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R-FAMILIES AND CPD-H-EXTENDABLE FAMILIES
SANTANU DEY AND HARSH TRIVEDI

ABSTRACT. We introduce, for any set S, the concept of
a R-family between two Hilbert C*-modules over two C*-
algebras, for a given completely positive definite (CPD-) ker-
nel R over S between those C*-algebras, and we obtain a fac-
torization theorem for such R-families. If R is a CPD-kernel
and E is a full Hilbert C*-module, then any K-family which
is covariant with respect to a dynamical system (G,n, E) on

E, extends to a R—family on the crossed product E x, G,

where R is a CPD-kernel. Several characterizations of K-
families, under the assumption that E is full, are obtained,
and covariant versions of these results are also given. One
of these characterizations says that such R-families extend
as CPD-kernels, between associated (extended) linking alge-
bras, whose (2,2)-corner is a homomorphism and vice versa.
We discuss a dilation theory of CPD-kernels in relation to
R-families.

1. Introduction. Let B be a C*-algebra and FE a vector space which
is a right B-module satisfying o(zb) = (ax)b = x(ab) for x € E, b € B,
«a € C. The space FE is called an inner-product B-module if there exists
a mapping (-,-) : E x E — B such that

(i) (z,z) > 0 for x € E and (z,z) =0 if and only if z =0,

(ii) (x,yb) = (x,y)b for x,y € E and for b € B,

(iii) (z,y) = (y,z)* for x,y € E,

(iv) (z, uy—&—zw}-u(x y) + v{z, z) for z,y,z € F and for p,v € C.

An inner-product B-module E which is complete with respect to the
norm
|| := ||<3779?7>||1/2 forz € F,
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is called a Hilbert B-module or Hilbert C*-module over B. It is said to
be full if the closure of the linear span of {(x,y) : z,y € E} = B. Also,
for each 2 € E, we use the term |z| to denote (x,z)'/2. Paschke
and Rieffel, cf., [10, 11], contributed immensely to the theory of
Hilbert C*-modules in the early 1970s. Applications may be found
in the classification of C*-algebras, the dilation theory of semigroups
of completely positive maps, the theory of quantum groups, etc.

Apart from the notion of the Hilbert C*-module, the property of
complete positivity is a key concept needed in this article. A linear
mapping 7 from a C*-algebra B to a C*-algebra C is called completely
positive if, for each n € N,

n

> er(bibi)e >0

i,j=1

where by, bs, ..., b, are from B and ¢y, ¢, . .., ¢, are from C. The theory
of completely positive maps plays an important role in operator alge-
bras, quantum statistical mechanics, quantum information theory, etc.
Completely positive maps between unital C*-algebras are characterized
by Paschke’s GNS construction, cf., [10, Theorem 5.2].

Let E be a Hilbert B-module, F' a Hilbert C-module and 7 a linear
map from BtoC. Amap T : E — F is called a 7-map if

(T(2), T(y)) = 7((z,y)) for all 2,y € B,

Skeide [14] developed a factorization theorem for 7-maps when 7 is
completely positive based on Paschke’s GNS construction. This theo-
rem generalizes the Stinespring type theorem for Hilbert C*-modules
due to Bhat, Ramesh and Sumesh, cf., [3]. Certain related covariant
versions of this theorem have been explored in [5, 6].

The next definition of completely positive definite (CPD-) kernels
on arbitrary set S plays a crucial role in exploring the theory of CPD-
semigroups over S [2].

Definition 1.1. Let B and C be C*-algebras. By B(B,C), we denote
the set of all bounded linear maps from B to C. For a set S, we say
that a mapping K : S x S — B(B,C) is a completely positive definite
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kernel or a CPD-kernel over S from B to C if

3R (biby)e; > 0
i,J

for all finite choices of 0; € S, b; € B, ¢; € C.

The notion of a completely multi-positive map, introduced in [5], is
an example of a CPD-kernel over the finite set S = {1,...,n}. CPD-
kernels over the set S = {0, 1} and semigroups of CPD-kernels were first
studied by Accardi and Kozyrev [1]. Motivated by the definition of a
7-map, we define the K-family, where & is a CPD-kernel, in Section 2.
Some of the results concerning 7-maps from [14, 15] are extended to
R-families in this article.

In Section 2, for a CPD-kernel K, we show that any R-family
{K7}scs factorizes in terms of a C*-correspondence F, a mapping
from the set S to F and an isometry, if the corresponding C*-algebras
are assumed to be unital. The factorization result is a Stinespring-type
theorem. Further, we prove a covariant version of this theorem in terms
of the following notions. Let G be a locally compact group, and let B
be a C*-algebra. We call a group homomorphism « : G — Aut(B) an
action of G on B and use symbol «; for the image of t € G under «.
If t — oy (b) is continuous for all b € B, then we call (G,a,B) a C*-
dynamical system. We denote by UB the group of all unitary elements
of the C*-algebra B.

Definition 1.2. Let S be a set, and let & : § x S — B(B,C) be a
kernel over S with values in the set of bounded linear maps from a
C*-algebra B to a unital C*-algebra C. Let u : G — UC be a unitary
representation of a locally compact group G. The kernel £ is called
u-covariant with respect to the (G, «, B) if, for all 0,0’ € S,

K27 (e (b)) = w K77 (b)u} forbe B, t € G.

Let £ and F be Hilbert C*-modules over a C*-algebra B. A map
T : E — F is called adjointable if there exists a map 7" : F — E such
that
(T(x),y) = (z,T'(y)) forallze E, yeF.
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The map T” is unique for each T, and we denote it by T*. We denote
the set of all adjointable maps from F to F by B*(E, F), and, if E = F,
then we denote by B%(FE) the space B%(E, E). The set of all bounded
right linear maps from E into F' will be denoted by B"(E, F). Let
E be a Hilbert B-module, and let F' be a Hilbert C-module. A map
U : EF — F is said to be a morphism of Hilbert C*-modules if a C*-
algebra homomorphism 9 : B — C exists such that

(¥(z),¥(y)) =v((x,y)) forallz,yeE.

If E is full, then v is unique for ¥. A bijective map ¥ : E — Fis called
an isomorphism of Hilbert C*-modules if ¥ and ¥~! are morphisms
of Hilbert C*-modules. We denote the group of all isomorphisms of
Hilbert C*-modules from E to itself by Aut(E).

Definition 1.3. Let G be a locally compact group, and let B be a C*-
algebra. Let E be a full Hilbert B-module. A group homomorphism
t — n from G to Aut(FE) is called a continuous action of G on E if
t — n(z) from G to E is continuous for each € E. In this case, we
call the triple (G, n, E) a dynamical system on the Hilbert B-module E.

Any C*-dynamical system (G, a, B) may be regarded as a dynamical
system on the Hilbert B-module B. In Section 2, we also examine the
extendability of covariant R-families with respect to any dynamical
system (G,n, E) on a Hilbert C*-module E to the crossed product
Hilbert C*-module E x,, G. For any Hilbert C*-module £ on B let
E* :={z* : z € E} C B“(E,B) where z*y := (z,y) for all z,y € E.
Then K(FE) :=span{zy : ¢ € E,y € E*} is a C*-subalgebra of B*(E).
Indeed, E* is a Hilbert X(E)-module where (z*,y*) := zy* for all
x,y € E. The (extended) linking algebra of E is defined by

Lp:= (g Bf(;)) C BYB& E),

cf., [12].

It is shown in Section 3 that, for any CPD-kernel K, the f-family
on full Hilbert C*-modules is the same as the set of maps defined on
the Hilbert C*-modules which extend as a CPD-kernel between their
linking algebras. A characterization of such RK-families is obtained
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in terms of completely bounded maps between certain Hilbert C*-
modules. We derive the covariant versions of the above results as well.

In Section 4, as an application of our theory, we propose and explore
a new dilation theory of any CPD-kernel & associated to a family of
maps between certain Hilbert C*-modules. This dilation is called a
CPDH-dilation and, under additional assumptions, the family of maps
between the Hilbert C*-modules becomes a R-family.

2. R-families and crossed products of Hilbert C*-modules.

Definition 2.1. Let E and F' be Hilbert C*-modules over C*-algebras
B and C, respectively. Let S be a set, and let £: .5 x S — B(B,C) be
a kernel. Let X% be a map from E to F for each 0 € S. The family
{X7},es is called a R-family if

(K7 (), K (') = B> ((x,2')), for x,2' € E; 0,0’ € 8.

Let A and B be C*-algebras. A C*-correspondence from A to B is
defined as a right Hilbert B-module E together with a *-homomorphism
¢: A— BE), where B%(E) is the set of all adjointable operators on
E. The left action of A on E given by ¢ is defined as

ay = ¢(a)y forallae A, y € E.

The next theorem deals with the factorization of f-families:

Theorem 2.2. Let B and C be C*-algebras where B is unital. Let E
and F be Hilbert C*-modules over B and C, respectively, and let S be
a set. If X7 is a map from E to F for each o € S, then the following
conditions are equivalent:

(i) {X7}ses is a R-family where R : S x S — B(B,C) is a CPD-
kernel.

(ii) There exists a pair (F,i) consisting of a C*-correspondence F
from B to C and a map i : S — F, and there exists an isometry
v:EQgzF — F such that

(2.1) vz ®i(o)) =XK(x), forallzeE, ceb.
(EQpgF denotes the interior tensor product of E and F.)
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Proof. Suppose (i) is given. For each o,0’ € S, we define 877 :
B — C by 877 (b) := (i(0),bi(c")) for b € B. The mapping £ is a
CPD-kernel, for

Zc*ﬁ”lgi (b7bj)e; = Zc i(g;), b7 bji(0;))c;

- <Zbii(oi)ci,zbji(aj)cj>
>0, z J

for all finite choices of o; € S, b; € B and ¢; € C. Further, for z,z’ € E;
o,0’ € S, we have

(K7 (2), K7 (2)) = (v(z @ (), v(a' ®i(0))) = 87 ((z,2")).
Thus, {K},cs is a R-family, i.e., (i) holds.

Conversely, suppose (i) is given. By Kolmogorov decomposition for
8, cf., [2, Theorem 3.2.3] and [13, Theorem 4.2], we obtain a pair (F, 1)
consisting of a C*-correspondence F from B to C and amapi: S — F
such that F = span{bi(o)c:b € B,c € C,0 € S} satistying

&7 (b) = (i(0),bi(0")) for be B; o,0" € S.
Define a linear map v : E@Q gz F — F by v(z ® bi(o)c) := K7(xb)c for
allz € E,be B, ceC and o € S. We have
(w(z @ bi(o)c), v(z’ @ Vi(a')d)) = (K7 (zb)e, KT (a'V)¢')
= "85 ((ab, 2'V))c

= (i(o)e,

=(z®

bi

({xb, 2'V))i(o”) )

i(o)e, 2’ @b'i(a’)),

for all z,2’ € E; b,b € B; ¢, € C and 0,0’ € S. Hence, v is an
isometry satisfying equation (2.1). This proves (i) = (ii). O

We now examine the covariant version of the above theorem. If
(G,n,E) is a dynamical system on a full Hilbert B-module E, then
there exists a unique C*-dynamical system (G,a",B), cf., [6, page
806]) such that

ol ((z,y)) = (ne(x),me(y)) forallz,y e Eandted.
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Moreover, for all z € E and b € B, we have n;(zb) = n:(x)a (b).

Definition 2.3. Let C and D be unital C*-algebras, and let u : G — UC
and u' : G — UD be unitary representations on a locally compact
group G. Let F be a full Hilbert C*-module over a C*-algebra B,
and let F' be a C*-correspondence from D to C. Let S be a set and
(G,n, E) be a dynamical system on E. Consider the bounded linear
maps X? : E — F for 0 € S. Then, the family {K7},cgs is called
(u', u)-covariant with respect to the dynamical system (G,n, E) if

K (n(z)) = ui K (x)u; for eacht € G, 0 € S and x € E.

Theorem 2.4. Let u : G — UC and v' : G — UD be unitary
representations of a locally compact group G on unital C*-algebras C
and D, respectively. Let E be a full Hilbert C*-module over a unital
C*-algebra B, F a C*-correspondence from D to C and S a set. Let
K be a map from E to F for each o € S. If (G,n, E) is a dynamical
system on E, then the following conditions are equivalent:

(i) {X7}ses is a (v, u)-covariant R-family with respect to the dynam-
ical system (G,n, E) where & : S x S — B(B,C) is a CPD-kernel.

(ii) There exists a pair (F,i) consisting of a C*-correspondence F
from B to C with the left action m and a map i : S — F, an
isometry v : EQgF — F such that

vz ®i(o)) =K(x) forallz e E, 0 €S8,

and unitary representations v : G — UB*(F) and w' : G —

UB*(EQpF) such that

(a) m(af (b)) = vym(b)vf for allb e B, t € G,

(b) vi(o) =i(o)us for allt € G and o € S,

(¢) wi(z@bi(o)c) :=nu(x)@v(bi(o)c) forallbe B,ceC,z € E,
ceSandteqG,

(d) vw; =y for allt € G.

Proof. Suppose that statement (ii) is given. The collection {X?},cs
is a A-family where 877" : B — C is defined by &7 (b) := (i(c), bi(c”))
for b€ B and 0,0’ € S. Also,

K (i) = v(m () ®i(0))
= v(m(2) ® vivp-1i(0)) = vwi(z @ v-1i(0))
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= up(r @ v-1i(0)) = upr(z @ i(o)us-1)
= upv(z ®i(0))ug-1 = up K (z)uz—
forall z € E, 0 € S and t € G. Hence, statement (i) holds.

Conversely, let us assume that (i) holds. The kernel 8 is u-covariant
because, for 0,0’ € S; z,2' € E, t € G,

877 (af ((z,27))) = 87 ((ge(@), me(')))
= (K (me()), X7 (e ("))

(uX? (z)uf, wy X (x’)uf)

= (K7 (), X7 (2))u;

= w RO ((z,2"))uf

By Theorem 2.2 or Kolmogorov decomposition we get a pair (F,1)
consisting of a C*-correspondence F from B to C where the left action
is given by a #-homomorphism 7 : B — B%(F) and a map i : S — F
such that span{bi(c)c: b€ B,c € C,0 € S} = F, satisfying

&7 (b) = (i(0),bi(0")) for be B; o,0" € S.
Further, we have an isometry v : £ Q) F — F defined by
v(z ®bi(o)c) ==K (zb)c forallze E, beB, ceC, o €S.
For each t € G, set vy (bi(o)c) := of (b)i(o)uc forallt € G, b€ B, c€C
and o € S. Observe that
(ve(bi(o)c), ve (Vi(o")c))

= (o (B)i(o)uee, o (V)i(0")uec’)

= (ue)" 87 (] ()" (V) Jusd!

= Ul R77 (00 ulugd

= (bi(o)c,b'i(o”))
for all b, € B; 0,06/ € S and ¢, € C. Since o is an automorphism
and wu; is unitary for each t € G, it is immediate that v; uniquely
extends to a unitary v; : F — F for each t € G. Because of the

continuity of ¢ — oy (b) for each b € B, the continuity of u and the fact
that v, is unitary for each ¢t € G, it follows that ¢ — v, f is continuous
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for each f € F. Hence, v : G — UB*(F) is a unitary representation.
For all b,b’ € B; t € G and ¢ € C we get

r(@) (1)) (Bi(o)e) = (@) (¥)B)i(o)e

= vy(Va (b)i(o)us-10)

— o) (!, (B)i(0)r-r)

— o Yoy (Bi(0)).
Thus, v satisfies conditions (a) and (b).

For each t € G, define w; : EQyz F — E Qg F by

wi(z @ bi(o)c) := n(x) @ vbi(o)c

forallbe B, ceC,o€ S, z € E. We get
(wi(z @ bi(o)c), wy(a' @ V'i(o")c)

= (v (bi(0)c), (me(x), m(2"))ve(Vi(o")c))

= (v:(bi(0)c), o ((z, 2"))vr (V'i(0")c))

= {0 (bi(0)e), vel (@, #)Wi(0))

= {bi(o)e, {2, 2')Di(0")¢')

= (z @ bi(0)c, 2’ @V'i(0”)

c

c)
for all b, € B; ¢,d € C; z,2’ € E and 0,0 € S. Using the strict
continuity of v and the continuity of ¢t — n,(x) for all z € E we obtain
that the map t — wjz is continuous on finite sums of elementary tensors
z € EQrF. Now |wi] < 1 implies w’ is strictly continuous and
therefore a unitary representation. Moreover, we have
vwy(z @ bi(o)c) = v(n(z) @ v (bi(o)c))
= v(n(z) ® o (b)i(0)urc)
=K (me

= u, K7 (zb)ujusc
= uy K7 (zb)c
= uv(z ® bi(o)c)
forallbeB,ceC,z e E,0 € Sandted. a
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The next corollary proves the uniqueness of Theorem 2.4.

Corollary 2.5. Let € be another C*-correspondence from D to C. For
o€ S, let i’ : E — & be maps such that span{p°(E)C : 0 € S} =&
and let v : € — F be an isometry such that vp® = XK. Then there
exists a unitary representation wy : G — UB*(E), defined by

wy (17 (x)e) = 17 (e () Jure
forreE,teG,o0eS andcelC

and a unitary v : € — EQgF defined by u : i (x) — x @ i(o), where
o € 8 and (F,i) is the Kolmogorov decomposition for kernel & such
that

(a) vu =7, uww; = wiu for allt € G and
(b) up® = p” where, for o € S, the mapping pu° : E — EQpzF is
defined by x — x ®i(0).

Proof. For all z,x' € F; ¢,/ € C and 0,0’ € S, we have

(17 (e (@) e, ﬁgl (me(2"))urc’)
(K () Juae, K (e () ')
= (we, B (o ({2, 2')))ugc’)
= (X7 (2)c, j<‘T( )
= (17 (x)e, i (2) ).

Therefore, w” is a unitary representation. O

Let B be a C*-algebra, and let G be a locally compact group. Let
(G,n, E) be a dynamical system on a full Hilbert B-module E. The
crossed product E x, G, cf., [4, 7], is the completion of an inner-
product B X ,» G-module C.(G, E), where the module action and the
B X on G-valued inner product are given by

9= [ aita(es)

(1) sn(s) = /G ol ({U(t), m(ts))) dt,
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respectively, for g € C.(G,B) and I,m € C.(G, E). We derive, for any
CPD-kernel R, the extendability of a covariant K-family to that on the
crossed product of the Hilbert C*-module corresponding to the given
dynamical system.

Proposition 2.6. Let S be a set, and let R : S x S — B(B,C) be a
CPD-kernel over S from a unital C*-algebra B to a unital C*-algebra
C. Let D be a unital C*-algebra, and let u: G — UC and v’ : G — UD
be unitary representations of a locally compact group G. Suppose that
E is a full Hilbert B-module, F is a C*-correspondence from D to C
and K is a map from E to F for each 0 € S. If {K%},es is a (v, u)
covariant R-family with respect to the dynamical system (G,n, E), then
there exists a family of maps X E Xy G — F such that

%7 (1) = /G K (U(#))ugdt for alll € Co(G, E), o € S,
and there exists a CPD-kernel 8% : B X qn G — C, which satisfies
RO (f) = /G RO (F(t))ugdt  for all f € Co(G,B), o,0" € 8,
such that {i”}ges is a R-family.

Proof. Let (F,i) be the covariant Kolmogorov decomposition as-
sociated with the CPD-kernel & : S x S — B(B,C) described in
Theorem 2.4, and denote the left action associated with the C*-

correspondence F by w. Consider maps Roo' . B Xan G — C defined
by

87 (f) = (i0), (1 x v)(f)i(o"))
for all f € C.(G,B), 0,0’ € S.

Similar computations as in Theorem 2.2 prove that R is a CPD-kernel
on S from B Xx4» G to C. For 0,0’ € S,

(2.2) 77 () = {i(o), ( x v)(f)i(o"))
:awyéwqmwmamw

:/awxﬂﬂwwma»a
G
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— [ fio),ml 0oy
G
— [ fi0) w0
G
- / K27 (f(1))uy dt,
G
for all f € C.(G,B). The third equality in array (2.2) follows by
applying [16, Lemma 1.91] for a bounded linear map L : B*(F) — C,
which is defined as L(T) := (i(0),Ti(0")) for all T € B*(F). Define
X7 :Ex,G— F by
= / Ko(U(t))updt forall o € S, I € C.(G, E).
G
From Theorem 2.4, we obtain an isometry v : E Qg F — F such that
v(z®i(o)) =XK(z) forallz € E, o €S,
and unitary representations v : G — UBYF) and w' : G —
UB*(E @y F) satisfying conditions (a)-(d) of the theorem. For all
l€C.(G,FE) and o € S, we obtain
) = / K (1) )y it = / V(I(H)@i(0))ur dt = / (1) @uii(0)) dt.
G G G

Finally, it follows that {CJNC"}UeS is a A-family because, for o,0’ € S
and I,m € C.(G, E), we have

<5<<’<Z>,5<U’<m>>=< [ vy vt ar, | u<m<s>®v31<a'>>ds>

. / / (wri(o), m((U(1), m(ts)) vrsi(o”)) dt ds

W ()it s )
G
G
L

)»//G (a2 ((U(t), m(ts))))vsi(a’)dtds>
), / 7 ({1, m)(s))vsi(a”) ds>
((1,m)).

(1
(i(o
<i(0
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3. Characterizations of R-families. Let E be a Hilbert C*-
module over a C*-algebra B. By M,,(E), we denote the Hilbert M, (B)-
module where the M, (B)-valued inner product is defined by

n

(il o) = | o)

k=1

n

ij=1

for all [zi;]7;_y, [2;]7 =1 € Mn(E).

Definition 3.1. Let F be a Hilbert C*-module over a C*-algebra C,
and let T': E — F be a linear map. For each positive integer n, define
T, : M (E) — M, (F) by

Tn([wij]?,j:ﬁ = [T(xij)]?,jzl for all [xij]:’l,jzl € M, (E).

We say that T is completely bounded if, for each positive integer n, T,
is bounded and ||T||ep := sup,, || T || < oc.

We show in this section that R-families, where & is a CPD-kernel,
are the same as certain completely bounded maps between the Hilbert
C*-modules. We need the following Hilbert C*-modules in order to
inspect the extendability of K- families to CPD-kernels between the
(extended) linking algebras of the Hilbert C*-modules:

The vector space E,, consists of elements (21, za, ..., 2,) withz; € E
for 1 < i < n, where the operations are coordinate-wise. It becomes a
Hilbert M,,(B)-module with respect to the inner product whose (7, j)-
entry is given by

(w1, 29, ..., @), (2, @5, ... 20,))ij = (w4, 7))

for (z1,x2,..., @), (2], 25,...,2,,) € E,. The symbol E™ denotes the
Hilbert B-module whose elements are (x1,Z2, ..., %,)" with z; € E for
1 < i < n, where * denotes the transpose. The inner product in E” is

defined by
(21,2, ... 20", (2], 2hy .., 20)t) = Z(:c“xb
for (w1, z2,...,x,)" (2, 2h, ..., 2))t € E™.

From [2, Lemma 3.2.1], we know that & is a CPD-kernel over S
from B to C if and only if, for all o1,09,...,0,, n € N, the map
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[ﬁm‘,aj]ﬂ . Mn(B) — Mn(C) defined by

1,7=1
[R7997][bij] »= [R7777 (bij)]i =1 for all [bi]};—q € Myu(B)

is (completely) positive. This realization of CPD-kernels comes in
handy in the proof of the next theorem.

Theorem 3.2. Let E be a full Hilbert C*-module over a C*-algebra
B, and let F' be a Hilbert C*-module over a C*-algebra C. Let S be
a set, and let KX? be a linear map from E to F for each 0 € S. Let
Fy := span{X°(x)c : © € E, ¢ € C, 0 € S}. Then the following
statements are equivalent:

(a) there exists a unique CPD-kernel R : S x S — B(B,C) such that
{X}ses is a R-family.

(b) {X%},es extends to block-wise bounded linear maps ﬁ;; K;* ),
from Lg to Lg, , forming a CPD-kernel over S from Lg to Lp,.,
where ¢ is a x-homomorphism. In such a case, we call {K},es a
CPD-H-extendable family.

(¢) For each finite choice o1, . ..,0, € S the map from E,, to F,, defined
by

x — (K7 (21), K% (232), ..., K" (z,)),
forx = (z1,22...,2,) € Ey,, is completely bounded. Moreover, Fy
can be made into a C*-correspondence from B*(E) to C such that
the action of B*(E) on Fy is non-degenerate and, for each o € S,
K is a left B*(E)-linear map.

(d) For each finite choice o1, ...,0, € S the map from E,, to F,, defined

by

X —> (9("1 (56‘1), X2 (.1'2), . ,9(:0" (.’En)>7
forx = (x1,22...,2,) € E,, is completely bounded, and {X?},cs
satisfies

(K (y), X7 (2, y'))) = (K7 (@ (@), X7 (¢))
forx,y,x’',y € E.

Proof.

(a) = (b). Suppose B is unital. Using Theorem 2.2, we obtain a
pair (F,1) consisting of a C*-correspondence F from B to C and a map
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i:S — F such that span{bi(o)c: b e B,c € C,oc € S} = F, and an
isometry v : E @y F — F, defined by
v(z @bi(o)c) ==K (zb)e forallz e E, be B, ce(C, o€ S.

We again denote the unitary obtained from v, by restricting its
codomain to Fy, with v. With this unitary v, define a x-homomorphism
¥ BYE) - BYFx) by ¥ : a — via®idr)r*. Identify F with
B*(C,F) using f +— Ly, where Ly : ¢ — fc, and identify Bz F with
F using b® f — bf. For each z,2’ € E, f and f' € F, and b € B, we
obtain

(zeidr) (@ @ f)be f) = (@' febe )

= (f. (@', ab) f') = (f, (&, 2)bf")
= ("2 f,bf") = (z"2' @ f,b® [)
= (@ @idr)(@' @ )b f).
Therefore, (z ® idF)* = (z* Q@ idF), for z € E.

For each o € S, the element

(% 9 ((2) O
(7 2)(C Do) 2)

(5 D) GeI Caan)

We have

")
_ (‘(0) (b@i(e) i(o)* (x@idf)*y*>
Wy @ie)  va®idew

forall b e B,z,y € E, a € B4E), 0 and ¢/ € S. Thus, we obtain a
CPD-kernel on S from Lg to LF, formed by maps

(57 2 (1) 8 it ()2,

where X7 (z*) := X (z)* foroc € S, 2 € E.

Assume that B is not unital. Let B and C be the unitalizations
of B and C, respectively. Let (ex)rea be a contractive approximate
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unit for B. Let § : B — C be the unique character vanishing on
B. For each o,0’, define 879" : B — C by &7 (b) := &7 (b)
for all b € B and £ (1 5) = Hﬁ”" 1. For each A € A, define

ﬁi’al = 897 (5 wex) + (|[R77 |15 — 877 (een))d. Mappings Rys are
CPD-kernels, and (8’7 )xea converges pointwise to R&27". We conclude
that 8 is a CPD-kernel.

Note that {K°},eg is also a &-family, and E and F are also Hilbert
C*-modules over B and C, respectively.

Extend {X},cs to a CPD-kernel over S from (E 93G(E)) to Ly,

as above. Restricting this CPD-kernel to ( E B%( E)) yields the required
CPD-kernel.

(b) = (c). Let n € N. For o01,...,0, € S, define a linear map K
from E,, to F, by

x — (K7 (21), K% (22), ..., K" (zn))
for x = (z1,22...,2p,) € Ep.

Fix I € N, and let [xms]in,szl € M;(E,) where

Xms = (mms,la Tms,2y - - 7xms,n) ck,.

Set 00 00 0
(@0) (&0) - (and)
s |G Gy d |

(68) (88 - (89)

which is an n x n block matrix consisting of blocks of 2 x 2 matrices.
Define By,;, as the matrix A where a; = K% (2y,1,;) so that blocks of
2 x 2 matrices are elements of Lp,, and thus, By, is identified with
an element of M, (Lp, ). Similarly, define Cy,;, as the matrix A where
a; = Tk, and thus, Cp is identified with an element of M, (Lg).
We have

||Kl([xm5]£n,s:1)||2 = H[K(XmS)]fn,s:le
= H([K(Xms)]%s:p [K(XmS)]in,s:ﬁH
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l

=N

<K<ka>,K<xks>>}

m,s=1

~
~ I
-

il {(Kgi (Thm,i), K (xks,j»] ’ y

- k=1 i,j=1dm,s=1
ro 1l l

o [ DL R A
Le—1 m,s=1

- | [ (ﬁgl ,O-J U ) ] C } l 2
L X7 m,s=1
03,05 G'j 2
< R ‘ X
M\ xs 0 ),

1%, 51 1%
where 2 X 2 matrices with round brackets are block-wise bounded linear
maps on the linking algebra L. Therefore, from [2, Lemma 3.2.1], it
follows that K is completely bounded.

Let
0 0
D= (0 B“(E))
be a C*-subalgebra of Lg with the unit

P (1
D=0 idg)-

We denote the x-homomorphism, which is the restriction of (f';{ : Kg )
to D, by 6.

Without loss of generality, we assume that 5 is unital because, if B is
not unital, then we can unitalize it and work as in the proof of “(a) =
(b).” Let (F,i) be the Kolmogorov decomposition for the CPD-kernel

(‘9;:: 9{; ) where 0,0’ € S. For each d € D and o € S,

Ildi(o) = 1pi()0(d)||* = [[{di(0), di(0)) — < i(0), 1pi(0)0(d))
— (1pi( >

+ (Ipi(o

= ||6(d*d) — 6(d*d) — G(d d) +0(d*d)|| = 0.
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Therefore, for each 0,0’ € S and for all z € E, a € B*(E), we have
0 0y (8> K 0 0\ /0 0
X' (az) 0)  \K° 9 0 a/\z O
. 0 0 0 0YV.,,
@ (5 ) 0)e)

Hence, X% is a left B*(E)-linear map for each ¢/ € S, and ¥ is
non-degenerate. Observe that the Hilbert C*-module Fy is a C*-
correspondence from B?*(E) to C with the left action given by 9.

(¢) & (d). If X7 is a left B*(E)-linear map for each o € S, then
<j<:0'( ) ( x/*y/
((z 2")"%K (y), K
= (K7 (@'*y), X7 (y)
= (X7 (' (2,9)), X7 (¥))),

(K7 (y), X7 (', y)) =

)
(¥"))
)

for all z,y,z',y’ € E and 0,0’ € S.

Conversely, using the equation in condition (d), we define an action
¥ on Fy, of the algebra F(F) of all finite rank operators on E, by

I’ x*)K (y) := K (a'x*y) for all x,2’,y € E.

Since ¥ is bounded on F(E), it naturally extends as an adjointable ac-
tion of KX(E) on Fx. Since E is full, we can obtain an approximate unit
(ZkA (), yM))aen for B where x)), y) € E. Using this approximate
unit, it follows that +) is non-degenerate.
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We can further extend this action to an action of B*(E) on Fy, cf.,
[8, Proposition 2.1]).

(c) = (a). Let n € N. The algebraic tensor product E,* @), En
span(Ey, En), cf., [8, Proposition 4.5]). Note that E," @), En is a
dense subset of M, (B). Set o1,...,0, € S, and let K be defined as
above. For each k € N, we define K* : (E,)F — (F,)* by

K*(x*) = (K(x1), K(x2), ..., K(x))",

k= (x1,Xa,...,%x%)" € (E,)". Define a linear map [R7:79]7 .

where x hg=1

Ey* Qg Bn — My (C) by

k
(7] (z xl,yl> (KF (), KE(v9)),
=1

t k

: Y = (Y1aY2»~-~»Yk)t S (En)k, i.e.,

where x* = (x1,X2,...,Xg)

<Xk7yk> = Zf:1<xi,yz‘>-

First, we prove that [87977] is bounded. We have

H[ﬁ%@](f}xhy») | = Bt Dl < I 1

=1

For 0 < a < 1, we decompose x** as wk |[x**|* (cf. [8, Lemma 4.4];
[15, Lemma 2.9]), where w” := [x**|1=%. So, as a — 1, we have

k
Z<Xl7 YZ>
=1

\ — ot v = I @ v

= [[walx** @ y*|| = llwa @ [x"|*y"|

< [lwa ™[y [ — [ Iy ™l = 1", v

In the above equation array, we have used the facts that ||wk| =
SUD)eo(jxhe) A ¢ = [xF||*=* — 1, and |x*¥*|* converges in norm to

|x¥*|. We deduce that, for each € > 0, there exists an « such that

k
E Xl7Yl ’
=1

Iwalllllx" |~y <
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Let x* := wk* € (E,)* and y'* = |x}*|*y* € (E,,)*. Then

k
> (xiy)
=1

I, ™)< ™ [y ™ || < +e

and
<X/k y/k:> _ x/k* ® y/k _ Xlk:* ® y/k
=wp, @ [xM|0yF = wilx" T oyt = (xF y").
Therefore, [£7::77] is bounded.
Because F, is full, as in the case (¢) < (d), we can obtain the
approximate unit ey = (X, Y ) for M, (B), where
X)\ = (xi‘,x%, e ,Xz)\)t,Y)\ = (Yi\v}’é\v e 7y]é)\)t S (En)k/\.
Let B be a positive element in M, (B), and let ¢t5 be the positive
square root of the rank 1 operator X,BXj in X((E,)¥). Finally,
using e} Bex 2 B in norm and
[R70%](exBex) = [R77[(Y3XABX Y )
= [R7VT]((tAY A, 1Y)
= (K" (t\Y)), K" (12 X)) > 0,

we infer that [R7979](B) > 0. O

Let G be a locally compact group. Suppose that E is a full Hilbert
C*-module over a unital C*-algebra B and that (G, 7, F) is a dynamical
system on E. We define a C*-dynamical system on the linking algebra
Lp as follows. For each s € G, let us define Adns(a) := nsans—1 for
a € BYE), and define n(z*) := ns(z)* for z € E. Denote by 6 the
action of G on Lg, which is given by

(5 0) = (i A)

for all s € G, a € B*(E), b€ Band z,y € E. Tt is easy to check that
we obtain a C*-dynamical system (G, 0, Lg).

Theorem 3.3. Let E be a full Hilbert C*-module over a unital C*-
algebra B, and let F' be a C*-correspondence from D to C where C and
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are unital C*-algebras. Let u : G — UC and v’ : G — UD be unitary

representations of a locally compact group G, and let (G,n, E) be a
dynamical system on E. Assume S to be a set and K to be a linear
map from E to F for each o € S. Let Fy :=span{X°(z)c:x € E, c €

Ca
(a)

(b)

o € S}. Then the following statements are equivalent:

there exists a unique CPD-kernel & : S x S — B(B,C) such
that {K}secs is a (u',u)-covariant K-family with respect to the
dynamical system (G,n, E).
{X}res extends to block-wise bounded linear maps (ﬁj::, K; )
from Lg to Lp, forming a CPD-kernel over S from Lg to
Lr,, where 9 is a x-homomorphism, i.e., {X}scs is a CPD-
H-extendable family. The kernel (ﬁ;(j x;) is w-covariant with
respect to (G, 0, Lg) where w : G — ULR,. is a unitary representa-
tion.
For each finite choice o1, . ..,0, € S the map from E,, to F,, defined
by

x — (K7 (21), K% (22), ..., K" (z))

for x = (x1,29...,2,) € Eyn, is completely bounded. Moreover,
{X%}oes is (u',u)-covariant with respect to (G,n,E), Fx is a
correspondence from B*(E) to C such that the action of B(E)
on Fy is non-degenerate and, for each o € S, K7 is a left B“(E)-
linear map.

For each finite choice o1, . ..,0, € S the map from E,, to F,, defined
by

X (:Kgl (xl)v Xz (1’2), LR Ko (:Cn))

forx = (x1,22...,2,) € E,, is completely bounded, and {X},cs
is (u', u)-covariant with respect to (G, n, E) satisfying, for x,y,x’,y'

e E,

(K7 (y), X7 (22, y'))) = (K (2", )), K7 ()

Proof. We use the same notation as in the proof of part (a) = (b)

of Theorem 3.2. For each s € GG, define a map w, : L — Lg by

c x| UsC  UgX*
Ws = ’ /
Yy a ugy uga
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forall c € C, z,y € F and a € B*(F). The mapping w : G — ULF
is a unitary representation. Using Theorem 2.4, we obtain a unitary
representation w’ : G = UB*(E Qyz F) defined by
wi(x @ bi(o)c) == ni(z) @ ve(bi(o)c)

forallbe B,ce(C,z € E, c € Sandt € G. Further, it satisfies
vw;, = uyv for all ¢ € G. Thus, we have

d(nsans—1) = v((nsans—1)RidF)r* = vw)(a®idF)w, . v* = u,¥(a)u,—
for all s € G and a € B*(E). Therefore,

(e 5)e 6 )= Gty i)

. ﬁo,a’ i b x* e
— Ws Ka/ ,19 y a S
forall s € G, a € B*(E),be B, 0,0’ € Sand z,y € E. O

4. Application to the dilation theory of CPD-kernels. Sup-
pose E and F' are Hilbert C*-modules over C*-algebras B and C, re-
spectively. Let S be a set, and let £: Sx.S — B(B,C) be a CPD-kernel.
Let {K},cs be a R-family where K7 is a map from E to F for each
o € S. Recall that there exists a Kolmogorov decomposition (F, i) of R.
From Theorem 2.2, it follows that there is an isometry v : EQz F — F
such that

v(z®i(o)) =XK(z) forallz € E, o0 €S.

If Fyx is complemented in F', then we obtain a *-homomorphism ¥ from
B(E) to B*(F) defined by v(e ® idr)v*. Also, if £ is a unit vector in
E,ie., (£,&) =1, then the next diagram commutes.

’

(4.1) B—Y" ¢
5'5*l T(V(&(@i(a))’w(ﬁ@i(o/)))
B4(E) —— B(F)
Here, b — £bE* is a representation of B on E. In fact, to obtain the

above commuting diagram, it is sufficient to assume that there exist
a C*-correspondence F from B to C, a map i : S — F, a Hilbert
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B-module E, an adjointable isometry v : EQgzF — F and a unit
vector £ € E. For this, we set 877 := (i(0), oi(0”)) for 0,0’ € S and
9 :=v(e®idF)r*.

If i(o)s are also unit vectors, then &27" is a unital map for each
o,0' € S, and, in this case, we say that kernel & is Markov and
the dilation ¥ of K is a weak dilation. Change the map & e £* by
the map (£, e¢) and reverse the arrow of this map. Now substitute
K7(&) = v(€ ®i(0)) in the above diagram to obtain the commuting
diagram:

’
/oo
—

(4.2) B
<s7o£>T

B(E) — Be

(K7 (€),0K7 (£))
5 (F)

This motivates us to introduce a notion of dilation of a CPD-kernel
8 over S whenever there is a family of maps {K?},cs between some
Hilbert C*-modules and a commuting diagram similar to (4.2).

Definition 4.1. Let E and F' be Hilbert C*-modules over C*-algebras
B and C, respectively. Let S be a set, and let £: S x S — B(B,C) be
a CPD-kernel. A s-homomorphism ¢ : B*(E) — B*(F) is a CPDH-
quasi-dilation of R if there is a linear map X7 from FE to F for each
o € S such that

’

R
-

(4.3) B C
<m,ow/)T T(ﬂ(”(z),oﬂ(”l(w'»

B9(E) — > B°(F)

commutes for all z,2’ € E. A CPDH-quasi-dilation 9 is called

(a) a CPDH-dilation if E is full.
(b) strict if the *-homomorphism ¥ is strict.

A CPDH-(quasi-)dilation ¢ is called a CPDHy-(quasi-)dilation if ¥ is a
unital *-homomorphism.
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Proposition 4.2. Let ¥ be a CPDHg-quasi-dilation of a CPD-kernel
R:9%x8 = B(B,C). If {X}yes is a family of maps from E to F such
that the diagram (4.3) commutes, then {X},cs is a R-family where

K (ax) = ¥ (a)X?(x) forxz e E, a€ BYE), o €S.

Proof. Since diagram (4.3) commutes, for x € E, a € B*(E) and
o,0' €5, we get

(4.4) (K7 (@), 9(@)X7 (2) = (K7 (2), X" (aa’)).

As 9 is unital, {K7}scs is a R-family. Thus, by setting Fyx :=
span{X?(e)c : e € E, ¢ € C, 0 € S} and using equation 4.4 we
get a x-homomorphism J% : B*(E) — B%(Fx) which is defined by
Y5 (a)K(z) = K7 (az) for x € E, a € B*(E), 0,0’ € S. We obtain

(y,95c(a)y’y = {y,9(a)y’) for all a € B*(E) and y,y’ € Fx.
Thus, d(a)y = ¥« (a)y for all y € Fx and a € B*(E). O

Definition 4.3. A family of maps {X?},cs from E to F is called
(strict) CPDHg-family, if it extends to block-wise bounded linear maps
from Lp to L forming a CPD-kernel over S whose (2, 2)-corner is a
unital (strict) *-homomorphism.

We remark that the acronym CPDH is used instead of CPD-H
extendable if we have the Hilbert C*-module F' instead of Fy in the
statement of Theorem 3.2 (b).

Proposition 4.4. Let B be unital. If ¢ is a strict CPDHg-dilation of
a CPD-kernel R: S x S — B(B,C) and {X°}scs is a family of maps
from E to F such that diagram (4.3) commutes, then {KX°},cs is a
strict CPDHg-family.

Proof. Let (Fg,i) be the Kolmogorov decomposition of the CPD-
kernel £: .5 x .S — B(B,C). Because ¥ is a strict unital homomorphism
from B*(E) to B*(F), using the representation theorem [9, Theorem
1.4], we obtain a C*-correspondence Fy := E* @), F' (another notation
for E* @ pa () F) from B to € and a unitary v : E Q)5 Fg — I, defined
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by

v(z' @ (2" ®@y)) :=9('z")y forallz,2’ € Eandy € F
such that we obtain ¥ = v(e ® idg,)v*. It is immediate from Propo-
sition 4.2 that the map from Fg onto E* Q, Fx C Fy defined by
(z,2)i(o) = 2* @K (2') for all z,2’ € E and o € S, is a bilinear uni-

tary. Now we identify Fg C Fy, and we have i(c) € Fy for all o0 € S.
Further, we obtain

V(e (el a")i(0) = (2@ (e 0K (2) = 9(za")K (") =K (a(a’, 2"")

for all z,2’,2"” € E, where the last equality follows from Proposi-
tion 4.2. Since E is full and B is unital, we get X7 (z) = v(z®i(0)) for
r e FE.

For each o € S, we have

(5 ) e ((7) (£) ®e).
Since
() emn) (5 2 ()= (Sl omizn,)

we have

(@ w)en) (7 2)6)
(( &) omn) (97 2) (o))

= ¢1(i(0), b1b2G5)c2 + €1 (i(0), b1 (23 @ idF, )v 7 y2)
+ Y1, bai(0”)) e

*

(o @ idz, )V
+ (2] ®idF, vy, (25 @ idx, )V ya)
+ci(z] ®i(0), 25 ®i(0"))ea + ci (] ®1i(0), (a2 ®@ idF, )V ys)
+ (a1 @ idx, )V y1, 25 @ i(0"))co
+ ((a1 ® 1dx, )V y1, (a2 ® idg, ) ya)
= {877 (biba)ca + (K (w2b1), y2) + (y1, K7 (z1b2))e2

+ (g1, W(@128)y2) + 1R (@], 7h))e2

+ 1K (a3)), y2) + (11, K7 (afah))ea + (v, 9(ajaz)ys)
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o C1 .QG’U, :KU* b1 x}‘ * bz 333 Co
B yi) \ Ko 9 Toa Ty az Y2

for all x1,zq,2),25 € E; b1,by € B; c1,¢0 € C; y1,y2 € F and
aj,az € B*(E). Therefore, (ﬁ;: ‘{K; ) forms a CPD-kernel, and
hence, {X?},¢s is a strictly CPDHg-family. O

We further generalize the notion of CPDH-dilation as follows:

Definition 4.5. Suppose E and F' are Hilbert C*-modules over C*-
algebras B and C, respectively. Let 8 : S x S — B(B,C) be a CPD-
kernel. Let 8 be a CPD-kernel over the set E from B*(E) to B, and
let £ be a CPD-kernel over the set {K?(x) : 0 € S,z € E} from B(F)
to C. A homomorphism ¢ : B*(E) — B*(F) is called a generalized
CPDH-quasi-dilation of & if {K?},ecs is a collection of linear maps
from F to F such that the next diagram commutes for all z,2’ € FE
and 0,0’ € S:

(4.5) C
Tgx"m,w'(z/)
(

A generalized CPDH-quasi-dilation 6 is called a generalized CPDH-
dilation if E is full.

Let £ be a CPD-kernel over the set S = {X7(z) : 0 € S,z € E}
from a unital C*-algebra B*(F) to a C*-algebra C. We get the
Kolmogorov decomposition (F,1i) such that

(i(y),ai(y’)) = ey’ (a) forall y,y' €5, a € BY(F)

and
F =span{ai(y)c:a € B*(F), ye S, ce C}.

Hence, we get
K77 (B (@) = (X7 (2)), 9(@)i(K (@)

for each 0,0/ € S, z,2’ € E and a € B*F). We denote the
homomorphism which gives the left action on F by 0 : B%(F') — B*(F).
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Observe that the next diagram commutes for all z, 2’ € E and 0,0’ € S:

B
XBAT‘Z/ T

(i
B(E) oo B(F)

’
goo
—C

(K7 (2)),0i(K7 (2')))

Proposition 4.6. Suppose E and F are Hilbert C*-modules over C*-
algebras B and C, respectively. Let & : S x S — B(B,C) be a CPD-
kernel. Let P be a CPD-kernel over the set E from B*(E) to B defined
by Pt = (x,e2'), where x,2’ € E, and let £ be a CPD-kernel over
the set {K?(x) : o0 € S,z € E} from B*(F) toC. IfY : B*(E) — B*(F)
is a generalized CPDH-quasi-dilation of R with respect to CPD-kernels
B and £, then 6 o9 : B*(E) — B*(F) is a CPDH-quasi-dilation
of R with respect to maps {i o XK° : E — Flyes where (F,i) is
the Kolmogorov decomposition of £ and 0 : B*(F) — B*(F) is a
homomorphism which gives the left action on F.
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