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ON THE COEFFICIENTS OF
TRIPLE PRODUCT L-FUNCTIONS

GUANGSHI LU AND AYYADURAI SANKARANARAYANAN

ABSTRACT. In this paper, we investigate the average
behavior of coefficients of the triple product L-function
L(f® f® f,s) attached to a primitive holomorphic cusp form
f(z) of weight k for the full modular group SL(2,Z). Here
we call f(z) a primitive cusp form if it is an eigenfunction of
all Hecke operators simultaneously.

1. Introduction. Let k > 2 be an even integer. Denote by Hj the
set of all normalized Hecke primitive cusp forms f(z) of weight k for
the full modular group SL(2,7Z). Here, and throughout this paper, we
call f(z) a primitive cusp form if it is an eigenfunction of all Hecke
operators simultaneously. It is known that f(z) has the following
Fourier expansion at the cusp oo,

(1.1) flz)= Z Ap(n)ntE=D/2e2minz gy > 0,

n=1

where we use A¢(n) to denote the normalized Fourier coefficients,
i.e., coefficients which have been divided by n*=1/2. According to
Deligne [4], for any prime number p, there are two (complex) numbers
ays(p) and Bf(p) such that

(1.2) af(p)Br(p) = lay(p)| = |Bs(p)| =1
and
(1.3) Af(p) = ay(p) + B (p)-
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The coefficient Af(n) is a real multiplicative function of n and satisfies
the Deligne inequality,

(1.4) [As(n)] < d(n),

for all integers n > 1, where d(n) is the divisor function.

Let L(f, s) be the Hecke L-function attached to f, which is defined
as:

(L5) L(f,s)= AJ;L(SH) =1 —arp) " (1-Bro)p~) ",
n=1

p

for Res > 1. In the literature, many researchers have investigated the
average behavior of various sums concerning As(n), for instance, there
is a long history on the investigation of the upper estimate for

(1.6) Sy(z) == Z Ar(n).

n<z
In 1927, Hecke [10] proved that
(1.7) Sy(x) < x'/?,

Subsequent improvement was first given by Wilton [40] in which only
the case of Ramanujan’s 7-function was stated and later generalized by
Walfisz [39] to other forms. Let 6 be a constant satisfying

(18) Ar(m)] < n.
Wallfisz proved that
(1.9) Sp(x) <5 x1F0/3,

Then the works of Kloosterman [19], Davenport [3], Salié [32],
Weil [41] and Deligne [4] on the exponent ¢ in (1.8) imply better
corresponding results in (1.9). In 1989, Hafner and Ivi¢ [9] were able
to remove the factor x¢ of Deligne’s result, i.e.,

(1.10) Se(x) <5 /3.
Rankin [31] further proved that

(1.11) S¢(z) < /3 (log x) 00652,
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In this direction, the best known result is due to Wu [42], which states
that

(1.12) S¢(z) <5 /3 (log x) 0118,

For the second moment of Af(n), Rankin and Selberg independently
(see [30, 33]) proved that

Z A(n)? = Cx 4 O(2%/°).

n<x

For work on the ¢th power sum of Af(n)

Se(fiz) =Y Ar(n)',

n<x

see Moreno and Shahidi [27], Fomenko [5], Lii ([23, 24, 25]), Lau and
Lii [20] and Lau, Li and Wu [21].

The triple product L-function L(f ® f ® f,s) satisfies analogous
analytic properties such as those of the Hecke L-functions, and its
coefficients also change signs. In this paper, we consider the average
behavior of the coefficients A ;g ro (1) of the triple product L-function
L(f® f® f,s). We prove:

Theorem 1.1. For any ¢ > 0, we have

(1.13) Z )\f®f®f(n) <Lfe x7/10+e,

n<zx

Theorem 1.2. For any ¢ > 0, we have

(1.14) Z Aoror(n)? = zP(logx) + Of o (x175/181+2)

n<zx
where P(t) is a polynomial of degree 4.
Remark 1.3. The triple product L-function is of degree 8, and the L-

function associated with Argfgf(n)? has degree 64. Therefore, general
summation formulae (see, e.g., [6, Proposition 1.1 and Theorem 1.2])
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imply

D Aporer(n) Kz 't

n<z

Z Aigfor(n)? = zP(logz) + Of75(x1—2/65+8)'

n<x

These results largely mean that, for an L-function of degree m, the error
term for the sum of its coefficients can be bounded by z—2/(m+1)+e,

One can easily find that our results are better than these kinds of
general results. The reason is that, in our case, the corresponding
L-functions can be decomposed into products of some L-functions of
smaller degrees. In principle, such factorizations are definitely helpful

(see, e.g., [6]).

Theorem 1.4. Let ¢ denote a positive integer. Then there exists a
suitable positive constant cy such that

(1.15) Z Moror(n)* ~ cir(logz)®,

n<zx
1 6/
=_—— —~1.
= 3 (3@)

Recently many researchers have been interested in the study of
GL(3) x GL(2) L-functions (see, e.g., [2, 22]). The GL(3) x GL(2)
L-function L(sym?f @ f,s) (or L(Ad® f ® f,s)) is closely related to the
triple product L-function L(f ® f ® f,s). Similar to Theorems 1.1-1.4,
we also have

where

Theorem 1.5. Let Asym2sq(n) denote the nth coefficient of L(sym?f®
fys) in its Dirichlet series expansion in the region of absolute conver-
gence. Then, for any € > 0, we have

(1.16) D Aymerer(n) <g.e z?/3

n<z

and
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(1.17) Z Asym?f f (’I’L)2 = 2Q(logz) + Of,a(1‘17/18+€),

n<z

where Q(t) is a polynomial of degree 1.

Let ¢ denote a positive integer. Then a suitable positive constant dy
exists such that

(1.18) > Aymzrer(n)* ~ dgz(logz)* !,
n<lzx
where .
20 oo p 1 20 + 2k
= -1 R S .
Ve Z%(k>( R etk

Remark 1.6. Since, for any positive integer k, the integer k+1 divides

(%), ie.,

(k+1)+k—1)!
(k + 1)Ik!

€z,

the numbers §; in Theorem 1.4 and v, in Theorem 1.5 are integers.
The numbers d; + 1 and ~y, should agree with the expected order of the
pole at s = 1 of the L-functions associated with such coefficients. For
example, 41 + 1 = 5 and ~; = 2 coincide with the order of the pole
at s = 1 of the corresponding L-functions, respectively, see (2.4) and
(6.3). For any ¢ > 2, due to the absence of the corresponding Langlands
functoriality results, we proved (1.15) and (1.18) by applying the Sato-
Tate conjecture (now a theorem proved by Barnet-Lamb, Geraghty,
Harris and Taylor [1]) instead.

2. Preliminaries and some lemmas. This section is devoted to
recalling and establishing some preliminary results which we shall need
in the proof of Theorems 1.1-1.4.

Let f(z) be a normalized Hecke primitive eigencuspform of weight k
for the full modular group SL(2,Z). Recall that the triple product
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L-function L(f ® f ® f, s) is defined by

- 63 62) 6
L(fof®af,s) H(l o 1 e 1 pe 1 o

p

:iw

ns ’

n=1

for ®es > 1. The jth symmetric power L-function attached to f is
defined by

J
(2.1) Lisyw'f,s) =[] [T =g m87p™") "

p m=0

for fe s > 1. We may express it as a Dirichlet series: for Res > 1,

L J _ symJf
() = >
(22) As mjf(p) )‘s mjf(pk)
= | I <1+yq+'”+yks+”.>'
» ya p

It is well known that Agyir(n) is a real multiplicative function. The
Rankin-Selberg L-function L(sym’f ® sym’f, s) attached to sym’f and
sym’f is defined as

(2.3)

¢ J i—mpam ,j—m' gm’\ —1
L(Symif@)symjf,s) = H H H <1 _ ap 517 Oﬂp Bp )

s
p m=0m’=0 p

_ Z Symlf®symff n)

n=1
Lemma 2.1. We have
L(f® f® f,s) = L(f,s)*L(sym’f, s).

Proof. The proof of this lemma is immediate. In fact, by comparing
the Euler products of both sides and recalling Deligne’s famous result
(1.2), we easily obtain this lemma. O
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Lemma 2.2. For Res > 1, define

N ofor(n)?
L(S):Z f®f§!( ) '
n=1

Then we have
(2.4) L(s) = ¢(s)°L(sym?f, s)®L(sym?f, s)* L(sym*f @ sym?f, s)U(s),
where the function U(s) is a Dirichlet series absolutely convergent in

Res >1/2 and U(s) # 0 for Res = 1.

Proof. Since A ¢g g f(n)? is a multiplicative function and satisfies the
trivial upper bound O(n®), we have that, for Res > 1,

by 2 by 2\2
L(S):H<1+ f®f;f(?) N f®f§21;<17) +>
p

In the half-plane e s > 1/2, the corresponding coefficients of the term
p~° determine the analytic properties of L(s). By Lemma 2.1, we easily
find the identity

Aoser®)? = Asymsr (p) + 221 (p))?
= )‘sym3f (p)2 + 4>\syrn3f (p))‘f (p) + 4)‘f (p)2
Then from (2.1)—(2.3), we have

)‘f®f®f (p)2 = )‘sym3f®sym3f (p) + 4)‘5ym3f®f(p) + 4>‘f®f (p)

Furthermore, one can easily find that

Mefor()® = (1+ Aym2resymir (p))
+ 4 (Aeymef (P) + Asym7 (D))
+4 (1 + Aym2s (D))
=5+ 8Asym2f (p) + AAsymar (p) + Asym2f @symAf (p)-

Now the lemma follows by standard arguments. ([l

As part of the far-reaching Langlands program, the study of the
analytic properties of symmetric power L-functions L(sym?f, s) is im-
portant in contemporary mathematics, and it will have a significant
impact on modern number theory.
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Lemma 2.3. Let f(z) € H be a primitive cusp form. Let the jth
symmetric power L-function L(sym’f, s) be defined as in (2.1). Forj =
1,2,3,4, there exists an automorphic cuspidal self-dual representation,
denoted by symin; = ' symir;,, of GL;11(Ag) whose local L-factors
L(sym’r ¢ ,,, s) agree with the local L-factors Ly(symif,s) in (2.1). In
particular, for j = 1,2,3,4, L(sym?f, s) has an analytic continuation as
an entire function in the whole complex plane C and satisfies a certain
functional equation of Riemann zeta-type of degree j + 1.

Proof. This lemma follows from [7] for k¥ = 2 and from the recent
works [16, 17, 18] when k = 3,4. O

Lemma 2.4. Let f(z) € H} be a primitive cusp form. Let L(sym*f @
sym?f, s) be defined as in (2.3) with i = 4, j = 2. Then L(sym?f ®
sym?f,s) has an analytic continuation as an entire function in the
whole complex plane C and satisfies a certain functional equation of
Riemann zeta-type of degree 15.

Proof. From Lemma 2.3, automorphic cuspidal self-dual representa-
tions exist, denoted by sym*r; of GLs(Ag) and sym?r of GL3(Ag),
whose local L-factors L(sym*ry ,, s) and L(sym?ny,, s) agree with the
local L-factors L,(sym?f,s) and L,(sym?f,s) respectively. From the
works [14, 15, 34, 35, 36, 37] on the Rankin-Selberg theory associated
to two automorphic cuspidal representations, we have this lemma. [

From Lemmas 2.3 and 2.4, we observe that L(sym’f,s), 1 <i < 4,
L(sym?f @ sym?f, s) are general L-functions in the sense of Perelli [29].
For general L-functions, we have the following averaged or individual
convexity bounds.

Lemma 2.5. Suppose that £(s) is a general L-function of degree m.
Then, for any € > 0, we have

2T
(2.5) / ‘2(0 + it)|2dt < Tmax{m(l—a),l}Jrg’
T
uniformly for 1/2 <o <1 and T > 1; and
(2.6) Lo+ it) < ([t] + 1)m/DA=o)te

uniformly for 1/2 <o <1+4c¢€ and |t| > 1.
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For some L-functions with small degrees, we invoke either individual
or average subconvexity bounds.

Lemma 2.6. For any ¢ > 0, we have

T
(27) / |C(2 + )| Pdr <. TV
0
uniformly for T'> 1, and
(28) C(o’ + 7/7') <, (|7-| + 1)maX{(l/3)(lfo'),O}+e

uniformly for 1/2 <o <2 and |7| > 1.

Proof. See, e.g., [11, Theorem 8.4 and (8.87)] and [38, Theorem
11.3.6]. O

Lemma 2.7. Let f € Hi and e > 0. Then we have

T
(2.9) / |L(f, 2 + z’r)\4dr <. T'+e
0
uniformly for T > 1, and
(2.10) L(f,0 + i) <go (7] + 1)max{(2/3)(1=0), 0} +<

uniformly for 1/2 <o <2 and |7| > 1.
Proof. See, e.g., [8, Corollary] and [12, Theorem 2, (1.8)]. O

Lemma 2.8. Let f € H} and € > 0. Then we have
(2.11) L(sy1rr12f7 o+ir) L e (I7] + 1)“13"{(11/8)(1—0),0}-&-5

uniformly for 1/2 < o <2 and |7] > 1.
Proof. See, e.g., [22, Corollary 1.2]. a

We also need the Sato-Tate conjecture (now a theorem proved by
Barnet-Lamb, Geraghty, Harris and Taylor [1]). For a prime number
p, we write

Ar(p) :==2cosb,, 0<86,<m,

where Af(p) is the pth normalized Fourier coefficient.
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Lemma 2.9. If f(t), t € [0,7], is a continuous function, then the
Sato-Tate law holds, namely,

S s~ (2 [ s0)sintoas)

p<z

where p Tuns through the prime numbers, and r — co.

Proof. This famous longstanding conjecture was proved by Barnet-
Lamb, et al. [1]. See Theorem B and Corollary C therein. For similar
facts related to the Sato-Tate law concerning elliptic curves, see, e.g.,
Mazur’s expository article [26]. O

Lemma 2.10. Let g(n) be a non-negative multiplicative function sat-
isfying
0<g(n) < Ad(n)”

for some constants A and B. If

S gp) ~a——. a>0,

alogm’

p<z

Then there exists a suitable constant b such that

Z g(n) ~ br(logx)*~ .

n<x
Proof. See, e.g., [28, page 204, (1.1)—(1.3)]. |

3. Proof of Theorem 1.1. Firstly, we give the proof of Theorem
1.1. Recall that

(3.1) L(f®f®f7s)=2%”;f(”),
n=1

for Res > 1. From Lemmas 2.1 and 2.2, we learn that
L(f® f ® f,s) = L(f,s)*L(sym®f, 5)

can be analytically continued to be an entire function in the whole
complex plane.
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By the Perron formula (see [13, Proposition 5.54]), we have

| T 2 e
(32) Y Meres(n) = 27”/1; . L(f®f®f,s)sds+0( - ),

n<z

where b=1+¢ and 1 <7T < z is a parameter to be chosen later.

Now we move the line of integration to e s = 5/8. In the rectangle
formed by the line segments joining the points b+iT, 5/8+4T, 5/8—iT,
b— 4T, and b+ 4T, we note that L(f ® f ® f,s) is an entire function.
By Cauchy’s theorem, we have

1 5/8+4T b+iT 5/8—iT
soror =5l o+ St S )
Z soros(n  2mi 5/8—iT 5/844T b—iT

n<z

s 14¢
(3.3) .L(f®f®f,s)‘ids+o<x;)

x1+5
:_J1+J2+J3+O( T >

For Jp, from Lemma 2.1, we have

T 2
5
(3.4) J, <<x5/8/ ’ (f, —Ht) L(sym3f,8+it>‘t_1dt+x5/8+5.

1
4\ 1/2
(f, + zt) dt)

2 1/2
dt> Tt

By the Cauchy-Schwartz inequality,

2T
J < zb/3te sup (/
1<, <T T

2T

(U
By (2.5) in Lemma 2.5 with m = 4 and ¢ = 5/8, we have
2Ty

A

This, together with (2.9) in Lemma 2.7, gives

L ( sym®f, g + it)

2
L<sym3f, g + it) ‘ dt <« T13/2+6.

(3.5) Jy < aP/8Fepl/2H3/4-1de o (5/8+epl/dte
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For the integrals over the horizontal segments, we use (2.6) of
Lemma 2.5 with m = 4 and (2.10) of Lemma 2.7 to bound

Jy+ Js < max zfT2X2/3+2)(1—0)tep-1
5/8<c<b

xT 7 B
_ T7/3+6
(36) (5/8) o< (Tlo/ 3)

1+¢
< % 4 pB/8teq/ate

From (3.3), (3.5) and (3.6), we have

1
(37) Z Af@j@f T +x5/8+6T1/4+6.

n<z

On taking T = 2%/19 in (3.7), we have

(3.8) > Apsrer(n) < a7/10%e
n<x
This completes the proof of Theorem 1.1. O

4. Proof of Theorem 1.2. The proof of Theorem 1.2 is similar
to that of Theorem 1.1. After applying the Perron formula to the
generating function L(s), and then shifting the line of integration to
Res =5/7, we have

1 5/7+iT b+iT 5/7—iT s
A P= o L) d
Z rorer(n) 2mi { /5/7iT " /5/7+iT " /bfiT } ) s

n<z

(4.1) +2P(logz) + O <‘T1+6 > ,

T

rlte
:xP(logx)+J1+J2+J3+O( T )

where b=1+4¢ and 1 < T < x is a parameter to be chosen later, P(t)
is a polynomial of degree 4. Here, the main term zP(log z) comes from
the residue of L(s)z*/s at the pole s = 1 of order 5.

For J;, we have

J1<<x5/7+s sup Il(T1)5/1212( )1/2]( )1/12T—
1<T,<T
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5 .
C(7 +’Lt>

where
12

2T,
L(T) = / dt,

T,

2T 5 8 5 42
I,(Ty) = / L<sym2f, -+ it) L<sym4f, =+ it) dt,
T 7 7
and
2T, 5 12
I3(T) = / L(sym4f ® sym?f, - + it) dt.
T
Then, by Lemmas 2.5, 2.6 and 2.8, we have
L(Ty) < T, I3(Ty) < T80/,
and
16x11/8x (1 h b N
IQ(Tl) < Tl 6X /8><( —5/7)+5/ L(Sym4f7 ? + Zt) dt
Th

< Tj2e.
Hence, we have

Jy < 2T sup L (Ty)Y P L(Ty) V2 Is(Ty) R
(4.2) IsThsT
< 3E5/7+sTG35/84+5_

For the integrals over the horizontal segments, we use (2.6) in
Lemma 2.5 with m = 35, (2.8) in Lemma 2.6 and Lemma 2.8 to bound

Jy+Js < max g0 TOX1/3+8x11/8+35/2)(1—0)+ep—1
5/7<o<b

_ oz 7 175/64¢
(4.3) = 5/r7n§a;(§b <T181/6> T

1+e
< xT 4 2B/ THe160/214e

From (4.1), (4.2) and (4.3), we have
(4.4)

1+e¢
Z Mefeaf(n)? = zP(logz) + O (xT ) +0 <x5/7+8T160/21+8>.

n<x
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On taking 7' = 2%/%! in (4.4), we have

(4~5) Z )\f®f®f(n)2 = xP(log CE) + O(x175/181+5)'
nng
This completes the proof of Theorem 1.2. -

5. Proof of Theorem 1.4. By Deligne’s bound (1.4), we can
denote

(5.1) Af(p) :==2cosb,.
Then, by the Hecke relation,

Aymig(p) = A (") = ay(p)” + oy (p)”~ By (p) + - + By (p)”
for all integers v > 1, we have

(5.2) )\f®f®f(p)2[ = (2cos 9,,)6[.

By Lemma 2.9, it follows that

Z)‘f‘@f@f(p)% = 2(20050][,)65 ~ <2/ (2 cos )% sin29d9) z
0

T logz’

p<z p<z

where p runs over the prime numbers, and x — oo. Then, we have

63 S Meses = gy (5) 4+ o)

p<z

logz’

as z tends to infinity. Since A g g (n)? is multiplicative and satisfies

the inequality
Meforn)® < ds(n)*,

then by Lemma 2.10, we have

3" Meosarn)? ~ ca(logz)™,

n<x

for a suitable positive constant ¢, with

1 64
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6. Proof of Theorem 1.5. The proof of Theorem 1.5 is similar
to those of Theorems 1.1-1.4, so that we may be brief. By (2.3), we
observe that

(6.1) L(sym®f @ f,s) = L(sym°f, s)L(f, ).

This implies that, for any prime number p,

(6~2) /\sym2f®f(p) = /\smef (p))‘f (p) = )‘sym3f (p) + )‘f (p)
For Re s > 1, define

= Agym2fe £(n)?
D(s) =y =
n=1

By (6.2), we have
(6.3)
D(s) = L(f ® f,5)L(sym’f @ f, s)*L(sym®f @ sym’f, s)V'(s),
= ((s)L(sym®f, s)* L(sym®f, s)*L(symf @ sym?f, )V (s),
where the function V(s) is a Dirichlet series absolutely convergent in
Res > 1/2 and V(s) # 0 for Res = 1.

From (6.1) and (6.3), we obtain that, by following the arguments in
Sections 4 and 5,

Z )\Symzf®f(n) <<f75 $(2/3)+E.

n<x

Z >\sym2f®f(n)2 _ xQ(log x) 4 Of,s(m(17/18)+5),

n<lx

where Q(t) is a polynomial of degree 1 (note that the error terms
mentioned just above need not be the best possible).

By (6.2) and the well-known equality Af(p®) = Af(p)* — 1, we have

(6.4)  Agymerar(®)* = Agmer () A (0)* = (\r(p)? — 1) A (p)*.

Again, by Lemma 2.9, we have

Z Asym2f®f(p)2e = Z ((2 COS 617)3 - (2 COS 010))2[

p<z p<z

~ (2/ ((2cos0)?® — (20059))22 sin? 9d9)1 i
0

T ogx
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where p runs over the prime numbers, and x — oo. Note that

g/ ((2cos0)? — (2(:059))% sin? @ df
™ Jo
Ly o 7
E ( )(—1)24—1“/ (2 cos 0)*+% sin? 9 dh
k 7/

(6.5) k=0
20\ (e 1 20 + 2k
k (+k+1\ {+k

2

~

k=0
=Y.

Then, we have

(6.6) > Agmrror () = 7e(1+0(1)) logz’
ogx
p<z
as x tends to co. Since Agym2re f(n)% is multiplicative and satisfies the

inequality N N
ASym2f®f (’ﬂ) S dG(n) 5

then, by Lemma 2.10, we have

Z /\sym2f®f(n)2£ ~dgzr(logz)”~t. O

n<z

Acknowledgments. The second author Sankaranarayanan wishes
to express his thankfulness to the School of Mathematics, Shandong
University for its kind invitation and warm hospitality. The authors
would like to thank the referee for his/her detailed suggestions and
comments.

REFERENCES

1. T. Barnet-Lamb, D. Geraghty, M. Harris and R. Taylor, A family of Calabi-
Yau varieties and potential automorphy, 11, Publ. Res. Inst. Math. Sci. 47 (2011),
29-98.

2. V. Blomer, On the 4-norm of an automorphic form, J. European Math. Soc.
15 (2013), 1825-1852.

3. H. Davenport, On certain exponential sums, J. reine angew. Math. 169
(1932), 158-176.

4. P. Deligne, La conjecture de Weil, 1, I1, Publ. Math. IHES 48 (1974), 273-308;
ibid 52 (1981), 313-428.



COEFFICIENTS OF TRIPLE PRODUCT L-FUNCTION 569

5. O.M. Fomenko, Fourier coefficients of parabolic forms, and automorphic L-
functions, J. Math. Sci. 95 (1999), 2295-2316.

6. J.B. Friedlander and H. Iwaniec, Summation formulae for coefficients of L-
functions, Canad. J. Math. 57 (2005), 494-505.

7. S. Gelbart and H. Jacquet, A relation between automorphic representations
of GL(2) and GL(3), Ann. Sci. Ecole Norm. 11 (1978), 471-542.

8. A. Good, The square mean of Dirichlet series associated with cusp forms,
Mathematika 29 (1982), 278-295.

9. J.L. Hafner and A. Ivié¢, On sums of Fourier coefficients of cusp forms,
Enseign. Math. 35 (1989), 375-382.

10. E. Hecke, Theorie der Eisensteinschen Reihen héherer Stufe und ihre An-
wendung auf Funktionentheorie und Arithmetik, Abh. Math. Sem. Univ. Hamburg
5 (1927), 199-224.

11. A. Ivié, Ezponent pairs and the zeta function of Riemann, Stud. Sci. Math.
Hungar. 15 (1980), 157-181.

12. , On zeta-functions associated with Fourier coefficients of cusp
forms, in Proc. Amalfi Conf. Anal. Number Theory, University of Salerno, Salerno,
1992.

13. H. Iwaniec and E. Kowalski, Analytic number theory, Amer. Math. Soc.
Collog. Publ. 53, American Mathematical Society, Providence, 2004.

14. H. Jacquet and J.A. Shalika, On Euler products and the classification of
automorphic representations I, Amer. J. Math. 103 (1981), 499-558.

15. , On Euler products and the classification of automorphic forms, 11,
Amer. J. Math. 103 (1981), 777-815.

16. H. Kim, Functoriality for the exterior square of GL4 and symmetric fourth
of GLa, J. Amer. Math. Soc. 16 (2003), 139-183.

17. H.H. Kim and F. Shahidi, Functorial products for GLa x GLs and the
symmetric cube for GL2, Ann. Math. 155 (2002), 837-893.

18. , Cuspidality of symmetric powers with applications, Duke Math. J.
112 (2002), 177-197.

19. H.D. Kloosterman, Asymptotische Formeln fir die Fourier-koeffizienten
ganzer Modulformen, Abh. Math. Sem. Univ. Hamburg 5 (1927), 337-352.

20. Y.-K. Lau and G.-S. L, Sums of Fourier coefficients of cusp forms, Quart.
J. Math. 62 (2011), 687C-716.

21. Y.-K. Lau, G.-S. Li and J. Wu, Integral power sums of Hecke eigenvalues,
Acta Arith. 150 (2011), 193C-207.

22. X. Li, Bounds for GL(3) x GL(2) L-functions and GL(3) L-functions, Ann.
Math. 173 (2011), 301-336.

23. G.-S. Lii, Average behavior of Fourier coefficients of cusp forms, Proc.
Amer. Math. Soc. 137 (2009), 1961-1969.

24. , The sizth and eighth moments of Fourier coefficients of cusp forms,
J. Number Th. 129 (2009), 2790-2800.




570 GUANGSHI LU AND AYYADURAI SANKARANARAYANAN

25. G.-S. Lii, On higher moments of Fourier coefficients of Holomorphic cusp
forms, Canadian J. Math. 63 (2011), 634-647.

26. B. Mazur, Finding meaning in eroor terms, Bull. Amer. Math. Soc. 45
(2008), 185—228.

27. C.J. Moreno and F. Shahidi, The fourth moment of Ramanugjan T-function,
Math. Ann. 266 (1983), 233-239.

28. R.W.K. Odoni, Solution of a generalised version of a problem of Rankin on
sums of powers of cusp-form coefficients, Acta Arith. 104 (2002), 201-223.

29. A. Perelli, General L-functions, Ann. Mat. Pura Appl. 130 (1982), 287-306.

30. R.A. Rankin, Contributions to the theory of Ramanujan’s function T(n) and
similar arithmetical functions, 1, The zeros of the function Y o2 | 7(n)/n® on the
line Re s = 13/2, 11, The order of the Fourier coefficients of integral modular forms,
Proc. Cambr. Philos. Soc. 35 (1939), 351-372.

31. , Sums of cusp form coefficients, in Automorphic forms and analytic
number theory, University of Montreal, Montreal, 1990.

32. H. Salié, Zur Abschatzung der Fourierkoeffizienten ganzer Modulformen,
Math. Z. 36 (1933), 263-278.

33. A. Selberg, Bemerkungen ber eine Dirichletsche Reihe, die mit der Theorie
der Modulformen nahe verbunden ist, Arch. Math. Natur. 43 (1940), 47-50.

34. F. Shahidi, On certain L-functions, Amer. J. Math. 103 (1981), 297-355.

35. , Fourier transforms of intertwining operators and Plancherel mea-
sures for GL(n), Amer. J. Math. 106 (1984), 67—111.

36. _, Local coefficients as Artin factors for real groups, Duke Math. J.
52 (1985), 973-1007.
37. , A proof of Langlands’ conjecture on Plancherel measures: Comple-

mentary series for p-adic groups, Ann. Math. 132 (1990), 273-330.

38. G. Tenenbaum, Introduction to analytic and probabilistic number theory,
Cambr. Stud. Adv. Math. 46, Cambridge University Press, Cambridge, 1995.

39. A. Walfisz, Uber die Koeffizientensummen einiger Moduformen, Math. Ann.
108 (1933), 75-90.

40. J.R. Wilton, A note on Ramanujan’s arithmetical function 7T(n), Proc.
Cambr. Philos. Soc. 25 (1928), 121-129.

41. A. Weil, On some exponential sums, Proc. Acad. Sci. 34 (1948), 204-207.

42. J. Wu, Power sums of Hecke eigenvalues and application, Acta Arith. 137
(2009), 333-344.

SCHOOL OF MATHEMATICS, SHANDONG UNIVERSITY, JINAN, SHANDONG 250100,
CHINA
Email address: gslv@sdu.edu.cn

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, MUMBAI
400005, INDIA
Email address: sank@math.tifr.res.in



