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ON THE SPECTRAL MOMENT OF GRAPHS
WITH GIVEN CLIQUE NUMBER

SHUCHAO LI AND SHUNA HU

ABSTRACT. Let %, be the set of all n-vertex con-
nected graphs with clique number ¢ (2 < t < n). For n-
vertex connected graphs with given clique number, lexico-
graphic ordering by spectral moments (S-order) is discussed
in this paper. The first Ziu:nl_t_l)/“” (n —t—3i) + 1 graphs
with 3 < t < n — 4, and the last few graphs, in the S-
order, among %, + are characterized. In addition, all graphs
in ZnnlUZnn-1 have an S-order; for the cases t = n — 2
and t = n — 3, the first three and the first seven graphs in the
set £, are characterized, respectively.

1. Introduction. All graphs considered here are finite, simple and
connected. For undefined terminology and notation, refer to [1]. Let
G = (Vg, Eg) be a simple undirected graph with n vertices. G —v and
G — uv denote the graph obtained from G by deleting vertex v € Vg,
or edge uv € Eg, respectively (this notation is naturally extended if
more than one vertex or edge is deleted). Similarly, G 4 uv is obtained
from G by adding an edge uv ¢ Eq. For v € Vg, let Ng(v) (or N(v)
for short) denote the set of all the adjacent vertices of v in G and
de(v) = |Ng(v)]. A pendant vertex of G is a vertex of degree 1.

Let G be a simple graph. A clique of G is a subset of vertices such
that it induces a complete subgraph of G. We denote the maximum
clique size of G by t which is called the cliqgue number of G. A vertex
coloring of a graph G = (V, E) isamap ¢ : V — S such that ¢(v) # c(u)
if v and u are adjacent. The elements of the set S are called the available
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colors. We call x(G) := min{k : G has a k-coloring, a vertex coloring
c¢:V —={1,2,...,k}} the chromatic number of G.

Let A(G) be the adjacency matrix of a graph G with A\ (G), A\2(G),
..y An(G) being its eigenvalues in non-increasing order. The number
YL AG) (k=0,1,...,n— 1) is called the kth spectral moment of
G, denoted by Si(G). Let S(G) = (So(G), S1(G), ..., Sn—1(G)) be the
sequence of spectral moments of G. For two graphs Gy, Gy, we shall
write G1 =5 Go if S;(G1) = S;(Gs) for i = 0,1,...,n — 1. Similarly,
we have G7 <; G2 (G1 comes before G5 in the S-order) if for some
k (1 < k < n—l), we have SZ(Gl) = Sz(Gz) (Z = 0,1,...,/4} — 1)
and Sk(G1) < Sk(G2). We shall also write G; <5 Gq if G <5 G2 or
G1 =5 G3. The S-order has been used in producing graph catalogs (see
[6]), and for a more general setting of spectral moments one may refer
to [4].

Recently, investigation on S-order of graphs has received increasing
attention. For example, Cvetkovié¢ and Rowlinson [7] studied the S-
order of trees and unicyclic graphs and characterized the first and the
last graphs, in the S-order, of all trees and all unicyclic graph with
given girth, respectively. Wu and Fan [22] determined the first and
the last graphs, in the S-order, of all unicyclic graphs and bicyclic
graphs, respectively. Pan, et al., [19] gave the first

[(n—t—1)/3]
n—k—1
> (=)
k=1

graphs apart from an n-vertex path, in the S-order, of all trees with n
vertices. Wu and Liu [23] determined the last |d/2] + 1 graphs, in the
S-order, among all n-vertex trees of diameter d (4 < d < n — 3).
Pan, et al., [20] identified the last and the second last graphs, in
the S-order, of quasi-trees. Cheng, Liu and Liu identified the last
d+|d/2] —2 graphs, in the S-order, among all n-vertex unicyclic graphs
of diameter d. Cheng and Liu [2] determined the last few graphs, in
the S-order, among all trees with n vertices and k pendant vertices.
Li and Song [10] identified the last n-vertex tree with a given degree
sequence in the S-order. Comnsequently, the last trees in the S-order
among the sets of all trees of order n with the largest degree, the leaves
number, the independence number and the matching number was also
determined, respectively. Li, Zhang and Zhang [12] determined the
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first, the second, the last and the second last graphs in the S-order
among the set of all graphs with given number of cut edges. Li and
Zhang [11] also considered this problem on the n-vertex trees with
given bipartition.

On the other hand, there are many Turan-type extremal problems,
i.e., given a forbidden graph F', determine the maximal number of edges
in a graph on n vertices that does not contain a copy of F'. It states that,
among n-vertex graphs not containing a clique of size t+1, the complete
t-partite graph T},  with (almost) equal parts, which is called the Turdn
graph, has the maximum number of edges. Spectral graph theory
has similar Turdn extremal problems which determine the largest (or
smallest) eigenvalue of a graph not containing a subgraph F'. Nikiforov
explicitly proposed studying general Turdn problems in [12, 16]. For
example, he [16] determined the maximum spectral radius of graphs
without paths of given length and presented a comprehensive survey
on these topics, see [18]. In addition, Sudakov, et al., [21] presented
a generalization of Turdn theorem in terms of Laplacian eigenvalues,
whereas He, et al., [8] gave a generalization of the Turdn theorem in
terms of signless Laplacian eigenvalues.

Motivated by Turan-type extremal problems, we investigate in this
paper the spectral moments of n-vertex graphs with given clique num-
ber, which may be regarded as a part of spectral extremal theory. For
2 <t < n,let £, be the set of all n-vertex connected graphs with
clique number ¢. We give the first Z}(:"ftfl)/gj (n —t—3i) + 1 graphs
with 3 <t < n — 4, and the last few graphs, in the S-order, among
21 In addition, all graphs in .%, ,, |J %, n—1 have an S-order; for the
cases t =n — 2 and t = n — 3, the first three and the first seven graphs
in the set %}, ; are characterized, respectively. We prove these results
in Section 3. According to the relationship between the clique number
and the chromatic number of graphs, we study the S-order of graphs
with given chromatic number in Section 4. In Section 2, we give some
preliminaries which are useful for the proofs of our main results.

2. Preliminaries. Throughout, we denote by P,, S,, C,, and K,, a
path, a star, a cycle and a complete graph on n vertices, respectively.
An F-subgraph of G is a subgraph of G, which is isomorphic to the graph
F. Let ¢g(F) (or ¢(F) for short) be the number of all F-subgraphs
of G. The notation G 2 F means that G does not contain F as its
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subgraph.

Further on, we will need the following lemmas.

Lemma 2.1 ([20]). The kth spectral moment of G is equal to the
number of closed walks of length k.

V]

Hig Hyy Hiyo His Hyy His Hig
Hy7 Hig Hyg Hyo Hyy Hyo Hoas

FIGURE 1. Graphs Hl,H27...,H22 and Hos.

Lemma 2.2 ([5]). Given a connected graph G, So(G) =n, S1(G) =1,
S2(G) = 2m, S3(G) = 6t, where n, I, m and t denote the number
of vertices, number of loops, number of edges and number of triangles
contained in G, respectively.

Let Hy, Hs,...,Hs3 be the graphs as depicted in Figure 1, which
will be used in Lemma 2.3.

Lemma 2.3. For every graph G, we have

(i) S4(G) = 26(P2) + 4¢(P3) + 89(Cy) ([4])-

(ii) S5(G) = 304(C3) + 104(H1) + 100(Cs) ([4])-

(ili) S6(G) = 20(P2) + 12¢(P3) + 66(Py) + 12¢(K1,3) + 12¢(H2) +
36¢(Hs) + 24¢(Hy) + 24¢(C3) + 48¢(Cy) + 12¢(Cs) ([23]).

(iv) S7(G) = 1264(Cs3) + 84¢(H1) + 28¢(Hr) + 14¢(Hs) 4 14¢(Hg) +
112¢(Hs) +42¢(H15) 4 28¢(Hs) +70¢(Cs) + 146(His) + 14¢(Cr).

(v) Ss(G) = 20(P,) + 280(P3) + 32¢(Ps) + 8¢(Ps) + T20(K13) +

166:(Hy7)+486 (K1 4)+1686(Cs)+64¢(Hy ) +4646(Hz)+3840(Hy)+

96¢(H15)+964(H10)+48¢(H11)+80¢(H12)+32¢(H16)+264¢(Cy)+

24¢(Hy)+112¢(H3)+16¢(Ha3)+16¢(Hao)+16¢(Ha1 ) +32¢(Haz )+

32¢(H13) +32¢(H14) +528¢(K4) +96¢(Co) +16¢(H19) +16¢(Cs).
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Proof.

(iv) By Lemma 2.1, we note that vertices that belong to a closed
walk of length 7 induce in G a subgraph isomorphic to
03, Hl, I{77 H5, HG, H3, H15, Hg, 05, ng, 07. By using
matlab, we can obtain the number of closed walks of length 7
which span these subgraphs is 126, 84, 28, 14, 14, 112, 42, 28,
70, 14 and 14, respectively, then (iv) follows.

(v) By Lemma 2.1, we note that vertices that belong to a closed
walk of length 8 induce in G a subgraph isomorphic to
P27 P3; P47 P57 Kl,3; H17a Kl,47 C37 H17 H3a H4; H15a H107
Hy1, Hiz, Hie, Ca, Hy, Ha, Has, Hag, Ha1, Haa, Hiz, Hia,
K4, Cg, Hyg, Cg. By using matlab, we can obtain that the
number of closed walks of length 8 which span these subgraphs
is 2, 28, 32, 8, 72, 16, 48, 168, 64, 464, 384, 96, 96, 48, 80,
32, 264, 24, 112, 16, 16, 16, 32, 32, 32, 528, 96, 16 and 16,
respectively. Then (v) follows immediately. a

A connected subgraph H of G is called a tree-subgraph (or cycle-
subgraph) if H is a tree (or contains at least one cycle). Let H be
a proper subgraph of G; we call H an effective graph for Si(G) if
H contains a closed walk of length k. Set J,(G) = {T : T is a tree-
subgraph of G with |Ep| < k/2}; 7/(G) = {W : W is a cycle-subgraph
of G with |Ew| < k}; @,(G) = {T : T is a tree-subgraph of G, and it
is an effective graph for S,(G)}; @/ (G) = {W : W is a cycle-subgraph
of G and it is an effective graph for Si(G)}. It is easy to see that
G (G)N ! (G) = 0. By Lemma 2.1, we have:

Proposition 2.4. Given a graph G, the set of all effective graphs for
Sk(G) is ,(G)U (G). In particular, if k is odd, then ,(G) = 0.

Lemma 2.5 ([23]). Let G be a non-trivial connected graph with
u € V. Suppose that two paths of lengths a,b(a > b > 1) are
attached to G by their end vertices at u, respectively, to form G, ,.
Then GZ+1,b71 ~s Gz’b.

Let G and H be two graphs with u € Vg and v € V. We shall
denote by Gu - vH the graph obtained from G and H by identifying u
and v.
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Lemma 2.6 ([23]). Let G and H be two non-trivial connected graphs
with u and v € Vg and w € V. If dg(u) < dg(v), then Gu - wH <
Gv-wH.

3. On the S-order among .7, ;. In this section, we study the S-
order among .%,; (2 <t < n). In view of Lemma 2.2, the first few
graphs in the S-order among .7, » must be n-vertex trees. Fortunately,
on the other hand, Pan, et al., [19] identified the first

n=1/3]
k-1
3 ( l—g—— —k+1)+1

k=1

graphs, in the S-order, of all trees with n vertices; these

ln=1/3]
k-1
3 <7li2—k+1)+1

k=1

trees are also the first

[n—1/3]
n—k—1
Z (2 —k+1>+1

k=1

graphs in the S-order among .Z, ». We will not repeat it here.

A graph G 2 F on n vertices with the largest possible number of
edges is called extremal for n and F'; its number of edges is denoted by
ex(n, F'). The following theorem tells us the Turdn graph 7T, ; is indeed
extremal for n and Ky41, and as such unique.

Theorem 3.1 (Turdn 1941). For all integers t,n with t > 1, every
graph G 2 K1 with n vertices and ex (n, Kyy1) edges is a Ty ¢.

Theorem 3.2. For all integers t,n with t > 1, every graph G €
Lo \{Tnt}, one has G <5 Ty ;.
Proof. Note that, for graph G € £, \ {T5,+}, one has
Si(G) = S;(Thyt), i=0, 1.
By Lemma 2.2 and Theorem 3.1, we have

SQ(G) = 2|EG| < 2|ETn,t| = SQ(Tn,t).
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Hence, G <, T}, . ([l

Now assume that (V1,Va, ..., V}) is a partition of T}, ; with n = kt+r
(0 <r <t), where |V;] = kifi = 1,2,...;t —rand |V;| = k+1
otherwise. For u,v € Vg, ,, let

) T,%’t be the graph obtained by deleting the edge uv from T}, ;, where

° Tﬁﬁt be the graph obtained by deleting the edge uv from T}, ;, where
ueViyveV;,1<i<t—randt—r+1<j5<t

) T;rf!t be the graph obtained by deleting the edge uv from T}, ;, where
veViveV,t—r+1<i#j<Ht.

In particular, if ¢ = n — 1 then |V4]| = |Vo| = --- = |V,_2| = 1 and

[Vi,—1] = 2. In this case, for convenience, we assume that V; = {v;} for
1=1,2,...,n—2and V,_1 = {v,_1,u}. Let

T; =Ty -1 — {uvr,wvs, ..., uv_1, uv; },

where i =1,2,...,n — 3. It is straightforward to check that .Z, ,,_1 =
{Tn,n—la Tla T27 e aTn—S}-

Theorem 3.3. Among the set of graphs £, with3 <t <n—1.

(1) Ifn =t+1, then all graphs in the set £, n_1 have the following S -
order: Ty_3 <gTh_g <g - <sgTj <g -+ <g T <4 T1 < Tn)nfl.

(i) Ifn =kt with 3 <t <n/2, then for all G € £, \{Tn+, T, ;} one
has G < T&,t <s Tht-

(iii) Ifn = kt+1 with3 <t < n/2, then for all G € L, \N{Tn1, Ty . Th 1}
one has G < Tﬁyt <s Tﬁ,t <s Tt

(iv) Ifn=kt+r with3<t<n/2,r=t—1or(n+1)/2<t<n-2,
then for all G € L, \{Tn, T3, T3} one has G <, T3, <
T3, <s Toy.

(V) If n = kt+r with4 <t <n/2, 2 <r <t—2, then for all
G e Lo \MTne, Ty, T2, T3} one has G <y Ty <s T2, <
T3, <s Toy.

Proof.
(i) It follows directly by Lemma 2.2.
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(ii) For a,ll G e L \{Tns, Ty}, by Lemma 2.2, S;(G) = Si(T) ;) =
Si(Ty,) for i = 0,1. Notethatn:ktwithSStSn/Z;
hence by the definition of T, n ¢, it is the unique graph in %, ;
satisfying the number of its edges equals to |E7, ,| — 1 which
implies that, for all G € %, \{Tn+, Ty, ,}, we have |Eg| < |BEr1 |,
Le., S5(G) < Sy(T? )<52( nt). Hence, (i) holds. ’

(iii) For any G e .Znt\{Tnt, ni e}, one has S; (G) = Si(T, ;) =
Si(T72,) for i = 0,1. By the definition of T w3, we know they
are just the two graphs in 2+ satisfying |E‘T71M| = |Epz | =
|Er, .| — 1, which implies that, for all G € jn,t\{yTn,h Tﬁ’t,Tg’t},
we have |Eg| < |Ep | = [Ep2 |, ie, S(G) < So(T,,) =
Sy(T7,) < Sg( Tt) In order to Ycomplete the proof, it suffices
to show Ss(Ty ;) < Ss(T7 ;). In fact,

So(T3,) — S3(T2,) = 6(6x3,(Cs) — 613, (Cy)) = =6 < 0.

Hence, (iii) holds.
(iv) and (v) can be proved by a similar discussion as in the
proof of (iii). We omit the procedure here.

O

In the following, we are to determine the first few graphs, in the S-
order, among %, ; (3 <t <mn—1). Let J1,Ja,..., Jio be the n-vertex
graphs as depicted in Figure 2.

06 6-0. 6

Q;QAEQEQF

FIGURE 2. n-vertex graphs Ji, Jo,..., Jio.
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Theorem 3.4. Among the set of all graphs £, +.

(i) If t = n— 2 > 3, the first three graphs, in the S-order, among
Lnn—2 are Ji <5 Ja <5 J3.

(ii) If t = n — 3 > 3, the first seven graphs, in the S-order, among
gnynfg are Jy <5 J5 <5 Jg <5 J7 <5 Jg <5 Jg < J10-

Proof.

(i) For all G € %, n—2 \ {/1,J2,J3}, one has not only Si(G) =
Sk(J1) = Sk(J2) = Si(J3) for k = 0,1 but also |Eg| > |Ej,| =
|EJ2| = |EJ3|; hence, SQ(Jl) = SQ(JQ) = Sz(Jg) < SQ(G), i.e.,
J; <5 G for i = 1,2,3. By Lemma 2.6, we have J; <; Jy <5 J3,
Therefore, (i) holds.

(ii) For all G € gn’n,g, \ {J4, Js, Jg, J7, Js, Jy, J10}7 one has Sk(G) =

Sk(Jy) = -+ = Sk(Jig) for k = 0,1 and |Eg| > |Ey,| = -+ =
|Eg, |- Hence, Sa(Jy) = Sa(J5) = --- = S2(J10) < S2(G), ie.,
Ji <s G for i = 4,5,...,10. It is easy to see that Ss3(Js) =
S3(J5) = -+ = S3(J10)-

Further on, by Lemma 2.3 (i)—(ii), we have

(3.1) Sa(Js) = 2|Ey,| + 864,(Cu)
calo=a (") (") ()]
(32) Sa(J5) = 2|Ey;| + 8¢, (Ca)
calo-o (") (") < C)]
(3.3) Sa(Js) = 2|Egq| + 8.5 (Ca)
+4 :(n5)(”;4) +2(";3) + (;ﬂ .

By (3.1) and (3.2), we have S4(Js) — S4(J5) = —4 < 0; hence,
J4 <s Js. Similarly, we can show that Js <5 J7, Js <s Jg <5 Jio.

By (3.2) and (3.3), we have S4(J5) — Sa(Js) = —4(n — 6). If
n > 6, obviously we have Syq(J5) — Su(Js) < 0, ie., J5 <5 Jg for
n>6 Ifn= 6,54(J5) — S4(J6) = 0, whereas S5(J5) — S5(J6) =
10(¢py, (H1) — ¢y, (H1)) = =10 < 0, i.e., J5 <4 Jg for n = 6, we hence
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obtain that J; <, Jg for n > 6. Similarly, we can also show that
J7 <s Jg for n > 6.

Therefore, we obtain Jy <5 J5 <5 Jg <5 J7 <5 Jg <s Jg <s J10 <5

G for G € gn,n—3 \ {J4, Js, Js, J7, Js, Jo, Jl()}, as desired. U
. W Wy, Wi wo Wy Wa w;

Vo U1 5]‘ Un—t—i Vo U1 v Unoi—i Vo V1 55]' Un—t—i
Kptt K7™, g Py KMy wg Py

FIGURE 3. Graphs Kt"_t_i,Kt"_t_ivj -woPiy1 and Kt"_t_iu - wo P11 with
some vertices labeled.

Given a path Pi+1 = Wowirwsz ...Ww;, set G; = K?_t_i’l}j . w0Pi+1
and H' := K] '""u - woP;y; (see Figure 3), where 3 < t < n — 2,
0<j<n—-t—2iand 1 <i<|[(n—1)/2].

Theorem 3.5. Among the set of all graphs £, ; with 3 <t <n —4,

the first
[(n—t—1)/3]

> (n—t=3i)+1

i=1
graphs, in the S-order, are

—t 1 1
Ktn <s Gn—t—2 <s Gn—t—S <s
1 1 2 2 2
<s G5 =5 Gy = Gy <s Go_y_5 <5+ <5 G5 <5 -+~
<s G0 <s G491 <s -

i i1
<s Gip1 <s G0 i

[n—t—1/3]
ln—t—1/3]+1"

) <s o <s G

Proof. Note that, for any connected graph G, one has G <5 G + e,
where e ¢ Fq. Hence, for 3 <t < n — 4, the first graph in the S-order
among .7, ; is obtained from K, by attaching some trees to the vertices
of K;; in view of Lemma 2.6, the first few graphs in the S-order among
%ot is just the kite graph K'~'. Furthermore, it suffices for us to
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consider the set of graphs

o = {G : G is an n-vertex graph obtained by attaching

some trees to K; such that G contains just two pendant vertices}.
It is easy to see that .o/ is a subset of .Z, ; and

n—t

d{G§:0§j§nt2i, 1<i< L2J}

v 25} :

We first show the following claims.

Claim 3.6. Gj» < H' <, GV, where 1 < j <n—t-2i,1<i<
[((n—t—1)/2],1<,i" < |[(n—1)/2].

Proof of Claim 3.6. Note that 1 < 7 < n—t—2i, 1 < i <

[(n—t=1)/2], 1 <&, " < [(n—1)/2], Sp(H") = Sk(G}) = Sk(GY)
for k=0, 1, 2, 3. By Lemma 2.3 (i), we have

(34)  Sy(H") =2m(H") + 8¢ (Cy)

+4_(t—2)(t21> +2<;) +n—t—2},

(3.5)  Sa(Gy) =2m(Gj) + 8¢g: (Ca)

+4:(t—1)<t;1> + (;) - (‘Z) +n—t—3},
(36)  Su(Gy) =2m(GY ) + 86y (Ca)

+4-(t—1)<t;1> + (tJQl) +n—t—2}

Note that ¢ (Cy) = e (Cy) = b (C4); hence, (3.4)—(3.6) give

(37)  SuGh) - Su(H")=4,  Su(H") - Su(G) = 4(t - 3).

In view of (3.7), if 3 < t < n — 4, we obtain G;- <, H <, Gg/; if
t = 3, then Sy(H") = S4(G%) < Su(G§') and S5(H") — S5(GY) =
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106 7 (Us) = 10¢: (Us) = 10 > 0. Hence, G <, H" <, Gi' for t = 3.
Therefore, G; <o H' <, Gi for 3 <t <n—4, as desired. O

Claim 3.7. G%,, <, G%, where 1 < i < [(n—t—-1)/2], 1 < j <

n—t—21.

i
3’

Proof of Claim 3.7. Note that, for 1 <i < |(n—t—1)/2],1<j<
j4+1 < n—t—2i it is routine to check that S.(G%) = Si(G’,),
k € {0, 1, 2,3, 4}. In what follows, we consider ¥ > 5. On the one
hand, for 5 < k < 25 + 3, it is easy to see that, for any W € M,C’(G;),
there exists W’ € 7/(G’ ) such that W = W’, and vice versa. Hence,

(3.8) (G = A (Ghyy), k=5,6,...,2j+3.

In what follows, we distinguish our discussion in the following two
possible cases.

Case 1. 1 <j<(n—t—i—1)/2. In this case, if 5 < k < 25 + 2,
then for any T’ € @,(G"), there exists T’ € @4 (G’ ) such that T = T’
for 5 < k < 2j 4+ 2, and vice versa. Note that, if k is odd, then
,(G) = 0; hence, o 3(Gh) = ohji3(G ) = 0. Therefore,

(3.9) G(Gh) = h(Ghyy), k=5.6,...,2j+3.

By (3.8), (3.9) and Proposition 2.4, we obtain

Sk(G%) = Sk(Ghyy), k=5,6,...,2j +3.

If1<j<(n—t—1i-1)/2, note that k = 2j + 4. Then, for any
W e dy;,4(G5), there exists W' € oy, 4(G1,) such that W = W/,
and vice versa. Hence, 42{2’;‘+4(G§)_ = oy;.4(Gj41). Notice that, for
any T' € oj14(G}), T" € 2hj14(G' ), it is routine to check

o if [Ex N Ek,| = 0, then ¢gi(T) = dgi, (T") = ¢gi(Piys) —
¢ci,, (Piys) = =1

o if |[Ep N Ek,| = 1, then ¢¢:i(T) = égi, (T') = ¢gi(Pj4s) —
bGi,, (Piys) =t —1;

o if [Er 1 Ex,| > 2, then ¢ (T) — d

J+1

(T") = 0.
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Hence,
| 2j+4(G5)| = |2 14(Gj 1)l = b (T) = b (1)
= ¢ (Pj13) — dgi,, (Pjts)
=t—-2>1>0.
By Proposition 2.4, we have
Saj+4(G5) = Soj1a(Ghyy) = (25 +4)(¢G; (Pjy3) — ¢ci, (Pj13))
=(25+4)(t—-2)>0,
which implies that G%,; < G;- for1<j<(n—t—i—1)/2.
If j = (n—t—1i—1)/2, by a similar way as above we can obtain

that

| 2]+4( )‘ | 2/j+4( §'+1)| =0,

|25 1+4(G5)| = |92 14(Gl )| = (£ = 1) > 0.
By Proposition 2.4, we get ng+4(G;-) > 52j+4(G§»+1), ie., G§'+1 s G;-
holds for j = (n—t—i—1)/2.

Case 2. (n—t—i—1)/2 < j < n —t — 2i. Note that j >
(n—t—1—1)/2, hence 2(n —t —i —j)+ 1 < 2§ + 3. In view of
(3.8), we have

GG = A (Ghyy), k=5,6,...,2(n—t—i—j)+1

Furthermore, for 5 < k < 2(n—t—i—j)+1, we have for all T € @,(G"),
there exists T" € .2%,(G%, ;) such that T = T" and vice versa. Hence,

,ka(Gi) szk(Gj_H) k=5,6,...,2(n—t—i—j)+ L

By Proposition 2.4, Si(G%) = Sk( §‘+1) holds for 5 < k <2(n—t—i—
j)+ 1. For k =2(n—t—14—j+1), by a similar discussion as in the
proof of Case 1, we can obtain that

|'Q{2,(n t—i— j+1)( )| ‘%(n t—i— j+1)(G )‘:07
| o n—t—i—j41) (G5) | = | Ha(n—t—i—j+1) (G} )\—ff’c( )—¢qi (T')=1.

J+1
By Proposition 2.4, Sg(n,t,i,j{rl)(Gj) - Sg(n,t,i,jJrl)(Gj_i_l) =2(n—
t—i—j+1)-1>0. Hence, Gj,; <s G} holds for (n —t —i—1)/2 <
i<n—t—2.
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By Cases 1 and 2, Claim 3.7 holds. This completes the proof. O

Claim 3.8. G, <, ij_lt_Q(m), where 1 <i < [(n—t—1)/3].

Proof of Claim 3.8. By a similar discussion as in the proof of Claims
3.6 and 3.7, we can show that Sy (G, ;) = Sk(fo_lt_Q(iH)) for 0 <k <
2i + 3 and Soia(G), 1) = S2ita(Glyy) = 2i+4 > 0. Hence,
Giin =s GOl oinn) 0

By Claims 3.6-3.8, we have the following fact.

Fact 3.9. The set % := {KP1, G’ll*t*” G,ll,t,g‘, ey Gé,lG%, G?_, .,
Griose Gy Gl g Ghly iy Gl GUE iy
G&Z:E:B;%H} consists of Z}L"ftil)/gj (n —t — 3i) + 1 graphs, and
they are in the following S-order:
Ktn_t s lez—t—2 =s G’}L—t—?) s
<s Gy = Gy < Gy 4 =5 G2y 5=y = GG =y
<5 Ghyooi =s Gr_y_gioq s -

[(n—t-1)/3]

i i+l
<s Gip1 < G ) R = Gl n)s) 4

n—t—2(i+1
where 3 <t <n-—4.

Claim 3.10. Among o7 \ %, one has GHZ%)/BJ <. G

_tyy3) = i where 1 < j <
n—t—2, j<i<|[(n—t—1)/2].

VK

Proof of Claim 3.10. For a fixed j in {1, 2,...,n—¢—2i}, there does
not exist G satisfying i > j > |(n —t)/3]. By Lemma 2.2, we know
G <5 Gy forall 1 <j < |[(n—1t)/3],j<i < [(n—t—1)/2]. Hence,
according to the S-order, the first graph in {G; 1<ji<[(n—1)/3]}is
just the first graph in {G% : 1 < j <n—t—2i, j <i < |[(n—t—1)/2]}.
In what follows, we are to determine the first graph in the S-order
among {G/: 1< j < (n— £)/3]}.

Note that 1 < i+ 1 < |[(n—1)/3] — 1; hence, 1 < i+1 <
(n—t—3)/3. By a similar discussion as in the proof of Claim 3.6,

we have Si(G!) = Sp(Gi}]) for 0 < k < 2i + 3 and So44(G) —
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S’gi+4(G§ﬂ) = (2i + 4)(t — 3). Hence, if t > 3, we obtain that
S2iva(GY) > S2isa(Gii); if t = 3, then Soi44(Gl) = Saia(GiTT).
Furthermore, if t = 3, @;15(G?) = h;y5(Gii]) = 0 and, for all W €
A5 45(GY, W' € gf’2i+5(G§i}), we have ¢q:i (W) — ‘ZSG?LIE(W’) = 1.
By Proposition 2.4, Sa;45(G?) — S2i+5(Gii1) > 1 > 0. Hence, we obtain

) . n—t
Gl <, Gl 1<i<|—],
41 i =1 3

which implies that GHZ:;;?% < G;- forall 1 < j < mn-—t-—2i

j<i<|(n—t—1)/2], as desired. O

Claim 3.11. " 1)/3] L(n—t)/3]
n—t— n—t
GL(nftfl)/ZSjJrl s GL(nft)/SJ'

Proof of Claim 3.11. Note that

n—t—1 _|n—t
3 | | 3 |
or
n—t—1 n—t
= —1’
L 3 . . 3 -

and, for the latter case, |(n —1)/3] = (n —t)/3. Hence, if

22|

then let
joio|not=l
By Claim 3.7,
| (n—t—1)/3] [(n—t—-1)/3]
GL(nftfl)/SjJrl s GL(nftfl)/fBJ’
ie.,
[(n—t—1)/3] [(n—t)/3]
GL(n—t—l)/3j+l s GL(n—t)/3J'
If

n—t—1 _n—t_1
3 3 ’
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by Lemma 2.5,
Gy s Gl
ie.,
Glnmim st < Cliniyal
as desired.
By Fact 3.9, Claims 3.10 and 3.11, Theorem 3.5 holds. (]

4. Further results. In this section, we shall study the spectral
moments of graphs with given chromatic number. This parameter has
a close relationship with the clique number of graphs. Let .#, , be the
set of all n-vertex connected graphs with chromatic number x. Note
that .4, , = {K,}; hence, we will only consider 2 < y < n.

We say that a graph G is color critical if x(H) < x(G) for every
proper subgraph H of G. Here, for simplicity, we abbreviate the term
“color critical” to “critical.” A t-critical graph is one that is t-chromatic
and critical.

Lemma 4.1 ([9]). Suppose the chromatic number x(G) =t > 4, and
let G be a t-critical graph on more than t vertices (so G # Ky). Then

t—1 t—3
> .
Bl 2 ( 2 +2(t2—2t—1))|VG

Lemma 4.2. For any G € My, (4 <t <n),
tt—1)
2

‘Eg‘ > +n—t,
and the equality holds if and only if G is an n-vertex graph which is
obtained from K, by attaching some trees to K.

Proof. In order to determine the lower bound on the size of G in
Muy (4 < t < n), it suffices to consider that G is obtained from a
t-critical graph G’ by attaching some trees to it. If G’ = K, our result
holds by direct computing; otherwise, consider the function

f(z) = (t;1 + 2(t2t—_2t3— 1)>x+n—x,
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where ¢ is a fixed positive integer with 4 <t < x. It is easy to see that

t—1 t—3 t(t —3)(t — 2)

f'@) == Ty T a@ou—1 0

for t > 4. Hence, f(z) is a strict increasing function in z, where
4 <t <z <n. Together with Lemma 4.1, we have

|Ec| = [Ec/| + (n —[Var])

t—1 t—3
> ! - !
> (5 + sy ) Vel + (0 - Ver)

t—1 t—3
>( 5 +2(t2—2t—1)>t+(n_t)

t(t—1)
> _ 7
2
This completes the proof. O

+ (n—t).

In order to determine the first few graphs in .#, 2, by Lemma 2.2
these graphs must be n-vertex trees. Note that Pan, et al., [19]
identified the first

L(n—1)/3]
3 Qn ]; 1J—k+1)+1

k=1

graphs, in the S-order, of all trees with n vertices; these

L(n—-1)/3]
3 Qn ]; 1J—k+1)+1

k=1

trees are also the first

L(n—1)/3]
k-1
3 Q” I; J—k+1)+1

k=1
graphs in the S-order among .#, ». We will not repeat them here.

For convenience, let C!, := Cyu - vP;y1, where u € Vi, and v is an
end-vertex of path Pyy.
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Theorem 4.3. Among the set of graphs M, 3 with n > 5, the first
two graphs in the S-order are Cy,, C2?_, if n is odd and C}_,, C3_,
otherwise.

Proof. In order to determine the first two graphs in .4, 3 with n > 5,
based on Lemma 2.2 it suffices to consider the n-vertex connected
graphs each of which contains a unique odd cycle. Denote the set
of such graphs by %,,.

Choose G € %,, such that it is as small as possible according to the
S-order. On the one hand, G contains a unique odd cycle, say C;, that
is to say, GG is obtained by planting some trees to Cy if t < n. On the
other hand, in view of Lemma 2.6, G is obtained from C; by attaching
apath P, ;. toit,ie, Ge {C/":t=3,5..}.

If n is odd, then it suffices for us to compare C,, with C;'*, where
3<t<n-2 Infact, S;(C; ") - Si(Cn) =0 fori=0,1,2,3. By
Lemma 2.3 (i), we have

S1(CP") = S4(Cn) = 4o (Ps) — dc, (P3))

4
An+1-n)=4>0.

Hence, C),, < Ct"_t. Furthermore, for any C’t"_t with 3 <t < n — 4,
it is routine to check that S;(C;*™") = S;(C?_,) =0 fori =0,1,2,3,4.
By direct computing (based on Lemma 2.3), we have

S5(CP~) = S5(C%2_5) >0 ift=3, n>T,

S5(CF™") = S5(C%2_5) >0 ift=5 n>9;

S5(Cy™") = S5(Ch_y) =0 ift>7, n>11;
Se(CI1) — S6(C2_,) =0 ift>7 n>11;
So(CP™1) = S7(C%_5) >0 ift=17, n>11;
S (CPH = S7(C2_,) =0 ift>9, n>13;
Sg(CI1) — Sg(C?_,) >0 ift>9, n>13.

This gives C2_, <, O, Therefore, C,,, C2_, are the first two graphs
in the S-order among ., 3 for odd n.

If n is even, it suffices to consider the graphs C;* " with 3 < ¢ < n—1.
In fact, for any C;"" " with 3 <t < n —3, S;(C;"™") = S;(C}_,) for
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1=0,1,2,3,4. By Lemma 2.3, we have

S5(CI1) — S5(CE_ ) >0 ift=3, n>6;
() - (n 1)>0 ift=5 n>8
S5(CIH) — S5(CE_ ) =0 ift>7 n>10;
Se(CP1) —Sg(CL_)>0 ift>7, n>10.

Hence, we have C}_; <, Cp " for 3<t<n— 1.

Next, we compare C3_5 with C}* ", where 3 <t < n—5. Obviously,
Si(C1) = S;(C3_,) for i = 0,1,2,3,4. By Lemma 2.3, we have

S5(CP~") = S5(C3_5) >0 ift=3, n>S8;

S5(CP~") — S5(C3_3) >0 ift =5, n> 10;
S5(CP~1) = S5(C3_5) =0 ift>7, n> 12
Se(CI1) = Se(C3_ ) =0 ift>7 n>12;
So(CP™1) = S7(C3_5) >0 ift=17, n>12
S (CPH = S7(C3 ) =0 ift>9, n>14;
Sg(CP~") — Sg(C3_5) =0 ift>9, n>14.

Hence, in what follows we need compare So(C3_5) with So(C}'™")
for t > 9,n > 14. Note that, by Proposition 2.4, we have @7 (C}" ") =
(Co} FCE_3) = 0, H(CPY) = (C3y) = Dif t = 9, > 14,
Hence, S(Cy™") — So(Chi_3) = 18(¢gn-:(Cy) —0) = 18 > 0 if t = 9,
n > 14, ie., C3_5 <, C;~" in this case.

If t > 11, n > 16, then o4 (C} ") = o(C2_5) = 0, a(CPY) =
o(C3_3) = (0. Hence, Sg(C"ft) So(C3_3) for t > 11, n > 16. Note
that oo (Cy™") =y (Cir_s) = 0,

o CF ) ~1h0(C3o)] = bep(Po)—dcy_(Py) = ntd—(n+3) = 1
for t > 11, n > 16, hence

S10(CP ") = S10(C_3) = 10(¢cn—+(Ps) — b3 (Ps)) =10 >0,
which implies C2_5 <, Ctnft for 3<t<n-5.

n

This completes the proof. O
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Note that, for Turdn graph T, ¢, x(Tn¢) =t and its size attains the
maximum among .#, ;. Combining with Lemmas 2.2 and 4.2, we have

Theorem 4.4.

(1) For any graph G € My, \ {K} '} with 4 < t < n, one has
K" <5 G.

(ii) For any graph G € My \ {Thi}, where 2 < t < n, one has
G <s Tyt

By Theorem 4.3, the Turdn graph T),, is the last graph in the S-
order among .#, ;. In view of Lemma 2.2 and Theorem 3.3, the next
result follows immediately.

Theorem 4.5. Among the set of graphs My with2 <t <mn—1,

(i) Ifn =t+1, then all graphs in the set My n—1 have the following S -
order: T3 < Th—a4 <s -+ <s Ty <5 -+ <5 T2 <5 T1 <5 Ty n—1-

(ii) If n = kt with 3 <t < n/2, then for all G € Mp\{Tnys, Ty}
one has G < Tﬁ,t <s Tnt-

(iii) If n = kt+1 with 3 <t <n/2, then for all G € Mp \{Tny, Ty 4
T2} one has G <y T, <s T2 <5 Ty

(iv) fn=kt+r with3<t<n/2,r=t—1or(n+1)/2<t<n-2,
then for all G € Myp \{Tny, T, Ta,} one has G <, T, <
T3, <s Toy.

(V) If n = kt+r with4d <t <n/2, 2 <r <t—2, then for all
G e Mp\Tny, T,,, TZ,, T2} one has G <, Ty, <, T3, <
T3, <s Toy.

By Theorems 3.4-3.5 and Lemma 4.2, we have

Theorem 4.6.

(i) Fort=n —2 >4, the first three graphs in the S-order in the set
My n—2 are as follows: Jy <5 Jo <5 J3.

(ii) Fort=mn—3 >4, the first seven graphs in the S-order among the
set of graphs My n—3 are as follows: Jy < J5 <5 Jg <5 J7 <5
Js <s Jg <5 J1o-
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(iii) For4 <t <n—4, the first 1+ 173 4 — 34) graphs,
in the S-order, among the set of graphs ., + are as follows:

—t 1 1
K" <Gy 9 <=sGp_y_q <5-+-
1 1 2 2 2
<sG3 <5 Gy <5 Gy = G5 =5+ <5 G5 <5 -+

<s Grp—0; <s Gh_y_0iq1 <s

(n—t—1)/3]
(n—t—1)/3]+1"

i i+1 L

<s Gipr < Gl oiiny <s < G|
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