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REVERSE YOUNG-TYPE INEQUALITIES FOR
MATRICES AND OPERATORS
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ABSTRACT. We present some reverse Young-type in-
equalities for the Hilbert-Schmidt norm as well as any uni-
tarily invariant norm. Furthermore, we give some inequali-
ties dealing with operator means. More precisely, we show
that if A,B € B(H) are positive operators and r > 0,
AV _.B + 2r(AVB — A$B) < Af_,B. We also prove that
equality holds if and only if A = B. In addition, we estab-
lish several reverse Young-type inequalities involving trace,
determinant and singular values. In particular, we show that
if A and B are positive definite matrices and r» > 0, then
tr(14+7r)A —rB) < trf|A1T"B~"| — r(Vtr A — VtrB)2.

1. Introduction and preliminaries. Let H be a Hilbert space,
and let B(H) be the C*-algebra of all bounded linear operators on H
with the operator norm || - || and the identity I;. If dimH = n, then
we identify B(H) with the space M,, of all n x n complex matrices
and denote the identity matrix by I,,. For an operator A € B(H), we
write A > 0 if A is positive (positive semi-definite for matrices), and
A > 0if A is positive and invertible (positive definite for matrices). For
A, B € B(H), wesay A > Bif A—B > 0. Let B1(H) (respectively, P,,)
denote the set of all positive invertible operators (respectively, positive
definite matrices). A norm ||| - ||| on M,, is called unitarily invariant if
NTUAV ||| = |||A]|| for all A € M,, and all unitary matrices U,V € M,,.
The Hilbert-Schmidt norm is defined by

a1z = ism)m,

—

where s(4) = (s1(A),...,s,(4))
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denotes the singular values of A, that is, the eigenvalues of the positive
semi-definite matrix |A| = (4*A)/2, arranged in decreasing order with
their multiplicities counted. This norm is unitarily invariant. It is
known that, if A = [a,;;] € M,,, then

n 1/2
Mm<§jmﬂ).
ij=1

The weighted operator arithmetic V,, geometric f, and harmonic !,
means, for v € [0,1] and A4, B € BT (H) are defined as follows:

AV,B=(1-v)A+vB,
AﬁVB — Al/Q(A_1/2BA_1/2)VA1/2,
ALB=(1-v)A"' +vB~H)~L

If v = 1/2, we denote the arithmetic, geometric and harmonic means,
respectively, by V, # and !, for brevity.

The classical Young inequality states that
a’b* ™" < va+ (1 —v)b,

when a,b > 0 and v € [0,1]. If v = 1/2, we obtain the arithmetic-
geometric mean inequality vab < (a+b)/2. The operator Young
inequality reads as follows:

(1.1) AlL,B< A$,B< AV, B, velo1],

where A, B € BT (H) and v € [0,1], cf., [6]. For other generalizations
of the Young inequality see [15, 16]. A Young inequality matrix due
to Ando [1] asserts that

5j(AB') < 5, (A + (1-1)B),

in which A, B € M, are positive semidefinite, j = 1,2,...,n, and
v € [0,1]. The above singular value inequality entails the following
unitarily invariant norm inequality,

11AB |l < lllvA+ (1 =) BIll,
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where A, B € M,, are positive semidefinite and 0 < v < 1. Kosaki [13]
proved that the inequality,

(1.2) A" X B ||y < |[vAX + (1 — v) X B2,

holds for matrices A, B, X € M, such that A and B are positive
semidefinite, and for 0 < v < 1. It should be mentioned here that,
for v # 1/2, inequality (1.2) may not hold for other unitarily invariant
norms. Hirzallah and Kittaneh [7] gave a refinement of (1.2) by showing
that

(13)  [lA"XB™"|3 + r§|AX — X B|3 < |[vAX + (1 - v)X B3,

in which A, B, X € M, such that A and B are positive semi-definite,
0<v<1andrg=min{r,1 —v}. A determinant version of the Young
inequality is also known (see [9, page 467]):

det(A”B'™") < det(vA + (1 — v)B),

where A, B, X € M,, such that A and B are positive semi-definite and
0 < v < 1. This determinant inequality was recently improved in [12].
Further, Kittaneh [10] proved that

(1.4) A X BY||| < [[JAX || [IIX BII”,

in which |||-|]| is any unitarily invariant norm, A, B, X € M,, such that
A and B are positive semidefinite and 0 < v < 1. Conde [2] showed
that

—V v —V v 2 —V v
2| AT X B |ll+ (AX =X BI) " <[[[AX NP0+ X B|[*,

where ||| - ||| is a unitarily invariant norm, A, B, X € M,, such that A
and B are positive semidefinite and 0 < v < 1. Tominaga [21, 22]
employed Specht’s ratio for the Young inequality. In addition, some
reverses of the Young inequality are established in [4].

For a,b € R, the number z = va + (1 — v)b belongs to the interval
[a,b] for all v € [0,1], and is outside the interval for all v > 1 or v < 0.
Exploiting this obvious fact, Fujii [3] showed that if f is an operator
concave function on an interval J, then the inequality,

F(C*XC = DYD) <|C|f(V'XV)|C| - D*f(Y)D,
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holds for all self-adjoint operators X and Y and operators C' and D
in B(H) with spectra in J, such that C*C — D*D = I3, o(C*XC —
D*Y D) C J, and C = V|C| is the polar decomposition of C.

In this direction, by using some numerical inequalities, we obtain
reverses of (1.1)—(1.4) under some mild conditions. We also aim to give
some reverses of the Young inequality dealing with positive operator
means. Finally, we present some singular value inequalities of Young-
type involving trace and determinant.

2. Reverses of the Young inequality for the Hilbert-Schmidt
norm. In this section, we deal with reverses of the Young inequality for
the Hilbert-Schmidt norm. To this end, we need the following lemma.
Lemma 2.1. Leta,b>0. If r >0 orr < —1, then
(2.1) (147)a—7rb<a'™b7".

Proof. Let a,b > 0. If a = b, then (2.1) is trivial. Let a # b.
Bernoulli’s inequality [17] states that 1 + vz < (1 4+ z)”, where
0# x> —1and v ¢ (0,1). If we replace v by 1 +r and = by ¢t — 1,

respectively, then (14 r)t —r < 17 where 1 # ¢ > 0 and r ¢ (—1,0).
Letting ¢t = a/b, we obtain the desired inequality. |

Remark 2.2. By virtue of Lemma 2.1, it follows that the inequality
(2.2) (1+7)a—rb)* < (a"7577)°

holdsifa>b>0andr>0,orb>a>0and r < —1.

Our first result reads as follows.

Theorem 2.3. Let A, B, X € M,, and let m and m’ be positive scalars.
IfA>mI, >B>0andr >0, or B>m'l, >A>0andr < -1,
then the following inequality holds:

|1+ r)AX —rXBlly < [A™TXB o,

Proof. Tt follows from the spectral decomposition [23] that there are
unitary matrices U,V € M, such that A = UAU* and B = VI'V*,
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where A = diag (A, A2, ..., An), I' = diag (71,72, ---,Vn), and A;,7;,
j=1,2...,n, are positive. If Z = U*XV = [z;;], then

(2.3)

(1+7mMAX—rXB=U((1+7)AZ —rZT)V*=U[((1 + r)\i—r7;) 2i5]V"

and
(2.4)
AT B TT=UAY X VT TV A= UA T ZD T = U[()\%J"T’yj_r) Zij]v*f

Suppose first that A > ml, > B > 0 and r > 0. Then, it follows that

so, utilizing (2.3) and (2.4), we have

n

I+ ) AX —rX B3 =Y (1 + )X —r)*lzi> < 3 (A7) =i

i,j=1 i,j=1
(by inequalities (2.2) and (2.5))
= A" X B3

The same conclusion can be drawn for the cases of B > m/I, > A >0
and r < —1. O

Generally speaking, Theorem 2.3 does not hold for arbitrary positive
definite matrices A and B. The reason for this lies in the fact that
inequality (2.2) is not true for arbitrary positive numbers a and b. To
see this, let a =1, b=4 and r = 2.

Our next intention is to derive a result related to Theorem 2.3, which
holds for all positive definite matrices. Observe that the inequality:

(1 +7)a —rb) — r2(a —b)% = (1 + 2r)a® — 2rab < (a?)'

_ (a1+rb7r)2

(ab)f2r

yields an appropriate relation instead of (2.2), for arbitrary positive
numbers a and b and r > 0 or r < —1/2, as follows:

(14 r)a—rb)* < (al'”b_r)2 +r3a—b)? a,b>0.

Note also that, if a = b, then the equality holds.
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Now, utilizing this inequality and the same argument as in the proof
of Theorem 2.3, i.e., the spectral theorem for positive definite matrices,
we obtain the corresponding result.

Theorem 2.4. Suppose that A,B € P, and X € M,. Then the
inequality:

(26) [|(1+7)AX —rXB|? < |[[A""XB"|2 + [ AX — X B2
holds forr >0 orr < —1/2.

3. Reverse Young-type inequalities involving unitarily in-
variant norms. It has been shown in [8] that the inequality,

(3.1) AT X BT > | X7 AX BT

holds for A,B € P,, 0 # X € M,, and r > 0. Replacing B by B~!
and X by X B in (3.1), respectively, yields the relation

(3.2) A" X B > [JAX|" | X B,
where r > 0, A, B € P, and X € M,, with X # 0.

Next we show that inequality (3.2) holds for every unitarily invariant
norm. This can be done by virtue of inequality (1.4). In fact, the
following result is, in some way, complementary to inequality (1.4).

Lemma 3.1. Suppose that A,B € P,, X € M,, such that X # 0. If
r >0 orr < —1, then the inequality,
IAX|HT ([ X B < [[[A™"X B,
holds for any unitarily invariant norm ||| - |.
Proof. First, let r > 0. Set « = r + 1. Utilizing inequality (1.4), it
follows that
IAX][] = [[|(A*) V(X B =) (B*) e~/
< [[JACX B! ||V ||| X B Be[|[e /e
= [[JA*X B=e ||V )| X Bl|| @D,

that is,
IAX[[{]|X B[~ < |||A*X BY (||~
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Hence,
IAX[|* X B[]~ < [|A“X B =],
whence
IAX[[H X Bl < [[[AY"X BT
On the other hand, if r < —1, set « = —r. By a similar argument, we
obtain the desired result. O

An application of Lemmas 2.1 and 3.1 yields the Young-type in-
equality,

(3-3) (L + IJAX]] = r[[|XB||| < [[[A" X B,

which holds for matrices A, B € P,, X € M,, such that X # 0 and
r > 0orr < —1. It is interesting that inequality (3.3) can be improved.
But first we have to improve the scalar inequality (2.1).

Lemma 3.2. Let a,b>0 and r >0 orr < —1/2. Then,

(3.4) (147)a—rb+r(va—Vb)? < a7,

Proof. Due to Lemma 2.1, it follows that

(147 a—rb+r(v/a—Vb)? = —2rVab +(1+2r)a< (Vab) ~2 a2

=a'tTyp. O

Obviously, if » > 0, inequality (3.4) represents an improvement of

inequality (2.1). Finally, we give an improvement of matrix inequality
(3.3).

Theorem 3.3. Let A,B € P,, X € M,, be such that X # 0 and let
r > 0. Then the inequality

A+)IAX =X Bl +r(VIAX =V XBIID? < ||| A™ X B~

holds for any unitarily invariant norm ||| -|||.
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Proof.

(L +n)IIAXI = ([ X Bl + r(VIAX]] = V[ X BI[])?
< |IAXJ[[** T [[IXB][|™"  (by Lemma 3.2)
< |||AYTXB™T|| (by Lemma 3.1). O

Remark 3.4. It should be noted here that Theorem 3.3 is also true
in the case of r < —1/2. However, in this case, the corresponding
inequality is less precise than relation (3.3) and does not represent its
refinement.

4. Reverse Young-type inequalities related to operator
means. The matrix Young inequality can be considered in a more
general setting. Namely, this inequality also holds for self-adjoint oper-
ators on a Hilbert space. The main objective of this section is to derive
inequalities which are complementary to the mean inequalities in (1.1),
presented in the introduction.

The main tool in obtaining inequalities for self-adjoint operators
on Hilbert spaces is the following monotonicity property for operator
functions. If X is a self-adjoint operator with the spectrum sp (X),
then

(4.1) f(t) 2 g(t), tesp(X) = f(X)=g(X).

For more details about this property the reader is referred to [19].

Since A, B € BT (H), the expressions AV, B and Af, B are also well
defined when v € R\ [0, 1]. In this case, we obtain the reverse of the
second inequality in (1.1).

Theorem 4.1. If A, B € %"‘(H) andr >0 orr < —1, then
(4.2) AV_,.B < A$_,.B.
Proof. By virtue of Lemma 2.1, it follows that f(z) = 27" 4+ rz —

(1+7r) >0, 2 > 0. Moreover, since B € B+(H), it follows that
A=12BAY2 € B3+ (H), that is, sp (A~/2BA~/2) C (0, 00).
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Thus, applying monotonicity property (4.1) to the above function f,
we have that

r
(A*WBA*W) FrATV2BATY2 (14 1) > 0.
Finally, multiplying both sides of this relation by A'/2, we have
AV (A1 2B A1) TAYZ LB (14 1)A >0,

and the proof is complete. O

If A,B € B%(H) such that A < B, the expression A!_,. B is well
defined for » > 0. Namely, due to operator monotonicity of the function
h(z) = —1/x on (0, 00) (for more details, see [19]), A < B implies that
B™t < A7! so that (r + 1)A=! —rB~! € BT (H). Therefore, the
operator A!_.B = ((r+1)A~' —rB~1)~! is well defined for r > 0.

Now, we give the reverse of the first inequality in (1.1).

Corollary 4.2. Let A, B € BT (H) be such that A < B. Ifr >0, then
At_.B < Al_,.B.

Proof. From Theorem 4.1 with operators A and B replaced by A~!
and B~1, respectively, it follows that
(4.3) AW _,B7t'< AT BT
Now, applying the monotonicity operator of the function h(z) =
—1/z, x € (0,00), to relation (4.3), we have that
(A_lﬂ_TB_l)_l < (A_lv_TB_l)_l.
Finally, the result follows by virtue of (A='f_,B~1)"' = At ,B. O

Kittaneh et al. [11] obtained the following relation (see also [14]):
2max{r,1 —v}(AVB — AtB) > AV,B — A}, B

(4.4) > 2min{v,1 — v}(AVDB — A4B).

Clearly, the left inequality in (4.4) represents the converse, while the
right inequality represents a refinement of the arithmetic-geometric
mean operator inequality in (1.1).
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Our next goal is to derive a refinement of inequality (4.2) which is,
in some way, complementary to the above relations in (4.4). Clearly,
this will be carried out by virtue of Lemma 3.2.

Theorem 4.3. If A,B € BT (H) and r > 0, then the following
inequality holds:

(4.5) AV_,B+2r(AVB — A#B) < A§_,B.

Proof. By virtue of Lemma 3.2, it follows that
(4.6) A+r)—rz+r(z—2Vz+1)<z™"

holds for all z > 0. Now, applying functional calculus, i.e., prop-
erty (4.1), to this scalar inequality, we have

(147) Iy —r A~ P BA™ V2 4r(ATVPBATV2—2(A7VPBATV?) 24 L)
S (A71/2BA71/2)77‘.

Finally, multiplying both sides of this operator inequality by A'/2, we
obtain (4.5). O

Corollary 4.4. Let A,B € B(H) and r > 0. Then, AV_,.B =
Af_.B if and only if A = B.

Proof. 1t follows from Theorem 4.3 and the fact that AVB = AfB
if and only if A = B. |

Remark 4.5. Keeping in mind that scalar inequality (4.6) also holds
for r < —1/2 (see Lemma 3.2), it follows that inequality (4.5) also holds
for r < —1/2. However, if r < —1, relation (4.5) is less precise than the
original inequality (4.2) and does not represent its refinement. On the
other hand, it is interesting to consider the case when —1 < r < —1/2.
Namely, denoting v = —r, where 1/2 < v < 1 and (4.5) reduces to

AV, B — 2v(AVB — AtB) < A#, B,

this relation coincides with the converse of the arithmetic-geometric
mean inequality, that is, with the left inequality in (4.4).
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Remark 4.6. In [11], the authors considered the operator version of
the classical Heinz mean, i.e., the operator,
Af, B+ At , B

2 )
where A, B € B1(H) and v € [0,1]. As in the real case, this mean
interpolates between the arithmetic and geometric means, that is,

(4.7) H,(A,B) =

(4.8) AtB < H,(A,B) < AV B.

On the other hand, since A, B € BT (H), expression (4.7) is also well
defined for v € R\ [0, 1]. Moreover, due to Theorem 4.1, we obtain the
inequality,

Ho(AB)— At_.B —;AﬁHTB L AV..B —;AVHTB

=AVB, r>0 or r<-1,

complementary to (4.8).

In order to conclude this section, we mention yet another inequality
closely connected to the Young inequality, namely, in [5], the equiv-
alence between the Young and the Holder-McCarthy inequalities was
shown. This asserts that

(4.9) (Az,z)"" < (A "z,z), z€H, ||z|| =1,

holds for all A € B+ (H) and r >0 or r < —1. If =1 < r < 0, then the
sign of the inequality in (4.9) is reversed.

Now, we give a refinement of the Holder-McCarthy inequality, once
again by exploiting Lemma 3.2.

Theorem 4.7. Let A € B+ (H) and r > 0. Then the inequality
(4.10) 0<2r (1 — (A2, ) <Ax,z>*1/2) <A™z, ) (Az, z)" — 1
holds for any unit vector x € H.

Proof. By virtue of equation (4.6), it follows that the inequality
2r(1 — y/z) < 27" — 1 holds for all x > 0. Now, applying functional
calculus to this inequality and the positive operator A/ A, X\ > 0, we
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obtain
o (IH - )\1/(2’")141/2) <AIATT Iy,

Further, fix a unit vector x € H. Then we have
2r (1 — /@) <A1/2x7m>) <A YAz 2) — 1.

Finally, putting A = (Az,x)”" in the last inequality, we obtain the
second inequality in (4.10). Clearly, the first inequality in (4.10) holds

due to (4.9) since (AY?z,x) < (Az,z)'/2. 0

Remark 4.8. Since relation (4.6) holds for » < —1/2, it follows that
the second inequality in (4.10) also holds for » < —1/2. Clearly, the
case of r < —1 is not interesting since, in this case, we obtain a less
precise relation than the original Holder-McCarthy inequality (4.9). On
the other hand, the case of —1 < r < —1/2 yields the converse of (4.9).

5. Reverse Young-type inequalities for the trace and the
determinant. In this section, we derive some Young-type inequalities
for the trace and the determinant of a matrix. The starting point for
this direction was used in Lemma 3.2.

In [12], Kittanch and Manasrah obtained the inequality
(5.1) tr |A”Bl_"‘ +ro(VtrA — vVtrB)? < tr(vA + (1 — v)B),

which holds for positive semi-definite matrices A, B € M,,, 0 < v <1,
and 79 = min{v,1 — v}.

By virtue of Lemma 3.2, we can accomplish the inequality comple-
mentary to (5.1). To do this, we also need the following inequality
regarding singular values of complex matrices:

(5.2) Y 5i(A)sn—jia(B) <Y 55(AB) <Y s5(A)si(B).
j=1 j=1 j=1

Now, we have the following result.

Theorem 5.1. If A, B € P, and r > 0, then the following inequality
holds:

(5.3) tr((1+r)A—rB) < tr|A™"B™"| —r(Vtrd — vVtrB)2.
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Proof. Applying Theorem 3.3 with X = I, and with the trace norm
|- Il1, that is, [[A]l1 = >°1; s;(A) = tr|A], it follows that

L+ Al = 7Bl +r(VIAllL = VIBI)? < A B 1.

Now, since A, B € P,, it follows that ||A|; = trA and ||B|; = trB,
that is, (1 + r)||All1 — r||Bli1 = tr((1 + r)A — rB), so we have
inequality (5.3). O

Our next intention is to obtain an analogous reverse relation for the
determinant of a matrix. In [12], the authors obtained the inequality,

det(AYB*™") + 70 det(2AVB — 2A4B) < det(vA + (1 — v)B),

where 0 < v < 1, ro = min{r, 1 —v}, and A, B are positive definite ma-
trices. The corresponding complementary result can also be established
by virtue of Lemma 3.2.

Theorem 5.2. Let v > 0, and let A,B € P, be such that A >
r/(r 4+ 1)B. Then the following inequality holds:
(5.4)

det (14 7)A—rB) < det (A" B™") — r"det (2AVB — 2A4B)..

Proof. The starting point is Lemma 3.2 with a = s; (B~Y2AB~1/?)
and b =1, i.e., the inequality
sTTHBTV2ABTY?) > (14 1)s; (B /2AB™1/?) —
+r(sy/2(B7Y2AB7Y?) 1)

Furthermore, since A > r/(r 4+ 1)B, it follows that B~Y/2AB~1/2 >
r/(r + 1)I,,, which means that s;(B~Y/24AB~/2) > r/(r + 1). Conse-
quently, we have that

(1+7)s; (B_l/QAB_1/2) —r>0.

Hence, by virtue of the above two relations and the well-known prop-
erties of the determinant, we have
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det (BH/?AB*/?)T+1 _

—.

s§+1 (Bfl/zABq/z)
1

J

>

=

(1+1)s; (B*l/QAB*/?) —

<.
Il
Ja

Y (s}“ (3*1/2AB*1/2) - 1)2]

>

—.

[(1 +7)s; (Bil/QABfl/Q) — r}

+ r”jﬁ [(s}/z (3*1/2AB*1/2) - 1)2]

= det ((1 +7r)B7Y2ABTY? rln)

<
Il
—

2
+ 7™ det ((B*WAB*/Q)V2 - In) .

Finally, multiplying both sides of the inequality obtained by det(B'/?)
and utilizing the well known Binet-Cauchy theorem, we obtain (5.4),
as claimed. O

6. Reverses of the Young inequality dealing with singular
values. Let 2 = (z1,...,2,), ¥ = (Y1,--.,Yn) € R™ be such that
0<z; <---<zpand 0 <y; <--- <y,. Then x is said to be log
majorized by y, denoted by x <iog ¥, if

k k
ijSHyj, 1<k<n and ﬁxj:ﬁyj-
=1 =

Jj=1

For X € M,, and k = 1,...,n, the kth compound of X is de-
fined as the (}) x (}) complex matrix Cy(X), whose entries are de-
fined by Cp(X),s = detX[(r1,72,...,7%) | (51,52,...,5k)], where

(ri,re,...,7k), (81,82,...,8k) € Pen = {(x1,...,2p) |1 <21 < -+ <
x < n} are arranged in lexicographical order and (r1,79,...,7) and
(s1,82,...,Sk) are the rth and sth elements in Py, ,,, respectively. X|r, s]

is the k£ x k matrix that contains the elements in the intersection of rows
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(r1i,r2,...,7%) € Py, and columns (s1, S2,. .., Si) € Py (for more de-
tails, see [18]). For example, if n = 3 and k = 2, then (1,2), (1,3) and
(2,3) are the first, second and third elements of Py ,,, respectively. So,

det X[1,2]1,2] detX[1,2]|1,3] detX][1,2]2,3]
Cy(X) = |det X[1,3]1,2] detX][1,3]1,3] detX][1,3]2,3]
det X[2,31]1,2] det X[2,3]1,3] detX[2,3]2,3]
In the general case, for A, B € M,,, we have
(6.1) Cr(AB) = C(A)Cr(B)
and
k
51(Cr(A) = [[5:(4), 1<k<n
j=1

Finally, we use the corresponding ideas from [20] to present our last
result.

Theorem 6.1. Suppose that A, B € P,, and X € M,,. If r > 0, then

(i) s(AMTX BT w ), 15T (AX B)s™(X),
(ii) (A" XB™") +10p "7 (AX)s~" (X B).

Proof. (i) Let Cx(X) € C(E)X(Z) denote the kth component of X,
1 < k < n. Then, we have
k
[[s:(A"XB") = s1(Ch(A"T" X B'T)) by (6.1)
i=1
= 51(Cu(A)TCu(X)Cr(B)FT) by (6.1)
> 57" (Cr(X))s1 ™" (Cu(AX B))
(by inequality (3.1))
k

k
=[Isi7 &[]t (AxB).
i=1

i=1
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Moreover, if k = n, we have
n
[[s:(A™ " XB"") = |det(A" X BT
i=1

= (detA)'"|det X |(detB) "

and

n n

[Ts:X) [ s:(AXB)"*" = |detX 7| |det(AX B)+"|
= (detA)'"|det X |(detB) .

(ii) The second conclusion can be accomplished by a similar argu-
ment as in (i) and by utilizing inequality (3.2). O
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