZEDOWSKI-CALDERON
AND GABRIEL VILLA-SALVADOR

ABSTRACT. We apply a result of Kani relating genera
and Hasse-Witt invariants of Galois extensions to a family
of abelian p-extensions. Our formulas generalize the case
of elementary abelian p-extensions found by Garcia and
Stichtenoth.

1. Introduction. Kani proved in [2] that, if L/K is a finite Galois
extension of function fields with Galois group G, then any relation
among idempotents of subgroups of G in Q[G] implies the same relation

among the quotient genera. The quotient genus for a subgroup H of G
is the genus of the field Kg := L.

In the same paper, Kani proved that, if the field of constants k of
K is a field of positive characteristic p > 0, then any relation among
the subgroups H of G implies the same relation among the Hasse-Witt
invariants of the fields Kg.

In this paper, we consider an arbitrary field k of characteristic p > 0,
a function field K with field of constants k, and a Galois extension L/K
with Galois group isomorphic to (Z/p™Z)", where m and n are natural
numbers. We find two formulas relating the genus g;, of L and the
genera of a family of subextensions. The first is the family of all cyclic
subextensions of K and the second is the family of all subextensions F
with L/E cyclic. The same relations hold for the Hasse-Witt invariants.
Our results generalize the formula found by Garcia and Stichtenoth [1]
for elementary abelian p-extensions.
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2. Results. Let k be any field of positive characteristic p, and let
K be a function field with field of constants k. Let L/K be a Galois
extension with Galois group isomorphic to G = (Z/p™Z)"™. Let G be
the set of all subgroups of G. For each H € G, let Ky be the subfield
of L fixed by H, that is, Kg := L. Let gy be the genus of Ky, and
let 7y be the Hasse-Witt invariant of Kgy. For H € G, let eg be the
norm idempotent of H:

€n = ﬁ > heQl@l.

heH

In [2], Kani proved the following result.

Theorem 2.1 ([2]). Any relation
Z rgeg =0 with rg € Q,
Heg
among the norm idempotents yields the following two relations:
Z rggg =0 and Z rgTg =0,
Heg Heg

among the genera and among the Hasse- Witt invariants.

Let H; be the set of all subgroups of G isomorphic to (Z/me)n_l &)
(z/p™Z), 0 < i < m. The set of the fields fixed by H € H; is the
set K; of all the subfields K C E C L such that Gal(E/K) = (Z/p‘Z),
that is, the collection of all of the cyclic extensions of K of degree p'
contained in L. Our main result is:

Theorem 2.2. We have the following relations

n—1 _ m—1
gL = —p<pp_11>9K —E" =D > g+ > s

i=1 Eek; Eekny,

n—1 _ m—1
T = —p(p_ T 1)7‘}( — ("t -1) Z Z TE + Z TE.

i=1 BEEK; Eekm,
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Corollary 2.3 ([1]). If L/K is an elementary abelian p-extension of
degree p™, we have

pnfl -1
gL = —P<p_1)gK + Z gE.

Eecky

Now, let 7; be the set of cyclic subgroups of G of order p?, 0 < i < m.
Let £; be the set of subextensions K C E C Lsuch that L/F is a cyclic
extension of degree p’. We have £; = {E | E = L with H € T;}.
Then,

Theorem 2.4. We have the following relations:

n—1 _ m—1 )
p(pl>gL =—p""gk — (" =) P> ge+p™ Y gm,

p—1

i=1 EeL; E€L,
and
pn71 _1 m—1 )
e KR SR WD SERTED Si

i=1 EeLl; EeLln,

Remark 2.5. The genera of the subfields considered in Theorem 2.2
can be computed using the results of Schmid [3].

It is not easy to use Theorem 2.4 in applications since the family
of fields considered is in the top of the extension; thus, the genera is
difficult to find.

3. Proofs. First, we consider

(3.1) M= Y ey, 0<i<m.
HeH,;

Note that My = EHG'HO en =€ = (1/p"™) Y pec 0

Fix an element 0 € G. Let T(i,0) be the number of distinct
subgroups H € H; such that o € H, that is,

T(i,0):=[{H €M, | o€ H}
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Let s be a natural number 1 < s < m, and let
Gs:={oce€G|o(o)=p°}.

Note that, given any element o € G, there exists an element 7 € G of
order p™ such that 77" " = ¢. If  and o are two elements of G, then
there exists an automorphism ® € Aut(G) such that ®(0) = o. Thus,
T(i,0) =T(i,60). Therefore, it makes sense to define

(3.2) T(i,s) := T(i,0),

where ¢ is any element of Gj.
Let Cs:= ) cq. 0 € Q[G]. Then,

HeH; heH
1 N
pm(n71)+(m7i) ZT(Z’S) Z g
m s=0 ceGy
1
= nm—i ZT(Z’S)CS
p s=0

We must compute T'(¢, s) for all 0 <4, s < m. Towards this end, let
es be the number of elements of G of order p*. We have

es=q¢"—q¢"', 1<s<m, andey=1,

where ¢ = p™. In particular, if h; is the number of distinct cyclic
subgroups of G of order p*, it follows that

B ¢ — ¢!
T opi—pi 1
Since, in an abelian group, its lattice of subgroups is symmetric, that
is, if B is a subgroup of a finite abelian group A, then A contains a
subgroup isomorphic to A/B. It follows that

hi = |Hil.

Let H € H;, and let L(H,s) = |H N G,|. Since all of the subgroups
in the collection H; are isomorphic, it makes sense to define

L(i,s) := L(H, s),

h; 1<i<m, and hg = 1.

where H is any subgroup in H,;.
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Let F C H; X G be defined by
F:={(H,0)| o€ H}.

We can compute |F| either column-by-column or row-by-row, which
gives us:

(3.3) |F| = h;L(i,s8) = T(, 8)es,
respectively, that is, to find T'(4, s), it suffices to find L(i, s).

Now, fix H € H;, and let B, := {z € H | 27" = 1dg} = {x € H |
o(x) divides p°}. Then, L(i,s) = |Bs| — |Bs—1| for 1 < s < m and
L(#,0) = |Bo| = 1. Now, to find Bj, note that Bs = ker ¥, where
U:H — H, ¥(x) =2”". The image of ¥ is H?". Hence,

S |Hps|'

Since H = (Z/pmz)”’1 ®(Z/p™~'Z), we have HP" = (Z/p™*Z)" &
A, where

A= (Z/pm—i—z) if1<s<m—i
0 itfm-—i<s<m.

Therefore, we have

1 if s=0,0<i<m,
prs=D(pr — 1) fl<s<m-—i
(3.4) Lii.s) = (0<i<m-1)
pr=D=D+m=i)(pn=1 _ 1) ifm —i+1<s<m
(1<i<m).

From (3.3) and (3.4), we obtain

(3.5)
1 ifi=0,0<s<m,
h; ifs=0,0<i<m,
TG, ) <Z;_ 1 )p(”l)(’l) ifl1<s<m-—i,

(1<i<m-—1),

pn—l -1 )
(_1)p<"—2><1—1>+<m—8) ifm—i+1<s<m,
(1<i<m).
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Thus, from (3.5), we obtain

My = 2, 1dg Z( ><n1(zl>c
p —
% m n—1
+ p Z (p _1>p(n 2)(i—1)+(m— S)C.S)
pnm s=m—i+1 p_l

for 1 <i<m and My = eg.

Now, in order to obtain a relation among the norm idempotents,

since My = e¢ and Idg = €14, what we need is to find z;,...,2, € Q
such that

m m

Z z;iM; = yoldg + Z YsCs,

i=1 s=1
with yo € Q and y1 = yo = --- = ym # 0.

Let 1,...,2, € Q, and

S (5 o o (£
i=1 =1
Yo

P 1_1 (n—2)(i—1)+(m—s)+1’,
(G 8 e

nm
i=1 s=m—i+1 p

m—i (1) (i—1)+i

)’"ngzp C,

Changing the summation order (Fubini’s Theorem), we obtain

m 1 m—
> i—yOIdG+( 1)
i—1

S=

n—1 _ m m (n—2)(i—1)+(m—s)+i
P 1 p
)y W

s=1i=m—s+1

v
=1

1m—s pn 1)(i—1)+4
1

m

We have, for 1 <s<m—1,

pn=D(=D+i

(3.6) (pn — 1) mi
. ys = xii
p— 1 P pnm
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n—1 _ 1 m (n—2)(i—1)+(m—s)+1
(B X e

p= 1 i=m—s+1
and
n 1_ 1 (n—2) (i—1)+1

(B7)  ym = ( ) le T

Consider 1 < s < m —2. Our goal is to show that x1,...,z,, can be
chosen so that ys = ys+1. From (3.6), we obtain
(3.8)

ns(,n—1 _ m )

ey =P (p 1) Z pDEDH=) ] < g <9,

nm
p i=m—s+1

Similarly, for s = m — 1, we obtain from y,;,—1 = Ym, (3.6) and (3.7),
s .

(3.9) T = _(p"—l —1) Zp(n—l)(z—z)xi.
i=2

Taking s = 1 in (3.8), we obtain
(3.10) Ty = —(p" ' = Dy,

From (3.10), taking s = 2 in (3.8), we obtain z,,_o = —(p"~! — 1)z,,.
By induction, we obtain

(3.11) To= =2y =—(p "' =1z,
Finally, from (3.11) and (3.9), we get z1 = —(p" ! — 1),y
We let 2, = 1 and obtain z; = —(p"~! —1) for 1 <i < m — 1.
Then, from (3.6) and (3.7), we have
o1\ 1
Y1=""=Ym = p—l pnm—l'
Therefore,
m—1
(3.12) - Z Z (p" ' — ey + Z €y
i=i HeH,; HeMm,
m—1
=—(@"' =1 Mi+ M,

i=1
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1 n 1 _ m
= yo Idg ST ( ) et

s=1

1 n—l_ 1
= Z20€ldg + pnm—l <pp — >pnm6G

B pn—l -1
= 20€1dg TP ﬁ €G,

B pnfl —1 1
20 = Yo — p—l pn’m—l'

Since yo = Yiv, (P"/p"™)z;h; with z; as in (3.10) and (3.11) with
Ty, = 1, we obtain zg = 1. Theorem 2.2 is now a consequence of
Theorem 2.1 and (3.12).

In order to prove Theorem 2.4, we now consider 7;, 0 < i < m. We

have |7;| = h;. Let
= Z €.

HeT;

where

Consider an element o € G5. Let N(i,0) be the number of cyclic
subgroups of G of order p’ containing o. Since, for any two elements
of G, there exists an automorphism of GG sending one into the other,
as in (3.2), it makes sense to define

N(i,s) = N(i,0),
where o is any element of G4. Then,

(3.13) Z o

HeT,0€eH

SEONED P
oceG,
m

—ZN@S

First, we compute N(m,s). Let {r1,...,7,} be a basis of G over
7. /p™Z. More precisely, G = (7'1, ..., Tp) and o) = p™ for 1 < j < n.
Let p € G, say pp = 11" -+ - 7. Then, o(p) = p™ if and only if there
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exists a 1 < j < nsuch that ged(a;, p) = 1. Fix an element o of G with

s > 1. We can choose the basis {71,...,7,} of G such that Tfyws =o0.
We have )
m _ . m—
hm = Zm _Zm—l :

The different h,, cyclic subgroups of G of order p™ are
(78?70 0<a; <p™—1, 2<j<n,
<Tf0417-27'??3 "'T'r?n>a 0<ay Spm_l—l and OSOéjSpm—l, 3<j<n,

« o pa— « n 1 .
(S e it ), 0o <p™ -1, 1< <k—1

and 0<o; <p™—1, k+1<j<n,

(rPraber o), 0<ap <p™ Tt =1, 1< <n—1.

Note that o does not belong to any subgroup of the form

poy _pa2 pog—1 A+1 an
(Y™ e ), k> 2,

since s > 1. Otherwise, we would have

__p™ _ [ _pay_pas pak—1 Q1 an\B
o=T7 = (" e ceTm)
for some 0 < 8 < p™ — 1. Since {71,...,7,} is a basis of G, we would

have that p™ | 8, that is, 5 = 0, which is impossible since o # Id¢.

Similarly, we have o € (11752 ---75") if and only if ; = p°l; with
0<; <p"?*—-1,2<j<n. Fors =0, we have 0 = Idg and
N(m,0) = hy,. Therefore, we have

3.14 N y —
(3.14) (ms) =9, if 5 = 0.

{p(ms)("l) ifl1<s<m,

Now, let 0 < i < m. If i < s, then |H| = p' < p* = o(0) so that
o ¢ H. Thus, N(i,s) = 0if i < s. Now, let s < 4. If s = 0, then
N(i,0) = h;, since o0 = Idg.



1914 F. JARQUIN, M. RZEDOWSKI AND G. VILLA

Next, we consider s > 1. Let 1 <t <mand ¢:: G — G, ¢(z) = zP’
Then, ker¢y = {z € G | #*' = 1} = {& € G | o(z) divides p'}, and
the image of ¢ is GP'. In particular, if ¢ = 4, then any H € T;
satisfies H C ker ¢;. It is easy to see that ker ¢; = GP™ ' = (Z/p'Z)".
Therefore, from the case i = m, we have N(i,s) = p*~ 3)(”_1) for s #0

and N (¢,0) = h;. From (3.14), we obtain

h; ifs=0and 0 <i<m,
(3.15) N(i,s) = { pt==)»=1) if 1 <5 <i<m,
0 if0<i<s<m.

From (3.13) and (3.15), we obtain

1 J
_721\7(1',5) 7h IdG+Zp(’ Hn-1)=icr |
0

s=1

Equivalently, we have

(3.16) p'Qi =h;ldg+ Y pi="NC,, 0<i<m, Qo =1dc.

s=1

Let z1,... xneQbesuChtha‘uZz L2ip'Qi = yoldg + X1, ysC.

with yo € Q and y; = yo = -+ = Y # 0. Then, from (3.16), we have
Z xipiQi = ( Z xlhz) Idg + Z Z CEip(z‘—s)(n—ncS
=1 i=1 i=1 s=1
= yoldg + Z Z zplti— Do
s=1 i=s
=yoldg + Z ysCs,
s=1

where yo = Y_" | x;h; and, for s > 1,

pr(z s)(n— 1)—33 + Z ajp(z s)(n— 1)

i=s+1

From the condition y; = - -+ = y,;,, we obtain, by induction on s, that

Tl =Ty ="'+ =Tm-1= _(pnil - l)xnt-
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We take z,, = 1 and get 7; = —(p"~ ! — 1), 1 <i < m — 1. With these
values, we obtain y; =y2 =+ =y, =1land yo = (p" —1)/(p — 1).

Then, we finally obtain a relation among idempotents of 7;, 0 <14 <
m:

m—1
0" =D Y pen+ Y pMen
i=1 HET; HeTp,
n—1
= ((Z;_ 1) - 1>€Idc +p""eq
pnfl -1
p(p—l) €1dg + 0" "eq.

Theorem 2.4 follows from Kani’s theorem (Theorem 2.1).
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