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GEOMETRY OF BOUNDED FRECHET MANIFOLDS
KAVEH EFTEKHARINASAB

ABSTRACT. In this paper, we develop the geometry
of bounded Fréchet manifolds. We prove that a bounded
Fréchet tangent bundle admits a vector bundle structure.
But, the second order tangent bundle T?2M of a bounded
Fréchet manifold M becomes a vector bundle over M if
and only if M is endowed with a linear connection. As an
application, we prove the existence and uniqueness of an
integral curve of a vector field on M.

1. Introduction. The geometry of Fréchet manifolds has received
serious attention in recent years, cf., [3] for a survey. In particular, sec-
ond order tangent bundles have been studied due to their applications
in the study of second order ordinary differential equations that arise
via geometric objects (such as autoparallel curves and parallel trans-
lation) on manifolds (see [1, 2]). However, due to intrinsic difficulties
with Fréchet spaces, only a certain type of manifolds was considered,
namely, those Fréchet manifolds which can be obtained as a projective
limit of Banach manifolds (PLB-manifolds). It was proved that the sec-
ond order tangent bundle T2M of a PLB-manifold M admits a vector
bundle structure if and only if M is endowed with a linear connection
(see [4]).

Some of the basic issues in the theory of Fréchet spaces are mainly
related to the space of continuous linear mappings. Indeed, the space
of continuous linear mappings of one Fréchet space to another is not a
Fréchet space in general. On the other hand, the general linear group
of a Fréchet space does not admit any non-trivial topological group
structure. This defect brings into question the method of defining a
vector bundle. Another drawback is the lack of a general solvability
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theory for ordinary differential equations. Because of these reasons,
an arbitrary connection is hard to handle in the framework of Fréchet
bundles.

As mentioned above, there is a solution to these difficulties for
Fréchet manifolds which can be obtained as projective limits of Banach
manifolds. However, there is another manner of overcoming the afore-
mentioned problems. Recently, in [17], Miiller introduced the concept
of bounded Fréchet manifolds and provided an inverse function theorem
in the sense of Nash and Moser in this category. Such spaces arise in
geometry and physical field theory and have many desirable properties.
For instance, the space of all smooth sections of a fiber bundle (over
closed or non-compact manifolds), which is the foremost example of
infinite-dimensional manifolds, has the structure of a bounded Fréchet
manifold, (see [17, Theorem 3.34]). As for the importance of bounded
Fréchet manifolds, we refer to [6], where Sard’s theorem was obtained
in this category. The statement of the theorem is as follows. Let M,
respectively N, be bounded Fréchet manifolds with compatible metrics
dpr, respectively dy, modeled on Fréchet spaces E, respectively F', with
standard metrics. Let f : M — N be an MC*- Lipschitz Fredholm map
with k > max{Ind f,0}. Then, the set of reqular values of f is residual
in N.

One of the essential ideas of this setting is to replace the space of all
continuous linear maps by the space L 4(E, F'), for all linear Lipschitz
continuous maps. Then, Ly ¢(E, F) is a topological group that has
satisfactory properties. For example, the composition map,

Ed,g(F7 G) X Ld’,d(E’F) — Ed/,g(EvG)a

is bilinear continuous. In particular, the evaluation map L4 4(E, F) X
E — F is continuous.

Our goal in this paper is to extend the known results of Fréchet
geometry to bounded Fréchet manifolds. We define the tangent bundles
TM and T?M of a bounded Fréchet manifold M, modeled on a
Fréchet space F, and prove that they too are endowed with bounded
Fréchet manifold structures of the same type modeled on F2? and
F* respectively. In addition, we show that T'M admits a vector
bundle structure, which allows us to define a connection on T'M via
a connection map, cf., [18, 19]. We shall interpret linear connections
as linear systems of ordinary differential equations on trivial bundles.
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Our main result is that T2M admits a vector bundle structure if and
only if M is endowed with a linear connection. Moreover, a linear
connection on M determines a vector bundle structure on T?M and
a vector bundle isomorphism T?M — TM @& TM. We conclude by
proving the existence and uniqueness of the integral curve of a vector
field on M.

It turns out that bounded Fréchet manifolds have some advantages
over both PLB-manifolds and infinite-dimensional convenient mani-
folds. In the case of PLB-manifolds, the difficulty is that to construct
a geometric object on manifolds, we need to establish the existence of
the projective limit of its Banach corresponding factors. In the case
of convenient manifolds, to construct such geometrical structures, we
need to define the notion of manifolds by charts. However, this drasti-
cally restricts the consequences of Cartesian closedness (see [13, 16]).
In addition, for convenient manifolds, we have two different kinds of
tangent bundles (kinematic and operational) and hence, we have two
different types of vector fields. Another drawback is that operational
vector fields do not necessarily have integral curves. On the other hand,
for a given kinematic vector field, integral curves may not exist locally,
and, if they exist, they may not be unique for the same initial condition
(see [13]).

2. Prerequisites. In this section, we summarize all the necessary
preliminary material that we need for a self contained presentation of
the paper. For detailed studies on bounded Fréchet manifolds we refer
to [6, 10, 17].

We denote by (F,d) a Fréchet space whose topology is defined by a
complete translational-invariant metric d. We define || f||¢ = d(f,0) for
f € F, and write L - f instead of L(f) when L is a linear map between
Fréchet spaces. A metric with absolutely convex balls will be called
a standard metric. Note that every Fréchet space admits a standard
metric which defines its topology. If «, is an arbitrary sequence of
positive real numbers converging to 0, and if p, is any sequence of
continuous semi-norms defining the topology of F', then,

B _pnle—f)
da,p(&f) T iggan1+Pn(€ - f)

is a metric on F' with the desired properties.
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As mentioned in the introduction, we replace the space of all linear
continuous maps between Fréchet spaces by the space of all linear
Lipschitz continuous maps. Let (E, g) be another Fréchet space, and let
Ly q(E, F) be the set of all globally linear Lipschitz continuous maps,
i.e., linear maps L : E — F', such that

L-
1Lllga = sup Ul oo
z€E\{0} ||17||g
We abbreviate L4(E) := L44(E, E) and write ||L||, = ||Ll|l4,4 for

L e L,(F). If d is a standard metric, then,

(2.1)
Dg,d : ﬂg,d(E,F) X ﬂg,d(E,F) — [0,00), (L,H) — HL — HHg,d

is a translational-invariant metric on Lg4(E, F)), turning it into an
Abelian topological group (see [10, Remark 1.9]). The latter is not a
topological vector space, in general, but a locally convex vector group
with absolutely convex balls. We shall always equip Fréchet spaces with
standard metrics and define the topology on L4 4(E, F') by the metric
Dy q. The vector groups

LOVV(F,E) = (F,L! 4(F, E))

are defined by induction.

Let E, F be Fréchet spaces, let U be an open subset of E, and let
P : U — F be a continuous map. Let CL(E,F) be the space of all
continuous linear maps from F to F, topologized by the compact-open
topology. We say that P is differentiable at the point p € U, if there
exists a linear map:

dP(p): E— F, with d P(p)h = lim Ptth)=Pw) - for all h € E.
If P is differentiable at all points p € U, if dP(p) : U — CL(E, F)
is continuous for all p € U, and if the induced map P’ : U x E —
F, (u,h) — d P(u)h is continuous in the product topology, then we
say that P is Keller-differentiable. We define P+1) . U x EF1 & F
inductively by:

P(k+1)(uaf17"'7fk+l) m

=1l
t—0

PE) (utt fio 1) (1 i) =PE (w) (f1,- fr)
y .
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If P is Keller-differentiable, d P(p) € Lq4(E,F), for all p € U,
and the induced map dP(p) : U — Lg4(F, F) is continuous, then
P is called b-differentiable. We say P is MC° and write P = P
if it is continuous. We say P is an MC' and write P(Y) = P’ if it
is b-differentiable. Let Lg4(E, F)o be the connected component of
Lqg4(E, F) containing the 0 map. If P is b-differentiable and if V. C U
is a connected, open neighborhood of 2y € U, then P’(V) is connected,
and hence contained, in the connected component

Pl(xo) +£d,g(E7F)O7
of P'(xg), in Lq4(E, F). Thus,
P |V —P/(JJQ) 'V — ﬁd,g(E;F)O

is again a map between subsets of Fréchet spaces. This enables a
recursive definition. If P is MC! and V can be chosen for each 29 € U,
such that P’ |y —P'(z0) : V = La4(E, F)o is MC*=1 then P is called
an MC*-map. We give a piecewise definition of P*) by
P |y:= (P [y —P'(x0)) ",

for zop and V, as before. The map P is MC> if it is MC* for all
k € Ny. We shall denote by D, D2 the first and the second differential,
respectively.

A bounded Fréchet manifold is a Hausdorff second countable topo-
logical space, with an atlas of coordinate charts, taking their values
in Fréchet spaces such that the coordinate transition functions are all
MC>-maps.

We will need to consider the space of all globally Lipschitz continuous
k-multilinear maps. Let

be the topological product of any finite number %k of Fréchet spaces
(F1,d1),...,(Fg,dg). For x = (z1,...,z;) € Band y = (y1,...,9k) €
B, we define the maximum metric dy,.x as follows:

dmax(gja y) = 1<?<Xk dv(zza yz)
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We shall always use this metric on B. Let (Fy,dy),...,(Fk,dg) and
(F,d) be Fréchet spaces. The space of all globally Lipschitz continuous
k-multilinear maps is the space of all k-multilinear maps L : F} X - -+ X
Fj, — F such that, for all f; € F;\ {0}, 1 <i <k,

HL(f17 KRS fk)”d

ILllay....dy.a = sup < 0o.
' § fi€F;i\{0} ||f1||d17"'7ka7||dk

This space is denoted by Lq, .. 4, .a(F1,..., Fr; F). On the latter space,
we define a metric

Day....dp,a(Ly H) = |L — Hl|ay,...,dy.ds

which produces an Abelian topological group.

Throughout the paper, we suppose that dy,...,dx,d are fixed met-
rics, and for ease of notation, we will not write them when they appear
as indices.

Lemma 2.1. There are canonical topological group isomorphisms:

E(FL,C(FQ,...,F]C;F)) = ,C(Fl,...,Fk;F)
= E(Fl,...,kal;ﬂ(Fk,F))
gE(Fll,7Flk,F)7

where (i1,...,1) is a permutation of (1,...,k).

Proof. Define
K : L(F, L(Fs,..., Fyy F)) — L(Fy,..., Fy F)
K(L(f1)(f2- -, f) = L(fr,- -, fi)-

The association L & T is linear and a group isomorphism. Since K is
linear, we only need to show ||L|| = ||L||, to prove continuity of K and
its inverse. By straightforward verification, we have

12 = sup (L) ose s Sl | =1 Dl = 1)
=sup {IZ(fi,- - )l | 1Al = 1ol =1}
|5(L) = L.

Likewise, the other isomorphisms are proved. |



GEOMETRY OF BOUNDED FRECHET MANIFOLDS 901

Convention. The terms bounded Fréchet tangent bundle and bounded
Fréchet second order tangent bundle are too long, so we remove bounded
Fréchet from the terms.

3. Constructions of TM and T?M. In this section, we construct
TM and T?M based on the work of Yano and Ishihara [20].

3.1. Tangent bundle. Let M be a bounded Fréchet manifold mod-
eled on a Fréchet space F, and let MC,(M) be the set of all MC>°-
mappings f : R — M that send 0 to p € M. On MC,(M), we define an
equivalence relation ~ as follows. Let ® = {(Uy, o) }aca be a compat-
ible atlas for M, (p € U, ¢o) an admissible chart, and £, g € MC,(M).
Let r be a fixed natural number. We say that f and g are equivalent
and write f ~ g, if they satisty:

(31)  (pa©of)(0) = (pa©g)(0),...,(pa0cf)(0)=(paoyg)(0),

where the orders of the derivatives run between 1 and r. It follows from
the chain rule for MC*-maps (see [10, Lemma B.1]) that the equiva-
lency at a point p is well defined. The equivalence class containing a
mapping f € MC,(M) is called the r-jet of f at p, and is denoted by
Jpt-

Let TM be the set of all 1-jets of M, and let mp; : TM — M be a
natural projection. The fiber 7, (p) is the tangent space T, M. The
space T, M has the structure of a Fréchet space, which is isomorphic to
F' by means of the mapping ¢, omas : T,F' — F, given by j},f = ©a(p).
It is easily verified that this structure of 7, M is independent of the
choice of the chart (Uy,¢s). Then, TM is the disjoint union of
the tangent spaces T,M and is called the tangent bundle over M.
Let h : M — N be an MC*-map of manifolds. The tangent map
Th:TM — TN is defined by

Th(jp(f)) = dngy(h o f).
The following lemma is fundamental for constructing trivializing
atlases and vector bundle structures for TM and T2M.
Lemma 3.1.

(i) Let h: M — N and g : N — K be MC*-maps of manifolds.
Then, T(hog)=TgoTh.
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(ii) If h : M — N is an MCF*-diffeomorphism, then Th : TM —
TN is a bijection and (Th)~! = T(h™1).

(iii) Let h : U C E — V C F be a diffeomorphism of open sets of
Fréchet spaces. The tangent map Th : U X F — V X E is a
local vector bundle isomorphism.

(iv) Ifh:U C E —V C F is an MC*-diffeomorphism of open sets
of Fréchet spaces, then Th is an MC*~1-diffeomorphism.

Proof.
(i) gohis MC* ([10, Lemma B.1]). Furthermore,

T(g0h)(jpf) = dlgomm(9°hof)
=Tg(inep))(ho f)
= (Tg o Th)(j,f)-

(ii) By (i) and the definition of the tangent map, ThoTh~! = Tidry,
while Th= o Th = Tidy.

(iii) Th is a local vector bundle morphism. Since h is a diffeomor-
phism, it follows that (Th)~! = T'(h™!) is a local vector bundle
morphism; thus, Th is a vector bundle isomorphism.

(iv) Let C be a curve passing through v € U such that DC(0)-1=e
for a given e € F. Define the map 7(t) : R — E, by n(t) = u +et,
which is tangent to C' at ¢ = 0. Define A : U x F — TU by
Mu,e) = jL(n(t)). We have

(ThoX)(u,e) = Th-j,(1(t)) = e (hon(t)).
We also have
(Ao h')(u,e) = A(h(u), D h(u) - ) = ji () (h(w) + (D h(u) - e)t).

These are equal because the curves ¢ — h(u + et) and t —
h(u) + (D h(u) - e)t are tangent at 0 by the definition of the
derivative and the previous parts. Therefore, Tho A = Ao I/,
which means A identifies U x E with TU. Correspondingly, we
can identify h’ with Th, so the results of earlier parts imply
statement (iv). O
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Proposition 3.2. Let wpy : TM — M be a tangent bundle. Then, the
atlas {(Un, ©a)taca, gives rise to a trivializing atlas

{(m3/ (Ua); T¢a)taca, onTM,
with
Too : Tpf (Ua) — ¢a(Ua) X F,
s (f) — (pa(p), (¢ 0 )'(0)); f € MCy(M).
This makes TM into a bounded Fréchet manifold modeled on F X F.

Proof. The proof follows from Lemma 3.1. ]

The definition of vector bundles for Banach manifolds applies to
bounded Fréchet manifolds, with evident modifications (see [14] for
the definition of a Banach vector bundle). Note that the group of
automorphisms, Aut(F), is topological ([10, Proposition 1.2]); thus,
it can serve as the structure group of a vector bundle. Let X be a
topological space, and let IT : X — M be a surjective continuous map.
Let (E, g) be a Fréchet space. Consider the atlas {(Us, ¥a)}aca of M,
and for each a € A, suppose that we are given a mapping

To : 7Y (U,) — Uy x E,
satisfying the following conditions.

(VB1) The map 7, is an MC°-isomorphism commuting with the
projection on Uy, i.e., the following diagram is commutative.

o, —=—U,xE.

R (u,e)—ru

Ua

In particular, for each p € U,, the induced map 7o, : 1171 (p) —
F is an isomorphism.
(VB2) If U, and Ug are two members of the open covering, then the
map
7'04107'5]91 F— F

is an isomorphism in the category of topological vector spaces.
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(VB3) Let U, and Ug be two members of the open covering. Then
the map U, N Uz — Aut(E), given by p — (74 0 Tﬂ_l)p, is a
morphism.

The collection {(Uy, 7o) }aca is called a trivializing covering for IT, and
the maps 7, are called trivializing maps. Two trivializing coverings
are said to be VB-equivalent if their union satisfies conditions (VB2)
and (VB3). An equivalence class of such a trivializing covering is said
to determine the structure of a vector bundle on I7. The space M
is called the base space of the bundle, X the total space, and E the
fiber. The group Aut(F) is called the structure group of the bundle.
For each p € M, the fiber IT~!(p) over p has the structure a Fréchet
space, which is isomorphic to E via 7,,. Condition (VB2) insures that
this structure of IT~!(p) is independent of the choice of the trivializing
map Top. Note that a vector bundle, as defined above, leads to a
groupless vector bundle defined by Hamilton [11, Definition 4.3.1].
Indeed, given p € M, one can choose o € A so that p € U,, and then
T4 18 an obvious candidate for the local trivialization around p required
in the definition of Hamilton.

Theorem 3.3. T'M admits a vector bundle structure over M, with
fiber of type F, and structure group Aut(F').

Proof. Consider the above atlas of M and its corresponding trivial-
izing atlas for TM. Let nry and nry be the projections to the first and
second factors, respectively. For all a € A, we have 7ry 0T, = mpr;
therefore, TM is a fiber bundle. Suppose U, N Ug # 0. Then, by
Lemma 3.1 (iii), the overlap map

TpaoTeg" : ps(Ua NU) X F — @a(Ua NU) x F

is a local vector bundle isomorphism. Thereby, the transition maps
Onp =T 0 T@El can be considered as taking values in Aut(F’). The
following

Ua NUg — Aut(F), p > (mr2 0 T0q |1, 01 OTgogl 7, 01)

is a smooth morphism; hence, all the conditions of [14, Proposition 1.2]
are verified. Thus, T'M is a vector bundle over M, with structure group
Aut(F). O
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3.2. Second order tangent bundle. Now that T'M is a manifold,
we can define second order tangents. Assume r = 2 in the equivalence
relation (3.1). Let T7M be the set of all 2-jets at p, and let
205 2
°M = | T;M.
peEM

Let IIpas : T2M — M be a natural projection, defined by
U7 (5 (f)) = p.

If we topologize T?M in a natural way, then T2M is called the second
order tangent bundle over M.

By virtue of Lemma 3.1, we have a trivializing atlas
{(H;]l\/l(ﬂ—;v{l(Ua))? ¢a)}a€fl7
for T2 M, with
o+ Mpps (3] (Ua)) — @a(Ua) x F,
7o (f) = (a(p), (va 0 £)"(0);  f € MCy(M).
Tp2M can be identified with F' x F' under the isomorphism:

W TEM — F x F, j3(f) — ((¢a 0 £)'(0), (pa © £)"(0)),

but fails to be a vector bundle over M because the trivializing isomor-
phism does not respect the linear structure of the fibers. The submer-
sion myp : T?2M — TM, defined by m12(j2(f)) = jp(f), is a vector
bundle. Let

my: T(TM) — TM

be an ordinary tangent bundle over TM. The space T?M coincides
with

(3.2) {T € T(TM) | m2(Y) = Trmar(1)}

and can be identified with a submanifold of T(TM), see [15, page 372,
Proposition 3.2]. The bundle T(T'M) is a fiber bundle over M, with
the projection 72 = s o T'war. The restriction 72 |72 s T2M — M is
again a fiber bundle.

Let II; : N; — M, i = 1,2, be fiber bundles with the same group
structure Aut(F'). The fiber product is defined as usual. The bundle
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T (N7 x Na) is canonically isomorphic to T'(N7) x T'(Nz), with structure
group Aut(F x F'). Furthermore, if TN; are vector bundles, then their
product is the Whitney sum T'N; & TNy (see [8, 12]).

4. Connections. Here we define connections by using Vilms’s [19]
point of view for connections on infinite-dimensional vector bundles.
Also, we show that each linear connection corresponds, in a bijective
way, to an ordinary differential equation analogous to the case of
Banach manifolds (see [18]).

Henceforth, we keep the formalism of Section 3 for tangent bundles
and second order tangent bundles.

Definition 4.1. A smooth connection map K for the tangent bundle
w2 TM — M is a smooth bundle morphism K : T(TM) — TM such
that there exist smooth maps

Ta : Pa(Ua) X F— L4(F),
which give the local representatives of I by
Ko =Po0Ko (Do) 't 0a(Us) x FXFxF — po(Us) X F,
Kal(f,9:hk) = (f,k +7a(f,9) - h)
L4(F) is topologized by the metric (2.1).

A connection on M is a connection map on the tangent bundle
wy : TM — M. A connection K is linear if and only if it is linear
on the fibers of the tangent map. Locally, T'7 is the map

Uy XxFxFxF—U,xF,

defined by Tn(f,&, h,v) = (f, h); hence, locally its fibers are the spaces
{f} x F x {h} x F. Therefore, K is linear on these fibers if and only
if the maps (g, k) — k + 74(f, g)h are linear, and this means that the
mappings 7, need to be linear with respect to the second variable.

Assume that the connection K is linear and f € U,. The unique
local Christoffel symbol

La(p) : pa(Us) — L(F x F; F),
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satisfying T (p)(g, h) = Ta(p, g)h is associated to
To(f,) € L(F,L(F,F)) 2 L(F x F; F)
by the canonical isomorphism of Lemma 2.1.
Christoffel symbols satisfy the following compatibility condition,
cf. [7],
La(©as(£)(D Oas(£)(9), D Oas(f)(h)) + (D Bas(f)(h))(9)

(4.1) =D Oas(f)Ts(f)(g,h),
for all (f,g,h) € po(UsaNUg) X F x F.

Here, we denote the diffeomorphisms ¢, o ngl of F' by Oug.

Theorem 4.2. FEvery linear connection on M induces a vector bundle
structure on 72| p2pr : T>2M — M and gives rise to an isomorphism of
this vector bundle with the vector bundle TM & TM.

Proof. If we have a connection, then the connection map K :
T(TM) — M is defined. The following map,

(4.2) T @K @ Tmyy : T(TM) — TM & TM & TM,

is a diffeomorphism (see [5]). The diffeomorphism determines a unique
vector bundle structure for T'(T'M) over M. Let (Uy, ¢o) be a chart of
M. The induced chart {(73; (Us), Tpa)} in TM takes a vector bundle
structure by means of the diffeomorphism (4.2). Let

1 TMeTM —-TMeTMeTM

be the natural isomorphism. T2 M is a submanifold of T'(T'M), consist-
ing of tangent vectors Y such that mo(YT) = Tmp(T). Therefore, the
inclusion 1 is the isomorphism onto (my & K & T'mpr)(T?M); thus,

1 o (m @K@ Try ) (T?M) = 71y & K(T?M).
Hence, the diffeomorphism
(4.3) T &K :T°M — TM & TM,

gives the structure of a vector bundle to T?M. Since T2 M is isomorphic
to TM ® TM, it can be considered as a vector bundle with group
structure Aut(F x F). O
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The proof of the following theorem is the same as the usual proof
given for Banach manifolds (see [4, Theorem 2.4]). We simply provide
the scheme of the proof.

Theorem 4.3. If T>M admits a vector bundle structure isomorphic
to TM ®TM, then there exists a linear connection on M.

Proof. Let {(II7Y(U,), Qa)}aca be a trivializing atlas of T2M. By
hypothesis Q4 = QF, , X Q2 , where

a,p?
ny,p : 7'(';41(})) — F, =12

Let (U, {2) be an arbitrary chart such that U C U,. Define 2, =
20 (Q, ,0(Dy £2)7"). Then define the Christoffel symbols as follows:

Pa(y)(u,u) = Q2 ,(75f) = (2a0£)"(0),  y€ 2a(Ua),

where f is the representative of the vector u. The remaining values of
T'»(y) on elements of the form (u,v) with u # v are automatically de-
fined if we require T',(y) to be symmetric and bilinear. They satisfy the
compatibility condition since the trivializations {(II~*(Us), QQ)}QGA
coincide on all common areas of their domains, and hence, give rise to
a linear connection on M. (]

Proposition 4.4. FEach linear connection of the trivial vector bundle
(M x F, M, pry) corresponds bijectively to an ordinary differential equa-
tion i
x
— =A() - x,
7 = A
where

[A®)](u) = T1(£)(u, 1ar),
for everyu € F andt € M.

Proof. Keep the above formalism for connections. Suppose that
a linear connection K on (M x F,M, pr;) is given. We want to
associate IC with a unique ordinary differential equation on the Fréchet
space F. With respect to the atlas {(Ua, o) }aca of M, we consider
the Christoffel symbols of K, that is, the smooth maps

Fa(p) : @(x(Ua) — E(F X F;F).



GEOMETRY OF BOUNDED FRECHET MANIFOLDS 909

In particular, we denote the Christoffel symbol defined over the chart
(M,idps) by T'1. Let (Uy, o) and (Ug, ¢g) be charts in M. Then, we
define the following map for any t € ¢, (Uy),

(4.4) Ay i 0a(Us) — Ly(F), t— T (t)(, 1ar),

where 1,/ is the unit of M. The map Ag, defined as above, corresponds
to (Ug, ¢g). In particular, we set A= A; : M — L4(F) when the chart
is (M,idar). If Uy NUg # 0, then the compatibility condition (4.1)
imposes the following

(4.5) Ap(t) = (a0 95") (1) - Aal(a © ©51)(1)),
for every t € pg(U, NUg). Letting oo = 1 in (4.5) yields

(4.6)  Ag(t) = (¢5")(t) - Alps (1), forallt e pg(Up).
Now we can define

AW w [AW)w) =T (1) Ta),

dt
forallu e F, forallte M.

Conversely, for a given equation with coefficient A : M — L4(F),
we define the smooth maps Ag(t) : wg(Us) — Lq(F) by (4.6). The
same equality proves that A, and Ag satisfy (4.5). We then define
the Christoffel symbols {T'}aca by Ta(t)(u,s) = s - [Aq(t)](u), for
every t € ¢o(Uy), s € M and u € F. By virtue of (4.5), the above
Christoffel symbols satisfy the compatibility condition over overlapping
charts, thereby defining a linear connection X, on (M x F, M,pry). O

5. Vector fields on TM. Having introduced the tangent bundle
over a manifold M, we now consider sections of these bundles. A
vector field on M is a section £ : M — T'M of its tangent bundle, i.e.,
maro€ = idy;. For a vector field € and a chart U ¢ M %> o(U) C F, the
principal part &, : p(U) — F of £ is defined by &, (¢(p)) = pra oTp(&p).
Let I be an open interval in R, and let £ : I — M be a curve passing
through po. If £ is a vector field on M, and if {, denotes the main part
of its local representative in a chart ¢, then ¢(¢) is called an integral
curve of £ when (¢ 0 0)(t) = &,(p 0 £(t)) for each ¢, where ¢ o £ is the
local representative of the curve . Note that, if the base manifold M
is a Fréchet space F' with differential structure induced by the chart
(F,idF), then the above condition reduces to ¢'(t) = D £(¢t)(1g), that is,
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our definition is a natural generalization of the notion of a derivative
on a manifold M.

Proposition 5.1. Let U C F be open, and let £ : U — F be MC*,
k > 1. Then, for pg € U, there is an integral curve £ : I — F at pg.
Furthermore, any two such curves are equal on the intersection of their
domains.

Proof. Since ¢ is MCF, it is bounded, say by R. Let L be a positive
real number. Pick a positive real number r such that B,(pg) C U and

I€E(P)||la < L for all p € B(pg). Let m = min{1/R,r/L}, and let tg be
a real number. We shall show that there is a unique MC'-curve £(t),
t € [to — m,to + m], whose image lies in B, (pg) and that satisfies

) =

(5.1) U't) =&(e(t),  Llto
0)

The conditions ¢'(t) = £(¢(t)) and £(¢
integral equation,

Po-

= po are equivalent to the

(t) = po + /t £(0(w)) du.

Now, define £, (t) by induction:

fo(t) = Po, €n+1(t) = Do +/t f(én(u)) du.

The estimation on the size of the integral (see [10, Lemma 1.10]) yields

0, (t) € Br(po), for all n and t € [ty — m,tg + m]. Furthermore,
LR"
(n+1)!

Therefore, ¢,, converges uniformly to a continuous curve £(t) satisfy-
ing (5.1). Now, let j(t) be another solution. By induction, we obtain

[€ns1(t) —Ln(D)]a < |t — to |n+1 _

.

LR
(n+1)!
Therefore, letting n — oo gives £(t) = 5(t). O

[n(t) = 3@)la < [t —to ["F1.

Corollary 5.2. Suppose the hypotheses of Proposition 5.1 hold. Let
Z:(po) be the solution of ¢'(t) = £(£(t)), £(tg) = po. Then, there is an
open neighborhood Uy of pg, and a positive real number o such that, for
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every q € Uy, there exists a unique integral curve £(t) = T;(q) satisfying

00) =q and U'(t) = £(L(t)) for allt € (—a, ).

Proof. Suppose
Uo = By j2(po) and o« =min{l/R,r/2L}.

Fix an arbitrary point go in Up. Then, B, 2(q) C B;(po), thereby

l€(2))la < L, for all z € B, /2(qo). By Proposition 5.1, with pg replaced
by g, r replaced by r/2 and ¢y by 0, there exists a unique integral curve
£(t) for all t € (—a, ) such that £(0) = q. O

The proof of the following theorem is the same as the standard proof
given for Banach manifolds (see [14, Theorem 2.1]).

Theorem 5.3. Let £ : M — TM be a vector field. Then, there exists
an integral curve for & at p € M. Furthermore, any two such curves
are equal on the intersection of their domains.

Proof. The existence follows from Proposition 5.1, by means of
local representation. However, that is not applicable for the proof
of uniqueness since these curves may lie in different charts. Let
pi(t) : I, - M, i = 1,2, be two integral curves. Let I = I; NIy
and J = {t € I | p1(t) = p2(t)}. J is closed, since M is Hausdorff.
From Proposition 5.1, J contains some neighborhood of 0. Now define
91 (u) = p1(u+t) and d2(u) = pa(u +t), for t € J.

They are integral curves with initial conditions pi(¢) and pa(t),
respectively. By Proposition 5.1, they coincide on some neighborhood
of 0. Therefore, J contains an open neighborhood of ¢, so J is open.
Since [ is connected, it follows that J = I. O

Remark 5.4. Let ¢ be an MC*-vector field on M, k > 1. The
existence of a flow of class MC* for ¢ depends on the solution of the
appropriate time-dependent linear differential equation on the model
space F. But, on the Fréchet space F', an ordinary differential equation
may admit no, one or multiple solutions for the same initial condition.
Therefore, there may not exist an MC*-flow for ¢ in general.
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