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ZEROS OF HIGH DERIVATIVES OF
THE RIEMANN ZETA FUNCTION

THOMAS BINDER, SEBASTIAN PAULI AND FILIP SAIDAK

ABSTRACT. We describe new zero-free regions for the
derivatives ¢(¥)(s) of the Riemann zeta function, which take
the form of vertical strips in the right half-plane. We show
that the zeros located in the narrow complements of these
zero-free regions are simple and exhibit vertical periodicities
that enable one to give exact formulas for their number.

1. Introduction. In this paper, we investigate the distribution of
zeros of higher derivatives of the Riemann zeta function. In order to
put our main results in perspective, we first give a brief summary of
some of the most important results and outstanding conjectures in this
area.

Let s = o+it. For all k € N, the kth derivative of the Riemann zeta
function ¢ (s) is

o0 k
(1) (W(s) = (-1 k’%”, for o > 1,

n=2
and can be extended to a meromorphic function on C, with a single
pole (of order k) at the point s = 1. However, unlike ((s) itself, the
functions ¢*) (s) have neither Euler products nor functional equations.
Thus, their nontrivial zeros do not lie on a line but appear to be
distributed (seemingly at random) to the right of the critical line
o = 1. Speiser [8] was the first to show, in 1934, that the Riemann
hypothesis (RH) is equivalent to the fact that ¢’(s) has no zeros with
0<o< % Levinson and Montgomery [5] gave a simpler and more
instructive proof of this and also showed that (’(s) can vanish on the
critical line only at a multiple zero of ((s), if ever such a zero exists.
They also showed, assuming the RH, that ¢(¥)(s) has at most a finite

number of non-real zeros with o < %, for k > 1. For k = 1, they
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proved unconditionally that (’(s) has only real zeros in the closed
half-plane ¢ < 0. For k = 2 and k = 3, Yildinim [14] established,
assuming the RH, that ((*)(s) has no zeros with 0 < o < %, and,
unconditionally, that both ¢”(s) and ("”’(s) have exactly one pair of
nontrivial zeros with o < 0. Namely, ¢”(s) has zeros at approximately
s = —0.35508433021 + 3.590839324398: and ("’(s) at approximately

s = —2.110145792653 £ 2.584224772043.
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FIGURE 1. Zeros of ¢/(s) in C, with the zero-free region.

In regions to the right of the critical line, i.e., for o > %, the total
number of zeros of ((¥)(s) does not differ by much from the number of
zeros of ((s). In fact, if we let N(T') and Ny (T) denote the number of
such zeros p, with 0 < J(p) < T, of ¢(s) and ¢(*)(s), respectively, then
according to a theorem of Berndt [1]

T
(2) Np(T) = N(T) — o log2 + Oy (log T),
for all £ > 1, where, by the classical Riemann-von Mangoldt formula

(see Landau [4]),

T T T
N(T) = — log% ~ 3 + O(logT).
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It should also be noted that most nontrivial zeros of ¢(¥)(s) are
located relatively close to the line s = %—i—z’t. In fact, in recent years, in
a series of improvements, Soundararajan [7], Zhang [15] and Feng [2]
succeeded in showing (conditionally) that, for k = 1, a positive portion
of the zeros p of ('(s) satisfies R(p) < 1 + ¢/logT. Nevertheless, for
all & € N, many of the zeros of ((*)(s) lie much farther to the right,
even though their real parts can still be effectively bounded from above
by absolute constants (see Figure 1 for illustration of the bound in the
case k = 1). For k > 3, such general upper bounds were first given by
Spira [9] in 1965, and they were later improved by Verma and Kaur
[13] (see Table 1):

(W (o +it) #0 for o> (1.13588...)k + 2.

TABLE 1. Lower real bounds for zero-free regions in the right half-plane.

¢ ¢ ¢’ ¢® for k>3

Hadamard [3],
de la Vallée-Poussin [12] | 1

Titchmarsh [11] E<3

Spira [9] Tk+2
Verma and Kaur [13] (1.13588...)k + 2
Skorokhodov [6] 2.93938 | 4.02853

In this work, we prove the existence of a sequence of zero-free regions
for ((¥)(s), between the critical line R(s) = % and the previously known
far-right zero-free region ¥(s) > (1.13588...)k + 2 (due to Verma
and Kaur [13], a bound that happens to be close to best possible).
Furthermore, we show that the zeros found in the strips between the
new zero free regions are simple and exhibit a vertical periodicity, which

also enables us to give exact formulas for their number.

2. Statement of main results. In what follows, we restrict our
treatment to the case k > 3. To state our results precisely, we introduce
some notation and definitions. Let

Qy(s) = (logn)* /n®

denote the nth term of the Dirichlet series (1) for (—1)k¢(F)(s). All the
previously known zero-free regions for ¢(*)(s) have been obtained by
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FIGURE 2. Zeros of (®®(s) in C, with zero-free regions (characterized by
the dominance of Q3% (s) for M = 2 and 3).

finding solutions to

[c®(s)| =

> Q)

or some variation thereof (see [6, 11, 13]); that is, by finding the
regions of the complex plane where the term Q5%(s) dominates all the
other terms of the expansion (1) of ((¥)(s) (i.e., Q5(s) is greater in
modulus than the rest of the terms combined), because then, evidently,
¢®) (s5) # 0. However, Q%(s) is not always the dominant term; any other
term can not only be the largest in modulus, but takes the dominant
role as well. This is clear from the fact that |Q¥ (s)| = Q% (0), viewed as
a function of n, has its global maximum at n = */?. Using this simple
property, one can show the existence of regions where Q¥ (s) (for any
n > 2) becomes the dominant term of (1), which then provides us with
a new zero-free region of ((*)(s), for each n € N, for every sufficiently
large k.

Let us denote by Q% (s) the term of (1) which has the largest
modulus. If we fix some such M, then the moduli of the terms of (1)
will increase for m < M and decrease for m > M, in monotone fashion

> Q5(0) = Y Qo) >0,
n=3
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(see Section 3). Since no term Q%,(s) can attain dominance on a line
where its absolute value is equal to that of another term (and by the
aforesaid property this can only happen when Q% (0) = Q% (0) or
Q% (o) = Q%,_,(0)), it is reasonable to expect that the zeros of (¥ (s)
will be located close to the lines where this equality occurs. Thus, we
define

log M
10g (log(()%d—&-l) )
tog (5747

so that Qf;(0) = Q%;,1(0) whenever o = qak. (Note that ¢o =
1.13588..., g3 = 0.808484..., g4 = 0.668855..., where ¢o is the
constant that appears in Table 1.) In the ko-plane, o = gqprk defines a
line of slope qy;.

(3) qm =

)

Our first main result describes zero-free regions between these lines
for sufficiently large k:

Theorem 2.1. Let k € N and u € R>? be a solution of

1 1 1
1-— —(1—1—)20.
et —1 e Uu

(a) If sk +4log3 < g2k — 2, then ¢®)(s) # 0 for

g3k +4log3 < o < gok — 2.

(b) If M € N, M > 3 and quk + (M + D)u < gu-1k — Mu, then
(M (s) #0 for

gk + M+ 1Du <o < qy_1k — Mu.

Remark 2.2. We have v = 1.1879426249. ...

Thus, the Mth zero-free region S¥, of ¢(*)(s) is the open set
Sk i={o+it| gpk+2<o0<qgk-2},
Sk = {o+it| qsk — 4u < o < g3k + 4log 3},
Shpi={o+it | quk — (M +1u < o < quk + (M + 1)u}
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FIGURE 3. Zero-free regions and horizontal zero-free line segments for C(loo),

C(200)7 4(400) and C(SOO)-

for M > 3. So the zero-free regions are the connected components that
remain after one removes S§, from the right half-plane.

Another way to visualize the strips S%, is to consider them in the
ko-plane (see Figure 4). In this representation, the wedges correspond
to the zero-free regions, i.e., the regions of dominance of the terms

% (for M = 2 this is treated by Verma and Kaur [13], for M > 3
it is new), while the strips S%, are the narrow regions centered around
the lines that separate the wedges. For M > 3, the k-coordinates of

the tips of the wedges in the ko-plane are

_ 4log3+2 2M +1)u

(4) k3
q2 — g3 qmM—-1 — qdMm

and kp = for M > 4,

which immediately implies that the first strips S5 can be observed for
all £ > 20, the second S§ for all k¥ > 77 and the third S§ for all k > 163,
and so on. With some extra work, these values can be improved to
k > 19 for S5, k > 58 for S&, and k > 123 for S} (see Remark 4.5).



ZEROS OF HIGH DERIVATIVES 909

1000

750

500

250

L L L Lk
250 500 750 1000

FIGURE 4. Zero-free regions of ¢®) (o + it), for M =2,...,9.

Moreover, if one also considers the imaginary parts of the solutions
of Qk, (qurk +it) + Q]ch-s-l(‘JMk +it) = 0, then one obtains
B m(2j+1)
~ log(M + 1) — log(M)

(5)

for j € Z, showing that the location of the zeros p inside S¥, is close to

m(2j5 + 1)i

log (*57+)

for some j € N. This suggests a vertical periodicity in the limit of
the zeros of ((®)(s). (The computational data confirms that the Mth
period equals 7/(log(M + 1) — log(M)).) With the help of Rouché’s
theorem, we are able to show that, between every two consecutive lines
§ =0+ g Mi’{;ilog ~—, which horizontally partition the strip S%; (see
Figure 3), there is exactly one zero of ¢(F)(s).

(6) k-qn +

That is our second main result:

Theorem 2.3. Let u € R>? be a solution of

1 1 1
1-— —(14—)20.
et —1 e Uu
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Let M € N, M > 3 and j € N. If there is k € N with
a1k + (M + 2)u < gk — (M + 1)u,

then each rectangle R; C Sk, consisting of all s = o + it with
guk — (M +Du <o <qguk+ (M+1u

and
277 2r(j+1)

t
log(M + 1) — log(M) sts log(M + 1) —log(M)’

contains exactly one zero of C(k)(s), This zero is simple.

Remark 2.4. The corresponding result also holds for the strips S%
and S%.

Clearly, Theorem 2.3 can be converted into an exact formula for the
number of zeros of ((*)(s) (for carefully chosen values of T') inside any
given strip.

Corollary 2.5. Let N¥(T) denote the number of zeros p of () (s)
which are inside S¥, and satisfy S(p) < T. Then, for all j > 1,

21y .
N} =J.
M <log(M +1)— log(M)> J

Remark 2.6. An immediate consequence is that, for k > 3 and T' > 0,
_ log(M +1) —log(M)
N 2w

This, of course, implies that the total number of zeros contained within
any fixed strip is O(T") = o(N(T)).

N (T)

T +0(1).

Spira [9] had already noticed that the zeros of ¢’(s) and (”(s)
seem to come in pairs, where the zero of (’(s) is always located
to the right of the zero of (’(s). More recently, with the help of
extensive computations, Skorokhodov [6] observed this behavior for
higher derivatives as well. Our observations support a straightforward
one-to-one correspondence between the zeros of (*)(s) and ¢(™)(s) for
all k,m > 1 (Figure 5).
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FIGURE 5. The consecutive zeros *) of the derivatives of (*) (o + it) in
the region 40 < o < 49, 20 < t < 60.

Indeed, for given M and sufficiently large k it follows from Theo-
rem 2.3 that for each zero of ((*)(s) contained in S¥, there is a corre-
sponding zero of ((*+1)(s) contained in S¥*. An approximation of the
location of a zero in S%, is given by (6).

Remark 2.7. Due to growing density of zeros near the critical line s =
1/2, it is difficult to translate this surprising property into quantitative
asymptotics with vanishing error terms. However, for a positive integer
k, in the right half-plane we observe a certain “dynamical” exactness
between the numbers of zeros of different derivatives of the Riemann
zeta function; in other words, we find a one-to-one correspondence
between the non-trivial zeros of ¢*)(s) with ¢(*+1)(s), for all k, such
that the index M for two such corresponding zeros is the same, and
their difference is approximately ¢p;. This correspondence could be
established by finding unique, continuous paths which the zeros of
fractional derivatives ¢(*) (s) undergo, as k € R runs through the
interval [1, 00).
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Remark 2.8. The zero-free regions obtained in Theorem 2.1 may be
generalized to a large class of Dirichlet series. Since we only consider
the absolute values of the coefficients, it follows that if

Lis) =) =,
n=1
and |a| > |an| for some M > 3 and all n > 2, then L(¥)(s) # 0 for
guk +cM < o < gy-1k — ¢(M — 1), for a suitable constant ¢ > 0.
There are technical rather than theoretical obstacles that prevent us
from making these general results explicit.

3. An auxiliary lemma. In this section, we prove a technical
lemma which will be used in the proof of Theorem 2.1. Let us consider
the function z : R>% —» R,

1ogk z

xo’

for fixed 0 > 1 and k£ € N. We have

o () ) (e )

1/0.

Hence, 2/(z) = 0 if 2°71(1 — ologx) = 0, that is, z = e Since
Z(x) > 0for 0 <z < e/ and 2/(z) < 0 for > /7, the function
z(x) has its maximum at z = /7.

As we have chosen ¢y such that Q% (o) = Q% (o) for o = quk,
the maximum of z(x) (again for o = gqak) lies between © = M and
x = M 4+ 1. As the maximum of z(z) is at £ = !/, the maximum of
z(z) for o > qurk is to the left of the maximum of z(x) for o = gpk.
So the value of o for which Q%,(c) is the largest term in the Dirichlet
series representation of ((k)(a) is between ¢ = qpk and 0 = qp_1k.
Thus, Q%,(c) can dominate (*)(o) only there.

We will use these monotonicity and dominance considerations im-
plicitly in the proofs of our theorems.

Now, we consider the ko-plane interpretation of Theorem 2.1. In
general, the wedges in Figure 4 are the sets containing all points (k, o)
that satisfy

quk +b1 <o < qu_1k+ by
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for some M € N and by, by € R. Thus,
by —b
(7) k> ——,
qM—-1 — 4Mm
with equality holding exactly if k = kj;.

The growth properties of ¢p; play an important role in understanding
the strips S%;.

Lemma 3.1. For all n > 3, we have

1
logn R log(n — 1)

Proof. In order to prove the lower bound, we write

1 -1 1 —-1)-1 log(2=L
e og(n—1) - og(n—1) —logn 14 og(™—)
logn logn logn
ﬂn—l = log(an—l)
log (=1 log(2=L
:10g<1+ os(%; )> < og(*; ),
logn logn

where the last inequality holds because log(l + x) < z whenever
x > —1. The desired lower bound now immediately follows from

gn—1 = ﬂn—l/log((n - 1)/”)

In order to prove the upper bound, we write 0,, := — log("T_l). Then
we have
log (710%;;1)) log(l - liig;’: )) log (1 - k;‘)ﬁ)
gn—1 = n— = n— = n—
log (%) log (%) log (%)
1 0, 02 03

- logn - 2(logn)? + 3(logn)3 + 4(logn)*

<1+10"+9"2+9”3+
logn = 2logn \logn logn logn

1, 0,
~logn  2logn logn — 6,
1 1 log(l+ ﬁ)

- logn + 2logn log(n —1)
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< 1 n 1 < 1
logn  2(logn)(log(n —1))(n —1) ~ log(n —1)’

where the last inequality holds if and only if

1

1 —1 -1 —_—
ogn —log(n — 1) > =1y’

which is true by the mean value theorem. O

How many distinct strips of ¢ (k)(s) that contain nontrivial zeros are
there inside the region 1/2 < o < g2k+27? Let ¢(k) denote that number.
Then, in view of Lemma 3.1, it seems reasonable to expect that, for all
k > 2, there exist positive constants A and B, such that

Vk Vk
Tog k < c(k) < Blogk:'

Upper bounds of the desired order are easier to prove than lower
bounds: obviously, one can just count the number of wedges, with their
tips located at points described in (4), and then invert the relation.
Since the difference qp;_1 — qps in the denominator of this fraction can
be nicely bounded from above (but not from below), using the estimates
in our lemma, effective upper bounds can be obtained.

4. Proof of Theorem 2.1. Now we are ready to prove our first
main result. We will show that ¢(*)(s) has no zeros if (k,o) in the
ko-plane lies in one of the wedges given by an inequality of the form

gk +b1 <o < g1k + b2

for suitably chosen b1,b2 € R. We choose b1, bs such that these wedges
k

are the regions where Q% (s) = 10%471\4 is the dominant term (in the

modulus) of ((*)(s). Everywhere hereafter we write H%(s) for the

“head” and T}, (s) for the “tail” of the series ¢(*)(s) split by Q%,(s):

M—1 M-1 1ng n
Hiy(s) = Qul(s)= Y —%
n=2 n=2

and

X S 2. log"n
= 3 Qb= 3

ns
n=M+1 n=M+1
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Our goal will be to show that
KM (s)] > Qhs(0) — Hig(o) — Ty ()

k k
= Q%,(0) <1 = gg(a) = 3,5(@) >0

for our choice of b; and by, keeping in mind that

Qfri (M O\
W(QMk%—ln)— Ml

and

Qb (M O™
Q?\/l (grr—1k +b2) = M1 )

as one can easily verify.

The tails. We first find an upper bound for the tails Tk, (o).

Lemma 4.1. Fiz some integer M > 2, and assume k — 1 <
(0 —1)log M. Then

oo 1 k Ool k
(8 Thio)= > < / % T i < Qhy (o) R (o),

n x
n=M+1 M

where

M k
k _
RM(“>g_1<1+(a_1)1ogM—k+1)'

Proof. For k € Z, the integral in (8) can be written in a closed form.
Applying recursively the general formula (for all b # 1)

(log x)° (log x)® a / (log x)o~!
2 dy = — d
/ PO (b—1)xb—1 A xb “
we obtain
/°° log" x . log" M M i K log™" M
Mo Me cr—lT:O(k—r)!(cr—l)T

< Qhilo) 2 (14 Yokt 1 <W>>

Q
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< Qh(o) a]\—41 (1 + (0 — 1];10gM i ((cr —klglig M>T>

r=0

_ Ok M k
QM(CT)U—l(l+ (U—l)logM—k+1>’

where the convergence of the geometric series is implied by k£ — 1 <
(o0 —1)log M. O

It is clear why estimating RX, (o) will be vital for the proofs of our
theorems. We note:

Lemma 4.2. If a1k +b; <o and K <k, then
9) Rj;(0) < Ri(ark +b1) < Ryp(a1 K + by),

as long as the following two conditions are satisfied:

a; >

1
og 11 and (a1logM — 1)K +1+ (by —1)logM >0,

and, in the case of by <1 —1/log M also

1 |(by — 1) log M + 1|
_allogM(_<bl_1)10gM_1+\/ aylog M —1 '

Proof. The left-hand inequality of (9) is evident from the fact that
Rk (o) is decreasing when viewed as a function of o alone. The right-
hand inequality of (9) is equivalent to saying that R%, (o) is decreasing
as a function of k. To see this, we rewrite

1

mR?M(alk + bl)

in the form

1 (c+ 1)k +d
k =
YW =TI Ry d=1 dhtd
where ¢ :=aylogM —1 > 0and d := 1+ (by —1)log M. Then, clearly,
c(1+ ¢)?k? + 2cdk(1 + ¢) + d(1 + cd)
((c+ Dk +d—1)2(ck + d)? ’

from which it is easy to see that y'(k) can change sign only if d < 0
(otherwise it remains non-positive). However, the condition d < 0

y'(k) = -
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translates to by < 1 — 1/log M, in which case one requires K > zo,

where
d n 1 /|d|
20 1= — —
0 1+¢c 1+4cV ¢

is the right zero of the numerator of the above expression for y/(k). O

We will use the estimate for T/ (o) from Lemma 4.1 in the proof of
Theorem 2.1 via the separation

Tyr(0) = Qhry1(0) + Tapys (o)
< Qhry1(0)(1+ Ry (o))
< Qh(qurk + b1)(1+ Riypy 1 (qark + br)),

since Q%1 (0) < Q%,(c). The series with the remainder R, (qak +
b1) will converge because ¢p; > 1/log(M + 1) by Lemma 3.1, if b; is
suitably chosen. Verma and Kaur’s bound (see Table 1) follows directly
from Lemma 4.1 and Lemma 4.2. We include a proof of their result
because it exemplifies several of the important ideas and illustrates
key workings of our general method, being the special case of M = 2
(representing the dominance of the term Q%(o)).

Theorem 4.3 ([13, Theorem (A)]). For all 0 > g2k + 2, we have
¢®(s) #0.

Proof. First, write

k
€9(s)] 2 222 7o)
k k
> Q500) (1- Zo) - Tor 1+ R )

By Lemma 4.2, we have Rf(0) < RE(q2k +2) < 1.57, for k > 3.
Furthermore,

Qf
Q5

(o) = 2kF—7 < oh—a2k+2 < 93(1-a2)+2 < 9 19,
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The quotient g—%(a) is decreasing in o, and hence
2
Q3 Q%
w(0) < Shlaek +2) =
Q5 Q5

So, we obtain

Q4 Qf K 4
2(0) — =5(0) (1+Ri(0)) >1— -~ —0.19(1+ 1.57) > 0
Q% Qs 9
which establishes the result. O

Since Theorem 2.1 (a) deals with the next case of M = 3 (corre-
sponding to the dominance of the term Q%(c)), and only a little bit of
extra effort is needed to prove it, we give a proof of it right now.

Proof of Theorem 2.1 (a). For a zero-free region to exist we must
have
g3k + 4log3 < g2k — 2,

which implies k& > 20. Separating the dominant term Q% (o), we get

€M (s)] = Q5(0) — Q5(0) — T (o)

k
> Q5(0)(1- o) - o) (14 7))
Therefore, we only need to show that
k
gz( o) — g;:f(a) (1+ R(0)) > 0.

By Lemma 4.2, R¥(0) < RE(gsk+4log3) < R¥(gsks +4log3) < 0.72,
for 0 > g3k +4log3 and k > k3 = 4(1;‘@% =19.5311.... Also,

gi( 0) < g;‘ (gsk + 4log 3) < 0.29
and
gi( 0) < gi(QQk—2)<045
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Hence,
1—@(0) Q4()((1+Rk(a))>1—045—029(1+072)>0
4 . . . 5
Q} Q5
as desired. 0

Theorem 2.1 (b) deals with the dominance of the general term
Qf\/[(o) and, consequently, requires knowledge of the behavior of the
sum of all the terms preceding it.

The heads. We rewrite the heads of the series (1) in the following
form:

(10)
k
(o) = @l (o) (B o) + B2y + Lo >)

o e (Ggols-Befie (-50))

k

and we will find upper bounds for all the above quotients QQ”? (o) of

consecutive terms. Clearly,

k)= (e ”)k(nnl)a,

and therefore Qk (U) increases with . For 2 < n < M and o <

gr—1k + ba, we get
k k

5;1(0) < Q";l(qulme)
k n ba
S Qk (Qn 1k+b2) <n_1> )

where the second inequality holds because qp—1 < ¢, for n < M,
while the equality holds because 0 = qn_1k is the solution of Q¥ (c) =

Qk_,(o). Thus, in order for Qk L(o) to stay bounded, we must choose
by < 0.
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Lemma 4.4. Let ¢ € R be positive. Then y(n) = ("—_1)m is
monotonously increasing with asymptote 1/e°.

1 cn
lim <1 + > = e,
n—o00 n

we evidently have lim,, ("T’l)m = 1/ec. Finally,

y’(n)=6~y(n)<log<1—i>+nil> >0

proves the monotonicity assertion. (]

Proof. As

Thus, for 2 <n < M and o < qp_1k — uM, we have

271( )< n 7uM< M 7uM<i
)=\ —\M -1 —eu’

n

Now (11) yields

(12) %(g)gi(l = 1 _1:;

Proof of Theorem 2.1 (b). Similarly to the proof of Theorem 2.1 (a)
we write

<O(s)| = Qhi(0) — His(0) — Thy (o)

k k
>QM@(—H%W—QT%®O+MHw»)
M M

Now, notice that

M k 1
k — -
B (o) '_0—1<1+(U—1)logM—k+l) <
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is equivalent to (o — 1)2log M — (o — 1)(cMlog M + k — 1) —uM > 0,
and this quadratic inequality is satisfied whenever
(uMlog M +k — 1) N V/(uMlog M +k — 1)2 + 4M log M
2log M 2log M
2(uMlog M + k —1)
2log M
E—1

=14+uM+ ——
o +logM

o>1+

> 1+

Thus, by Lemma 4.2, for o > qpk + u(M + 1),
2M +1
k>ky = ﬂ’
qM -1 — 4Mm
and M > 4, we have

1
Rfy41(0) < RYYy (ankas +u(M +1)) < .

By Lemma 4.4 we also have

<
eu

Q?M_;'_l B M U(M+l)

thus, with (12), we obtain, for M > 4 and gpk +u(M +1) < o <
QM—lk + UMv
H;\C/I Q?V[-&-l k 1 1 1
— M () 1+ R 1- ——(1+=)>0
QIIC\/I (o) Qégw (o) ( + M(U)) > ev —1 e + w) =7

which proves the theorem.

O

Remark 4.5. The zero-free regions we have given are not the largest
possible. For example, if one considered the lines o = %((QM +qn—1)k+
u) through the centers of the wedges and searched for the lowest & for
which there were no zeros on those lines, then one would obtain the
following values for ks (which are lower than the values we have for
the tips of the wedge-shaped regions):

M 314 5 6 7 8 9 10
kas on line 19 | 58 | 123 | 220 | 354 | 529 | 748 | 1014
kar at the tip || 20 | 77 | 163 | 291 | 465 | 691 | 971 | 1313
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5. Proof of Theorem 2.3. Because of the property of the quasi-
periodicity of the zeros of ((¥)(s) inside S%,, we are able to count the
zeros by individual separation. In order for our approach to work, we
first find horizontal, periodically-spaced zero-free line segments within
the strips (in Lemma 5.1). Then we show that there is always exactly
one zero of ((®)(s) in the rectangles R; (for j € N) that are delimited
by the vertical edges of two neighboring zero-free regions and two
horizontal zero-free lines (see Figure 6).

As already mentioned above, in the strips S]’Q, which are located
between two consecutive zero-free regions, where the expansion of
¢¥)(s) is dominated by the terms Q% (s) and Qﬁ4+1(s), respectively,
one can obtain values of the imaginary parts ¢ of expected zeros by
solving the equation Q% (o + it) = Q% (0 +it) (an act of balancing
the real and imaginary parts of two largest terms), and then choosing
the horizontal lines of separation exactly halfway between them, thus
managing to avoid even the most irregular of zeros inside S J]@[. That is
exactly what we do below. As a consequence all zeros of ¢*)(s) inside
Sk, are simple.

Lemma 5.1. Let M >2 and k € N. If s € S%,, then () (s) # 0 for
21y
log(M +1) —log M’

s=o0+1-

Proof. In the center of the strip S]’f/[, that is on the line o = gk, we
have [Q%,(s)| = |Q%/,1(s)|. We consider the line segments in S§; with

quk — (M +1u <o <quk+ (M +1)u

and .
21y

t =
log(M + 1) —log M’

where j € Z,

see Figure 6. Our choice of ¢ gives Q% (qark +it) +Q’fw+1(qu—|—it) =0
(compare with (5)) and therefore cos(tlog M) = cos(tlog(M + 1)) and
sin(tlog M) = —sin(tlog(M + 1)). We set s = o + it, with ¢ and o as
above, and consider the real and imaginary parts of

(¥(s) =) (cos(tlogn) — i - sin(tlogn)) Q% ().

n=2
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M+1 sy M
|
. Ch A 2 L
log(M +1)—logM i
i
|
@i+yr [ \ 4 .
log(M +1)—logM ] A
|
|
_yr ] o
log(M+1)—logM | )
|
|
|
l :
Gk +H(M+2)c g k—(M+1)c qyk QG k+(M+1)c Qyrk—Mc

FIGURE 6. The curve «v is the boundary of the rectangle R;. The point e
represents a zero of Z(s) = Q%;(s) + Qﬁ/[+1(5) on the line o = qnk.

With [S(QF (s)] < QF (o) and |R(Q% (s)| < QF (o), we obtain
[R(CW ()] = | cos(tlog M)Q} () + cos(tlog(M +1))Q4r41(0)]
— Hyy(0) = Ty (0),
I3(¢™ (5))] = | sin(tlog M)Q}; (o) +sin(tlog(M + 1))Qfy41 ()]
— Hy(0) - TJI\C/1+1(U)-

If t = 0, the situation is trivial. If ¢ # 0, then we either have
| sin(t log M)| > sin(n/4) = 1/+/2 or | cos(tlog M)| > cos(7/4) = 1/+/2.
Because [ (s)] > [R(¢M(s))] and [¢F)(s)] > [S(¢M(s))], we get:

1C)(s)] > \% (@44(0) + Qk141(0)) — HE(0) = Thy 1 (0)
k k
— Q4(0) (;5 n %Qggl (0) - g,;;(w
B Qhr42 . Thrio
0
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K
- Qi) 75— gikio)
Qhrs1 oL Qhrga o) Thrio .
(w0 g0))

From the proof of Theorem 2.1 (b) we know that for ¢ > qpry1k +
(M 4 2)u and u = 1.1879426249. .. (see Remark 2.2)

1 QY o Thio (o) > 1 Qs
V2 Qb Qhryr T V2 Q%
1 1 1
>—(1+) > 0.
2 ev c
k
Similarly, since h(U) is increasing in o (see (11)) and because o <

Qhs
qr—1k — Mu, we get with (12) that

(o) () (1 + Rary2(0))

1 HY, 1 HY, 1 1
— — —"(0) > — — —* 1k —Mu)> — - —— >0,
V2 Q]X/[()_\@ qu(qu )_\@ et —1

which concludes the proof of the lemma. O

Proof of Theorem 2.3. Let Z(s) = Q% (s) + Q% 1(s). It is easy
to check that the function Z(s) has exactly one (simple) zero in Rj,
namely,

25+ )m
log(M + 1) —log M~

s=quk+i-

In order to be able to apply Rouché’s theorem we need to show that
IC®) (s) — Z(s)| < |Z(s)] for all s on R;.

The vertical sides of R; are in the zero free regions for M and M +1.
As shown in the proof of Theorem 2.1 the term Q% (s) dominates ¢(*)(s)
on the right vertical side of R;, and the term Q% (s) dominates ¢(*¥)(s)
on the left vertical side of R;. Thus, [¢%)(s) — Z(s)| < |Z(s)| on
the vertical sides of R;. Furthermore, we have seen in the proof of
Lemma 5.1 that Z(s) = Q%,(s) + Q%1 (s) dominates (*)(s) on the
horizontal sides of R;. Hence, |¢*)(s)—Z(s)| < |Z(s)| on the horizontal
sides of RR;.

Therefore, by Rouché’s theorem, Z(s) and ¢((¥)(s) have the same
number of zeros inside R;, for every j € N. This proves both the
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simplicity of all zeros of ¢(*)(s) inside Sk, and the sharp formula for
N%.(T), as given in Corollary 2.5. O
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