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ON THE IRRATIONALITY OF INFINITE SERIES
OF RECIPROCALS OF SQUARE ROOTS

JAROSLAV HANCL AND RADHAKRISHNAN NAIR

ABSTRACT. This paper gives sufficient conditions on the
sequence {an}22, of positive integers to ensure that the
number > >° | 1/,/ay is irrational.

1. Introduction. Following Liouville [12], Mignotte [14] and Erdds
[3], we prove the following theorem.

Theorem 1.1. Let {a,}52, be a non-decreasing sequence of positive
integers such that

log? an g—n?/2

n

lim s— = lim a
n—oo 2N n—o00

Then the number Y~ 1/\/a, is irrational.

= Q.

Here, and throughout the entire paper, logx denotes the natural
logarithm of the number x. This theorem has some history. In 1975,
Erdds [3] proved that, if we suppose {a,}32; is a non-decreasing
sequence of positive integers such that lim,,_, a}/ 2 oo, then the
number Y7, 1/a, is irrational. Later, the first author [8] proved that
if {a,}52, is a non-decreasing sequence of positive integers such that
1/2"

1 < liminf a,l/Qn <limsupa,/” ,
n—oo

n—oQ
then the number Y"°7 | 1/a,, is irrational. Subsequently, Sustek [18]
found a new irrationality measure for such a number. Next, Rucki [16]
established a criterion for irrationality of the sums of reciprocals of
natural numbers. Then, in 1991, the first author [6] proved that, if
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{a,}22 is a sequence of positive real numbers such that a, < 2(1/n*)2"

holds for any positive integer n, then there exists a sequence {c,}32
of positive integers such that the number > 2 1/(c,ay,) is rational.

If {a,}22, is a sequence of positive integers such that a; > 2 and
an+1 = a2 —ap + 1 for all (n=1,2...), we note that the number

ii = i+§: (m = DIy oy
—an a1 = (a—1) H?Zl a;
1 e} (a1 — 1)0,1 H;l__; a;
= — + -
ar = (a1 —1) Hj—l aj

a1—1

is rational. We also note that the sequence {a,l/ 2"}3":1 is decreasing

and all its terms are greater than 1. Therefore, lim, .o a,ll 2" exists.
The referee stated that Aho and Sloane [1] proved that, if ag = 2, then
an = 1.2642", also see Finch [4, page 444].

We now observe that the limit lim,_, a,lz/ 2z satisfies some upper
and lower bounds. In order to see this we observe that we have
az = a3—a1+1and ag = (a3 —a;+1)ai(a;—1)+1. By induction, we can
prove that (a%—a1—|—1)2"72—(a%—a1+1)2%3+1 > a, > (a%—al)znd—kl
for every positive integer n > 3. Hence,

Va2 —a; +1> lim a/?" > /a2 —a; > 1.
n— o0

This implies that the condition lim,, ai/ ' = 0 or possibly some-
thing weaker with additional assumptions is necessary for the irrational-

ity of >>07 , 1/ay,.

Throughout the entire paper, ZT and Z denote the set of all positive
integers and integers, respectively. Recall that a number « is a
Liouville number if, for every n € Z¥, the inequality | — p/q| <
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1/¢™ has infinitely many solutions in (p,q) € Z x Z*. Erdés [3]
proved that if {a,}52, is a sequence of positive integers such that
lim,,_,oo(1/n)loglog a,, = co, then the number 7 | 1/a,, is Liouville.
Some other conditions for series to be Liouville numbers may be found
in [5].

Kanoko, Kurosawa and Shiokawa [11] proved the transcendence of
reciprocal sums of elements in some binary recurrence sequences. On
the other hand, Lucas [13] proved that

oo

1 75
;an o

where {F,}52, is the increasing sequence of all Fibonacci numbers.
The first author [7] proved that, if {a,}32; is a sequence of positive
integers such that lim, ,o.(1/n)logslogs a, > 1, then the number
>0 1/ay is transcendental. Here and henceforth throughout the
paper log, z denotes the logarithm to base a of the number z. The
authors are not able to find a sequence {a,}>2; of positive integers
such that

1
lim — log,log,y ay, > 1

n—o00 N

with the number Y7 | (1/a,) algebraic.

The main result of this paper is Theorem 2.4, which gives quite gen-
eral conditions on the sequence {a, }22; that ensures series Y | 1/\/a,
is an irrational number. Its proof is based on an idea of Erdds [3] and
Liouville [12]. Note that it is not required that the elements of {a, }3° ,
be approximable by the elements of a finite union of power sequences
or be associated with any differential equation. This means we cannot
rely on the main theorem from the paper of Corvaja and Zannier [2]
which uses the Subspace method or Theorem 1 from Nishioka’ s book
[15, page 34, Theorem 1] dealing with the Mahler’s method.

2. Notation and preliminary results. Let a be an algebraic
number with minimal polynomial

d
P(zx) = Z a;jx!
7=0
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and conjugates « = a1, ...,ag. Then, the Mahler measure M («) of «
is defined to be

d
= |aa| [ ] max(1, |ay))-

Jj=1

Set H(a) = M(a)'/%. Now, we have the following lemma.

Lemma 2.1. Let n be a positive integer, and let 31, ..., By, be algebraic
numbers. Then

(21) H(gﬁ) <o f[lmm

(22) s (Y0) < f[ldegw

For the proof of (2.1) see Waldschmidt [19, page 75, Property 3.3,
page 79, Lemma 3.10]. Also see Stewart [17]. The proof of (2.2) may
be found in Isaacs [10].

We also need the next theorem [14] and lemma [9].

Theorem 2.2. Let « and B be different algebraic numbers of degree A
and B, respectively. Then,

1
23 =012 5am ()P a1 (B)7

Lemma 2.3. Suppose € > 0, and let {b,}52; be a non-decreasing
sequence of positive real numbers such that b, > n'*e for alln € Z+.
Then, for every N > 1, we have

oo

(2.4) Z bi 1""726/5)

b2/ ()

Our main result is the next theorem.
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Theorem 2.4. Suppose ¢ > 0, and let {a,}52; be a non-decreasing
sequence of positive integers such that

VT @ 42)

(2.5) lim sup an 00,
n—oo

and such that

(2.6) an > n?te

for all sufficiently large n. Then,

o0
>
n=1 n
18 irrational.

3. Proofs. Theorem 1.1 is an immediate consequence of Theo-
rem 2.4. We now prove Theorem 2.4.

Proof. Suppose that there exist p,q € Z* such that

(o]
1 p
"Y = 7 = —.
1 Von q
Set
N
IN = .
NG

Then, we have M (y) = max(p, q), deg(yn) < 2V and

M) = H(on) =0 < Hiyw)*”

N 1 2N N 2N
() ()
n=1 n n=1
From this and Theorem 2.2 we obtain that
1
9deg(7) dcg(w)]\/[(»y)dcg(w)M(’YN)dcg(v)
1 1
Z 2N 2 N N
(2max(p,q))*” M(yn) ~ (max(p,q)2N T [[,_; v/an)?

Y(N) = |y =~ >
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Hence, for all sufficiently large N, we have
2N

N
(3.1) (0 (maxtp. )2 [[var) 21

Now the proof falls into three cases.
Case 1. Assume that

n—1/qj
(3.2) lim sup a,VHj:l ) _ o

n—oo

It then follows, for infinitely many N, that we have
VT, (37+3) > (1 n 1 > YTTZ (37+43)

(3.3) AN N 112 max_ an ;

n=1,...
otherwise, there would exist Ny such that, for every N > Ny, we have

T, (3743) 1 T (87 43)
N+ < (1 TR0 RSN

1 1 TI;Z (37 +3)
< <1 VT 1)2) <1 * N2) B o

< -

R 1 11172} (39 43)
< H (1+2> max a, '
n n=1,...Ng

n=~No+1

o0 .

1 1T =39 4+-3
< H (1 + 2) max an/n"l( +8)
n n=1,...Ng
n=1
= const.

This contradicts (3.2). From (3.3), we obtain that, for infinitely many
N,

~1(3s 12, (37 +3)
1 n—1l(3J j=1
aN+1 = ((1 + ) max ./ 1L=1¢ +3))

(N +1)2)n=1,.N
(14t 2.(37+3) ( . al/n;”;f<3f+3))H§V=1<3"+3>
(N +1)2 n=1,.N

max an
n=1,...

> 98" ( 1/1'1?;11(3%3)) 15, (3743)
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= (2(, ma al/H?;11<3-7‘+3>)Hf:31(3j+3>+3’<”*1)“év:(guw)gjv
= . X n

=1

yeun

Y

1/1—[n 1(3]+3) 3_(N_1) H;V:zl(SJ+3) 3N
(QaN( maXNan =t ) )
n

- (1)

This and Lemma 2.3 yield that

Y

3N

7(N) (maX(p, q)2M*! n]]_j[l W) "

N
1+ [(25/2+1) /] N 2
< I CEO N max(p, q)2" ! |7|1x/an

N+1
14 [(25/>H1) /e] LT
< ((2H£1aj)3N)E/(4+2E)(max(p,q)2N+ E@)
<1,

2N

for infinitely many N. This contradicts (3.1).
Case 2. Suppose that

n—1
(3.4) lim sup an/nj ! (3J+3)

n—oo

and, for all large n, that
(3.5) an > 2"
From (3.4), we obtain, for all large n, that
. 71,2
(3.6) an <28 .
Inequality (3.5) yields that, for every large N,

S EtLE

n<logs an+t1

1 1
@+Zm

n>logs an+1

logy an 11
< ————+
v/ AN+1 Z \/

n>log, an 41
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< 10g, an+1 | o 1
< +
Van+r o = Janiiv2n
< 2logy an+1
VAN+1 .
This and (3.6) imply, for every large N, that we have
4N*

(3.7) Z N s

n=N+1

Now, from (2.5), we obtain, for infinitely many N, that we have
T, (2742) 1 /H;_1<2J+2>
(3.8) anyt ! > <1+(N+1) ) max, an

because, otherwise, as before, there would exist an Ny such that, for
every N > Ny, we would have

1/TTL, (27 +2) 1 YTT;Z (27 +2)
aN+1] < (]. —+ (]V-i—l)) maXN Qn 7

yeen

YTT;= (27 +2)

1 1
= (1 - <N+1>2> (1 i m)ni?%lan

N+1 1 I (2 42)
1 j=1
< I | ( + 2) maXN an

n=1

- 1 UTT= (2 42)
< H (1 + 712) maXNO an
=1

= const.

This contradicts (2.3). From (3.8), we obtain, for infinitely many N,
that we have

[T, (27 +2)
1 n—1,0j =1
aN+1 > ((1 + ( ) axNan/HJ - (2 +2)>

N +1)2
(14 1 Mm@ H)( /T 1(3J+3))H§V=1(2j+2)
- (N +1)? ety

max an
n=1,.

N 2N22N( 1/TI=N( 2J+2))H 1(2742)
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= (2N2( max al/H;‘le(SJ+3))H§v:711(2j+2)+37(N*1) 1‘[;\’:*11(33'_,,_3))21\1
n=1

yeen

n—1(gj 3= (N=1 TN -1 (27 42) 2V
(2¥ (gl 4)> Iy

Y

an
n=1,...

Y

This and (3.7) imply for infinitely many N that we have

N
y(N) (max(p, ¢)2Y [T van)?"
n=1

(5, (oo )

< ( \/4NT+> (max<p, q>2N+1ﬁm)2N

<( — ;INN_ 1 WN) (. 2 ﬂ va

2N

<1,

which contradicts (3.1).

Case 3. Suppose that (3.4) holds. Suppose, in addition, that for
infinitely many n the inequality

(3.9) a, < 2"

also holds. Then (3.6) holds for all large n. Assume that B is a
sufficiently large positive real number. From (2.5), we obtain that there
exists a least integer S such that

(3.10) ag > 28I (2742),

Let K be the greatest integer less than S such that (3.9) holds. Let R
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be the least integer greater than K such that

1
(3.11) ar > <(1 + RQ) o hax,

and such that

1 7},—1 J
312)  a, < ((1 L ) max @ /TB D)
n=

s2 K,...s—1

R—1/0j
1/1—[;=11(2j+2)> Hj:l (27+2)
an

) 1520 (27 +2)
forall s = K+1,...,R—1. Note that R < S because, otherwise, (3.9),
(3.10) and (3.12) together would imply that

28 <

YT (27 +42)
ag

1 T2 (27 +2)
(1 * sz) e

IN

o0 .
1 YT (27 +2)
< (H (1%))@}( 1

n=1

(I +5))

= const.

This is a contradiction for large B. From (3.9), (3.11) and the fact that
{an}52 is a non-decreasing sequence, we obtain that

(3.13)

1o 150 (27 +2)
1 nol !
= <<1+ Rz) ~ max ai/HFl(zHQ)) ]

=K, .R—1
1\ L= @2 Iz i 42 TS (27 42)
=14 —= max Qan )
R2 n=K,..R—1
1 Hf;11(2j+2)
> (1 + R2>

2R7 1

VT @422 TP IS (2 +2)
- lar—1 max ap
n=K,..R—1

Y



ON THE IRRATIONALITY OF INFINITE SERIES 1535

1 ?:_11 (2j+2) R-1
A(ew) (1)
J=K+1
- R—1 oft—1
(1)
j=1
Now inequality (3.12) yields, for all s = K +1,..., R—1, that we have

s—1(gj 1 n—1(9j
QM=) (1+82)n max o/ T @1+

2R—1

=K,...s—1

1 1 LTI (20 42)
(1+5) (1 ) ey

o0 1 K_l .
= (H (1 * ﬁ))“zn“ &+ < p,

Jj=1

IN

where D is a constant which does not depend on K. Hence,

R-1

R-1

e (f12)( 11 »)

s=1 s=K+1
(3.14) §2K2 1:[ Dnj;i(QjJrQ)

s=K+1
< D2 Hf;12(2j+2) .

From Lemma 2.3, (3.6), and the fact that a, > 2" for every n =
K+1,...,5, we obtain that

= 1
ORI

n<log, ar

1

Jan

+

S>n>logy ar
e/2+1

<y % L +”Eimg/€

ar ag

n>log, ar
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1og2 aR Z 1

R \/@\/27 4+4a)
21 1

< 089 AR

\/@ ag /(4+4¢g) °

This, (3.6), (3.10) and (3.13) imply

i 210g2 aR n 1
414
= \ay Jar ag/( <)
31 1

+ e
\/224}%(1_[;:{;11 aj)QRfl 2[5/(4+45)]B Hj:l (2 +2)
1 1

) 223R(Hf;11 aj)zR_2 * 9e/(4+4e)B [t 2i+2)

<

From this and (3.14), we obtain, for a sufficiently large B, that

2R—1

(R —1) ( max(p, ¢)2" ﬁ @)

( i \/Z—J (maX(p, q)2" Ij:[z \/a7>

n=R

2R—1

1 1

<
B <223R(Hf’__11 a;)2"? * 2[6/(4+4€)]Bﬂf=11(2j+2)>

R-1 ofi—1

. (max(p, q)QR H w/an>

R—-1 R— R—1
_ (max(p, >2RHn V@) (max(p, )2 [Ty Van)’
= QSR (H )QR 2 2[5/(4+46)]B 5;11(2j+2)
_ (max(p, )2RHf L /a2 (max(p, g)2R DI (@ +2)y27

QJR(H] | a])QR 2 2[6/(4+4E)]B ;_9:—11(2j+2)

< 1.

This contradicts (3.1). O
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