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THE MINIMUM MATCHING ENERGY OF
BICYCLIC GRAPHS WITH GIVEN GIRTH

HONG-HAI LI AND LI ZOU

ABSTRACT. The matching energy of a graph was intro-
duced by Gutman and Wagner in 2012 and defined as the
sum of the absolute values of zeros of its matching poly-
nomial. Let 6(r,s,t) be the graph obtained by fusing two
triples of pendant vertices of three paths Pri2, Pst2 and
P12 to two vertices. The graph obtained by identifying
the center of the star S,_g4 with the degree 3 vertex u of
0(1,9—3,1) is denoted by Sn—g(u)8(1,9—3,1). In this paper,
we show that, Sp_g4(u)f(1,g9 — 3,1) has minimum matching
energy among all bicyclic graphs with order n and girth g.

1. Introduction. All graphs in this paper are finite, simple and
nondirected. Let G = (V) E) be such a graph with order |V| = n and
size |E| = m. In a graph a matching is a set of pairwise nonadjacent
edges, and we denote the number of k-matchings of G by m(G). Note
that m1(G) = m and my(G) = 0 for k > [n/2]. It is both consistent
and convenient to define mg(G) = 1. The matching polynomial of G is
defined as

a(G,x) = Z(—l)kmk(G)xnf%.

k>0

All the zeros of a(G,z) are real-valued and the theory of matching
polynomials is well elaborated in [3, 5].

Recently, Gutman and Wagner [7] introduced the matching energy
of a graph G, denoted by ME(G) and defined as
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(1.1) ME(G) = 2 /OOO %m {ka(a)xﬂ da,

Y
k>0

which coincides with the Coulson-type integral formula for the energy
which has been studied extensively (see an excellent monograph [13]
and [14] and the references therein for recent advances), when the
graph under consideration is a tree. As mentioned in [7], matching
energy can also be defined in another form as follows.

Let G be a simple graph, and let pq, po, ..., u, be the zeros of its
matching polynomial. Then

ME(G) = 3 |l
=1

The integral on the right side of equation (1.1) is increasing in all
the coefficients m(G). This means that if two graphs G and G’ satisfy
mi(G) < my(G’) for all k > 1, then ME(G) < ME(G"). If, in addition,
mp(G) < m(G') for at least one k, then ME(G) < ME(G’). This then
motivates the introduction of a quasi-order >, defined by

for all nonnegative integers k. If G = H and there exists some k such
that mg(G) > mi(H), then we write G > H. It is said that G is
m-greater than H if G = H and strictly m-greater than H if G >~ H.
It is easy to see that

G = H= ME(G) > ME(H)
and
G - H = ME(G) > ME(H).

Initial work on matching energy of graphs is attributed to [7] and
then followed by Li and Yan [16] who characterized the maximal
connected graphs with given connectivity and chromatic numbers. The
extremal graphs in connected bicyclic graphs were determined by Ji,
Li and Shi [10] and further by Chen, Liu and Shi [1, 2] for unicyclic,
bicyclic and tricyclic graphs. More generally, the minimal matching
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energy of (m,n)-graphs with a given matching number was obtained
by Xu, Das and Zheng [19]. Huang, Kuang and Deng [9] characterized
the extremal graph for a random polyphenyl chain. For more results,
see [11, 12, 17] and there may be other results which are unknown to
the authors.
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(i) oonl(g,q) (i) O(r,s,t)

FIGURE 1. Two types of braces: co,(g,q) and 6(r, s, t).

Denote the set of all connected bicyclic graphs with order n and
girth g by %, 4. We now define two special classes of bicyclic graphs.
Let 00, (g, q) denote the graph obtained by the coalescence of two end
vertices of a path P,_;_,42 with one vertex of two cycles Cy and Cy,
respectively, and 6(r, s,t) the graph obtained by fusing two triples of
pendant vertices of three paths P, ys, Psyo and P49 to two vertices, as
given in Figure 1. The distance of two cycles Cy and Cy in G is defined
as

de(Cy, Cy) = minfda(a,y) | @ € V(Cy), y € V(C,)},

sometimes written as d¢ for short. Note that da(Cy, Cy) = 0 if Cy and
C, have a common vertex, e.g., for G = 0o, (g, ¢) such that ¢ = n—g+1,
and in this case, 00, (g, q) with ¢ = n—g+1 is simply written as co(g, q)
for convenience. Clearly, any bicyclic graph must contain either graph
(1) or (ii) in Figure 1 as an induced subgraph, called its brace. Then
the set %, 4 can be partitioned into two subsets 4, , and %, , where
%&L o is the set of all bicyclic graphs which contain a brace of the form
oon(yg,q), and %,2179 is the set of all bicyclic graphs which contain a
brace of the form 6(r, s, t).
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There have been some papers on characterizing the minimal Hosoya
index of graphs, see [4, 18]. In this paper, minimal graphs in e%’fhg
for ¢ = 1,2, are determined respectively and, by comparing them, we
show that S,_,(u)0(1,9 — 3,1), obtained by identifying the center of
the star S,,_, with a vertex u of degree 3 in 6(1, g— 3, 1), has minimum
matching energy among all bicyclic graphs in %, 4.

2. Preliminaries. In this section, we shall present some basic re-
sults which will be used in the proof of our main results.

Given a graph G and an edge uv of G, we denote by G — wv
(respectively G — v) the graph obtained from G by deleting the edge
uv (respectively the vertex v and edges incident to it).

Lemma 2.1 ([10]). If u,v are adjacent vertices of G, then
mi(G) = mp(G — uwv) + mp_1(G —u —v),
for all nonnegative integers k.
Let G(v)St41 (or Sty1(v)G) denote the graph obtained by identifying

the vertex v of a graph G with the center of the star S¢y1, as given in
Figure 2.

FIGURE 2. G(v)Si41-

Note. Consider the graph in Figure 2.

e my(QG) is the number of k-matchings that do not contain any
of the edges of Siy1.

o tmy_1(G — v) is the number of k-matchings that contain one
of these edges, as there are t choices for these edges in Syy1.

Consequently, we have what follows without giving a formal proof.
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Lemma 2.2. Let G be a graph, and let v be a vertex of G. Then,
mi(G(v)Sty1) = mg(G) + tmp—1(G — v).

Recall a result in [13], which establishes the order of the union of
two paths with a given number of vertices according to the quasi-order
as stated in the introduction.

Lemma 2.3 ([13]). Let n =4k, 4k + 1, 4k + 2 or 4k + 3. Then,

Py ~-PUP, 2 =P UP,_ 4> =Py, UP, o = Popy1 U P, 2k
=P 1 UPy opp1 = = PBBUP, 3~ PLUP, 1.

Lemma 2.4 ([6]). If G1 > Ga, then Gy UH = G2 U H, where H is an
arbitrary graph.

Applying Lemma 2.4, we can generalize Lemma 2.3 to the following
form, the union of three paths.

Lemma 2.5. Let r,s,t be nonnegative integers with r < s —2. Ifr is
even, then

P._oUP,osUP, -P.UPsUP, >~ P, {1 UP,_1UP,
= Pr_1UPsy1 UP,.

Lemma 2.6 ([7]). Suppose that G is a connected graph and T an
induced subgraph of G such that T is a tree and is connected to the
rest of G only by a cut vertex v. If T is replaced by a star of the same
order and centered at v, then the matching energy decreases (unless T
is already such a star). If T is replaced by a path with one end at v,
then the matching energy increases (unless T is already such a path).

Recall the definition of a generalized w-transform in [15]. We say
Q@ is a branch of a connected graph G with root u if @) is a connected
induced subgraph of G for which u is the only vertex in @) that has
a neighbor not in Q). Let P and @) be branches of a component of
a graph G with a common root ug, which is also their only common
vertex. Assume that P is a path and wug has at least one neighbor in
G that does not lie on P or ). Form a graph from G by relocating
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the branch @ from uy to v where v is the other end vertex of the path
P (by deleting edges upw and adding new edges vw for every vertex w
in @ adjacent to ug). We refer to the resulting graph as a generalized
w-transform of G.

Theorem 2.7 ([15]). If G’ is a generalized m-transform of G, then
G' = G and so ME(G') > ME(G).

FIGURE 3.

Let P, (v,,v)G denote the graph obtained by identifying the vertex
vy of P, with the vertex v of G (see Figure 3 (i)). For convenience, we
use P, (v)G (or G(v)P,) to stand for P, (v1,v)G. Note that P, (v,,v)G
and P,.(v)G(v)P,—_r4+1 are isomorphic.

Theorem 2.8 ([8]). If v is an arbitrary vertex of the graph G, then
forn=4k+1i,ie{-1,0,1,2}, k > 1,
P, (v1,v)G > Py(v3,0)G = -+ = Py (vog41,v)G = Pp(vag,v)G
= P (vak—2,0)G > -+ = Pp(va,v)G.

Let G be an arbitrary graph with a specified vertex v. The graph
obtained from G is denoted by @ for i = 1,2,...,n — 1 (as given in
Figure 4), by adding n — 1 new vertices to G in the following way.
Attach i — 1 pendant edges and a pendant path of length n — i at v.
By Theorem 2.8, we easily obtain the following.

Lemma 2.9. QAl > QAz e G\n—l-

Proof. &1 — ég follows immediately from Theorem 2.8, as él ~
P, (v1,v)G and Gy & P, (v2,v)G. In fact, other cases can be verified
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FIGURE 4.

in the same way. Note that if we denote the graph G(v)S; by H, then
gi =~ Pn_i+1(U1,U)H and gi-i,-l = Pn—i+1(v27v)H' u

Let S, (g, q) be the graph in ,%’}L’g with n+1— (g +¢q) pendant edges
attached at the common vertex of C, and C; (see Figure 3 (ii)).

Theorem 2.10. S,,(g,9) = Sn(9,9) with equality if and only if g = q.

Proof. Let u (u’, respectively) be the common vertex of Cy and
Cy (Cy, respectively) in S, (g,q) (Sn(g,9), respectively), and wuqusg
(ufub, respectively) an edge of Cy (Cy, respectively) such that uq (uf,
respectively) is adjacent to u (u/, respectively). By Lemma 2.1, we
have

mi(Sn(9,q)) = mi(Sn(g, q) — uruz) + my—1(Sn(g,q) — ur — u2)

and

my(Sn(9,9)) = mi(Sn(g,9) — uyus) +me_1(Sn(g, 9) — uy — uy).
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Note that

Sn(Q?Q) - u1u2 g Pq71(U)Cg(u)Sn+3,g,q
Sn(g,9) — wyuy = Py1(u)Cy(u) Spt3—24-
If we denote the graph P;_;(u)Cy(u)Sp+3—g—i by Gi, then S,(g,q) —
urup = Gy and Sy (g,9) — vjuy = G4. By Lemma 2.9, we have
Gg>=Ggo1 > =Gy
Thus, S,(g9,q) — uius = Sn(g,9) — ujub with equality if and only if
g=4q.
In the same way, we also get Sy, (g, g) —u —ug = Sp(g,9) — uj — ub

with equality if and only if g = ¢q. Therefore, S, (g,q) = Sn(g,g) with
equality if and only if g = q. |

Theorem 2.11. Ift > 2 and r is even, then
(2.1) O(r—2,s+2,t) = 0(r,s,t) = 0(r+1,5s — 1,1)
=0(r—1,s+1,%),

wherer < s—2andr+s+2=g.

Proof. Let G = 0(r,s,t), which can be obtained by merging two
triples of pendant vertices wg, vg, wo and w,11, vs41, Wi of three
paths

Pryo = uguy - - Uplipy1, Pyyo = vv1 -+ UsVs 1,
and
Piio = wowy -+ - wywyiy,
to two vertices, say uw and v, respectively. By Lemma 2.1, we have
mg(G) = mi(G — vwwy) + mp—1(G — u — wy)
=my(G —uwy; —vwy) + mp—1(G — uwy — v — wy)
+mp—1(G — u —wy — vwy)
+mp—o(G—u—wy —v—w)
=mp(P,UCy) + 2my—1(Py—1 UPi_1)
+ my_o(P, U P, UP,_y).
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For convenience, let G; = 0(r — 1,8+ 1,t), Go = 0(r — 2,5+ 2,t) and
G3 =0(r+1,s — 1,t). Applying the same method to the graphs G,
G5 and G3, we get
my(G1) = mp(Pr U Cy) + 2myp—1(Py—1 U P_1)
+mp—2(Pr_1 U Py UP_o),
mp(Ga) = mp(P UCy) + 2my_1(Py—1 U Pi_1)
+ mp—2(Pr_o U Psyo U P, o),
my(Gs) = mp (P UCy) + 2myp_1(Py—1 U P_1)
+mp—2(Pry1 UPs_1 UP o).
Thus,
mi(G1) — mp(G) = mp_2(Pr_1 U Psy1 U Pi_)
—my—2(P, UPs UP,_3),
mi(Gz) — mr(G) = mp_2(Pr—2 U Py o U Py_)
—mp_2(P, UPsUP,_3),
mp(G3) — mp(G1) = mp—o(Pry1 U Ps_1 U P_9)
—mp—2(Pr_1 UPey1 UP,_y).

By Lemma 2.5, it follows directly that if » < s — 2 and r is even,
then

PT,QUPSJFQUPt>PTUPSUPt>PT+1UPS,1UPt
= P._1UPs 1 UP,

and so assertion (2.1) holds. O
As an immediate consequence, we have the following result.

Corollary 2.12. Ift > 2, then 0(r,s,t) = 6(1,r+s—1,t) with equality
if and only if r=1 or s =1.

Proof. Without loss of generality, assume that » < s. If r = 0, by
Theorem 2.11, we have either

0(0,s,t) =0(r,s,t) = 0(r+1,s—1,t) =0(1,s — 1,¢)



1284 HONG-HAI LI AND LI ZOU

when s > 2 or s = 1 and, in this case, 6(0, s,t) is already of the form
0(1,r +s—1,t).

Now assume that r > 1. If r is even, then
O(r,s,t) = 0(r—1,s+1,t) = 0(r—3,s+3,t) = --- = 0(1,s +r—1,¢t).
If r is odd, then

O(r,s,t) = 0(r—2,s4+2,t) = 0(r—4,s+4,t) = --- = 0(1,s+r—1,t). O

3. Main results. In this section, we first show that S,(g,g) has
minimum matching energy in 4, , and S,_4(u)f(1,9 — 3,1) is the
minimal graph in E@fug. Further, by comparing these two graphs, we
conclude that S, —4(u)6(1,g — 3,1) is the unique graph with minimum
matching energy in %, g4.

Theorem 3.1. For any graph G € %}

h.g» We have G = S,(g,g) with
equality if and only if G = S, (g,9).

Proof. For any graph G € 4, ,, its brace must be of the form
00, (g, q) for some ¢ > ¢g. By Lemma 2.6, if any tree branch is replaced
by a star of equal order centered at the root, its matching energy
strictly decreases unless the branch is already such a star. To show
that G = S, (g, g) for any G € ,95’}179, it suffices to show it holds for such
a graph G, all of whose tree branches are stars. We distinguish two
cases according to the value of dg, the distance between C,; and Cy in

its brace.

Case 1. dg = 0. As above, if G has [ tree branches, we can
assume that these [ branches are stars. Without loss of generality,
fori=1,...,1, we will assume G is the coalescence of the vertex u; in

its brace oo(g,q) and the center of Sy, ;1. For convenience, we use the
notation G; to denote such graphs recursively defined as follows. Let
Gy = o0(g,q), and if G;_1 is already defined, then G; is defined to be
Gi,l(ui)SriH. Note that Gl =G.

Applying Lemma 2.2 to S,(g, ¢), we have

(3.1) mi(Sn(g,q)) = mr(oo(g,q)) +(n+1—g—q)mp—1(Py—1UPy-1).
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Similarly applying Lemma 2.2 to G, we have
mi(G) = mp(Gr—1) + rmeg—1(Gi—1 — wp)
= mg(Gi-2) + 11—1mi—1(Gi—2 — wi—1) + rimg—1(Gi-1 — )
(3.2) = ...

!
= m(Go) + > rimk—1(Gi1 — ),

i=1

where
l
Zri:nJrlfgfq.
i=1

First, Go = 00(g, q). Second,
Gi—1—u; = 00(9,q) —u; = Pp_qUP;_; fori=1,...,1,

because each graph is a subgraph of the former. If G 2 S,(g,q),
then for some 7, Gj_1 — u; has P,_; U P,_; as a proper subgraph.
Therefore, G = S, (g, q) with equality if and only if G = S,,(g,¢). By
Theorem 2.10, the assertion holds.

Case 2. dg > 1. By Lemma 2.6, we can assume that all tree branches
of G are stars. Suppose P = wjws - - - w; is the unique path connecting
two cycles C; and Cy in G. We proceed by induction on the number
of pendant vertices along the path P. If there are no pendant vertices
along the path, by applying the inverse generalized m-transform to G,
i.e., deleting all edges wyu, where u € N(w;) \ {ws—1} and adding new
edges wyu, it becomes a graph in %}L,g with dg(Cy, Cy) = 0 and so, by
Case 1, G = S,(9,9).

Now assume that there is at least a pendant edge uv on the path P.
By Lemma 2.1, we have my(G) = mi(G —uv) + mp_1(G —u —v). By
the induction hypothesis, G — uwv > S,,_1(g,¢q). Also, it is easy to see
that G — v — v has P;_; U P;_; as its subgraph. Thus,

mg(G) = mp(G —ww) + mg—1(G —u —v)
Z mk(Sn—l(ga Q)) + mk—l(Pg—l U Pq—l)
= mk(Sn(9,9)),

and strict inequality holds for at least one k. Therefore, G = S, (g, q)
and then G > S,,(g,g) by Theorem 2.10. |
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Theorem 3.2. For any positive integers r,s,t with r + s + 2 =

g, let G1,G,G," € %’72179 be defined as G1 = Go(u)Sp—r—s—t—1,
I = Go(u)Sn—g—t+1 and Gi" = G{(u)Sn—g, where Gy = 0(r,s,t),
0 =0(1,9-3,t), Gy =0(1,9 — 3,1), as given in Figure 5. Then:

(i) Go with a vertex of degree 2 deleted is strictly m-greater than Gg
with a vertex of degree 3 deleted;
(ii) for any G € B} , with O(r, s,t) as its brace, G = Gy with equality
if and only if G = Gy;
(iii) Gy = G with equality if and only if G1 = GY;
(iv) G} = G1" with equality if and only if G| =2 G1”.

Consequently, for any G € 93,2%0, G = Gy with equality if and only if
GGy,

Proof.

(i) Choose two vertices of degrees 2 and 3 respectively in Gy, say
wp, and u. Consider Gy — wy,, which can be viewed as a cycle C,
together with two pendant paths, namely, P = uw; - - - w,,—1 at u and
Q = vwg - - wpyy1 at v, possibly of length 0. If one of the two paths
P or @Q is of length 0, then we can choose an appropriate edge e such
that Go —w,, —e = P,,_1. Since P,,_; is m-greater than any tree T of
order n — 1, we have Gg — w,, = P_1 = Go — u as Gg — u is a tree.

Now assume that both P and @) are not of length 0. By Lemma 2.1,
we have
mi(Go — wm) — mp(Go —u) = mp(Go — Wy, — uwy)
+ mk_l(Go — Wy — U — wl)
—mp(Go — u — Wp—1 W)

— Mp—1(Go — U — Wip—1 — Wiy).
Note that
Go—wy —u—w; and Go— U — Wyp_1 — Wy,

are the union of the same graph Tyi; ,, — wy,, (see Figure 5) and
the path P,,_o and so are isomorphic. Thus, my_1(Go — wy, — u —
wy) = Mmp-—1(Go — v — Wy—1 — w,y,) for any k. Tt is clear that
Go — wp, —uws is the union of a graph P,_,,4+1(v)C, and a path P, _1,
and Gy — U — Wpy—1Wy, is the union of a graph T,4;_,, and a path
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U w1 w1

U@ vre wy @ vre wo @

u:J'C V20 ws @ c vz C ws @
g C, ™ g oy

Pu,1 P [ T Pu,s Pw

Uy

) D,
o wy n Wy

U
Gy Go
(751 U (] U w1
U@ vre wy v1® wy @ .
S
wm
1 1 UQJD w3 e
U3® Vo @ HVSJ, C, U3 *—0. . 06—O—80...
Cy Cy u\? Cy up U2 up U owp Wil
) 4 )
u, P, [ [T 1 Vg3 Pw_y
Uy 2
‘ W ! e T, +t—m
g —m
Gl Gl g
FIGURE 5.

Pp—1. Dueto Pi_pt1(v)Cy > Prisit—m+2 > Tgyt—m and Lemma 2.4,
we have Gy — wy, —uw1 = Prysit—ma2 U P11 > Gog — U4 — Wy 1Wy,.
Therefore, Gy — w,, = Go — u.

(ii) As in the proof of Theorem 3.1, by Lemma 2.6, we can assume
that all tree branches at the cycles of G are stars. Without loss of
generality, suppose that G is the coalescence of the vertex ¢; (here we
use new notation for these vertices) in Gy and the center of S, for
i=1,...,1, and 22:1 r; = a. For convenience, we use H; to denote
graphs defined recursively as follows. Let Hy = Gg, and if H;_; is
already defined, then H; is defined to be H;_1(t;)S,,+1. Note that
H, =G.

Applying Lemma 2.2, we have
(3.3) my(G1) = mi(Go) + amp—1(Go — u)

and
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mp(G) = mi(Hi—1) + rimg—1 (Hi—1 — t;)
=my(Hi—2) + ri—1mi—1(Hi—2 — ti—1) + rimp—1 (Hi—1 — t1)
+ e

l

=mi(Go) + Y _ rimp_1(Hi_y — t;).
i=1

First note that Gy — ¢; is a (proper) subgraph of H; — t;, and so
H; —t; = Go — t;. Further, by (i) above, we have Go — t; > Go — u.
Therefore, H; — t; = Gg —t; = Gg — u and then G > G unless G is
already such a graph Gj.

(iii) By Corollary 2.12, we have Gy = G{. Note that Gy — u =
Prist1(tur1,v) P and G — u = Py s41(u2,v)P;. By Lemma 2.9, we
get Go — u = G, — u. So we have

my(G1) = mi(Go) + amp—1(Go — u)
> mg(Gh) + amp—1(Gl — )
= my(GY).

Therefore, G; = G}. From the process above, equality holds only if
G, 2 Gy

(iv) By Lemma 2.1,
my(GY) = mp(G] —vw) +mp_1(G — v — wy)
and

mk(Gl”) = mk(Gl” — ’le) + mkfl(Glll -V — wl).

By Lemma 2.9, we get G} —vw; = G1” —vw; and Gf —v—w; = G1"—
v —w;. Hence, G} = Gy with equality if and only if G} 2 G,”. O

Next, we shall compare the minimal graphs from f%’}l?g and %,21 g

Theorem 3.3.
Sn(g,9) = Sn—g(w)0(1,9 —3,1) (= G1")
(see Figure 5).
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Proof. Let ug be the common vertex of the two copies of Cy in
Sn(g,9), where G1"” = Sp,_4(u)0(1,9 — 3,1), and let ujus be an edge
with uy adjacent to ug. Note that S, (g, g) — ujus is the coalescence of
a vertex in C,; with the center of a star and an end vertex of a path,
ie.,

Sn(g, g) — U1UQ = ngl(uO)Cg(uO)SnJrg,Qg.

Similarly,
Sn(9:,9) —u1 — uz = Py_2(uo)Cy(u0) Snt2—2g,
and let ujug be an edge of Cy in Sy, (g,9) — w1 — ua,
Sn(9:9) — ur — uz — ujug = Py(uo)Snya—29(uo) Py—2.

It is obvious that S, (g,9) — w1 — ua > Sp(g9,9) — w1 — us — ujup. In
the same way, we have

Gi" —vwy 2 Cy(u)Sp—g+1 and G1" —v — w1 = Py_o(u)Sn_g41-

By Lemma 2.1, we have
mi(G1") = mp(Gy" —vwy) + mi_1(G1"” —v —w)
= mk(Cg(u)Snfg+1) + mkfl(ng2<u)Snfg+1)a
and
mi(Sn (9, 9)) = mu(Sn(9, 9) — wruz) + my—1(Sn(g, 9) — ur — u2)
= i (Py—1(u0)Cy(u0) Sny3-29)
+ mg—1(Py—2(uo)Cy (o) Sn+2-24)-
By Lemma 2.9, we get
Py—1(u0)Cy (o) Snt3-2g = Cg(t)Sn—g1.
Choosing an appropriate edge e, we have
Py—2(u0)Cy(u0)Snr2-29 — € = Py(u0)Sny2-24(u0) Py,
and again, by Lemma 2.9,
Pg(u0)5n+2f2g(“0)P972 = ngQ(u)Snfswl-

Thus, S, (g,9) = G1”. O

From Theorems 3.1, 3.2 and 3.3, we obtain the following main result.
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Theorem 3.4. For any graph G € B, 4, we have
G = Sn_g(u)d(1,9—3,1),
and therefore,
ME(G) > ME(S,_y(w)(1, 9 — 3,1)),
where equality holds if and only if G = Sp,_g(u)0(1,9 — 3,1).
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