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PSEUDO-HYPERBOLIC DISTANCE AND GLEASON
PARTS OF THE ALGEBRA OF BOUNDED
HYPER-ANALYTIC FUNCTIONS ON THE BIG DISK

DIMCHO K. STANKOV

ABSTRACT. Let G be the compact group of all char-
acters of the additive group of rational numbers, and let
HZ> be the Banach algebra of so-called bounded hyper-
analytic functions on the big-disk Ag. We characterize the
pseudo-hyperbolic distance of the algebra HZ in terms of
the pseudo-hyperbolic distance of the algebra H*® and es-
tablish relationships between Gleason parts in M(HZ) and
M(H®>).

1. Introduction. Let I' be a subgroup of the additive group of real
numbers R with the discrete topology, and let G = T be its dual group,
i.e., the (compact) group of all continuous characters on I'. By the
celebrated Pontryagin theorem [1], each continuous character on G
is of type xp(g), p € T, where x,(9) = g(p), ¢ € G. The uniform
closure Ag of finite linear combinations of 'non-negative’ characters
Xps P € Ty =T'N[0,00), with complex coefficients, i.e., of generalized
polynomials, is the big-disk algebra on G [2]. Ag is a uniform algebra
on G, and its elements are called generalized-analytic functions in the
sense of Arens and Singer [2]. The maximal ideal space M (Ag) of the
big-disk algebra is the closed unit big-disk Ag over G, i.e., the cone

Ag =10,1] x G/{0} x G.

The points of Ag are denoted by 7 - g, r < 1, with the understanding
that all the points of type 0 - g are identified into a single point, {*},
the origin (or the center) of the closed big-disk Ag. Each character
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Xp, P € 'y, admits a continuous extension from the group G to the
closed big disk Ag of G, as follows (e.g., [10]):

™xp(9) when 0 <r <1andp>0,
Xp(r-g) =1 0 when r =0 and p > 0,
1 when p =0 for any 0 < r < 1.

Each function Y,, p € 'y \ {0}, projects the closed big-disk Ag onto
the closed unit disk A and the open big disk Ag = [0,1) x G/{0} x G
onto the open unit disk A in the complex plane.

Note that, if T is the (additive) group of integers Z, then its dual,
I = Z, is the unit circle T in the complex plane, the open big-disk
Ag = Ar is the open unit disk A in the complex plane, and the
corresponding big-disk algebra, Ay = A(A), the classical disk algebra.

The object of this paper is, as introduced in [9] (see also [10]), the
Banach algebra of hyper-analytic functions on the big-disk Ag over the
dual group G of the (additive) group of rational numbers Q.

Definition 1.1. [9, 10] Let I" be the group of rational numbers Q and
G = @ A function f on the open unit big-disk Ag over G is said to
be hyper-analytic on Ag if f can be approximated uniformly on Ag by
functions of type ho Xy ,, where n € Z, = 7N (0,00) and h is analytic
on the unit disk A.

The algebra of all bounded hyper-analytic functions on Ag is denoted
by HZ. Under the sup-norm || f| = sup{|f(r-g)|: 7 -g € Ag}, HY is
a commutative Banach algebra with unit. As is customary, we identify
the functions f € HZ with their Gelfand transforms fe C(M(HEZ)),

defined by f(¢) = ¢(f), where ¢ runs in M(Hg).

Recall that, by the classical corona theorem, A can be identified
with a dense subset of the maximal ideal space M(H>) (e.g., [4]).
Namely, there exists a continuous mapping 7 from M(H>) onto A
which is one-to-one and homeomorphic on 771(A). Actually, 7 is
the Gelfand transform of the identity mapping id: z — z in A, i.e.,
7(¢) = ¢(id), where ¢ runs in M(H°). For any o € T, the set S, =
{$p € M(H*®): 7(¢) = a} is the fibre of M (H°) over . Different fibres
of M (H®) are disjoint and homeomorphic to each other (e.g., [6]). The
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union of all fibres of M (H®) is the complement of the open unit disk
Ain M(H™®), ie., M(H®)\ A= M(H>®)\771(A) = Uaer Sa-

In a similar way, there is a continuous map, 7¢, from the maximal
ideal space, M(Hg), of bounded hyper-analytic functions onto the
closed unit big-disk Ag with properties similar to the ones of 7. The
map 7¢ is defined as follows. For any ¢ € M (Hg), define the function

a0 s ={ G SIS

which is a continuous character of I'. Therefore, g4 can be interpreted

as a point, written again as g4, in the dual group G =1I'. The mapping
Ta: M(HZ) — Ag is defined by

(1.2) 76(¢) =74 9¢» ¢ € HE,

where 74 = |(X1)]-

In [9] (see also [10]) it is shown that, similarly to H*, the alge-
bra HZ of bounded hyper-analytic functions does not have corona.
Namely,

Theorem 1.2 ([9, 10]).

(i) 7¢ maps M(HZ) onto Ag.
(i) The set 75" (A) is dense in M(HE).
(iii) 7g is one-to-one and homeomorphic on 75 (A).

If we identify the sets Ag and 75" (A), then Theorem 1.2 asserts that
the big-disk Ag is dense in M(H), thus HZ does not have corona.
The fibre of M(Hg) over a g € G is the set S, = 75'(1-g) = {¢ €
M(HZ): 7¢ = (1-g)}. Any fibre S, of M(HZ’) is a compact subset of
M(HZ), different fibres are disjoint and homeomorphic to each other,
and M(H)\ 7o(A) = M(BF)\ A = U, cq Sy [10]

Let A be a uniform algebra with maximal ideal space M(A) and
Shilov boundary 0A. The function

(1.3)  palo,¥) =sup{|f(V)]: f €A [[fI <1, f(¢) =0}

on M(A) x M(A) is a metric in M(A), called the pseudo-hyperbolic
distance of A. Note that in (1.3) we can consider only f € A with

geG
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[If]l = 1. For any ¢,v € M(A), the inequality ||¢ — ¢|| < 2 holds if
and only if pa(4,1) < 1 and defines an equivalent relation in M (A),
namely, ¢ ~ 1) if and only if ||¢ — || < 2 (or if pa(é,9) < 1) (e.g., [3]).
The equivalent classes of this relation are the Gleason parts of A (or, in
M(A)). The Gleason part containing an ¢ € M (A) is denoted by P(¢),
ie., P(6) = {10 € M(A): |6 — ]| < 2} = {6 € M(A): pa(6,0) < 1}
[3]. If P(¢) is a singleton, then it is called a trivial Gleason part.

In the classical situation of H*® the open unit disk A is a Glea-
son part, the pseudo-hyperbolic distance pg is lower semi-continuous
on M(H*®) x M(H®) and its restriction on A x A is invariant un-
der Mobius transformation (e.g., [4, 6]). In addition, pge(z,w) =
sup{prr=(£(6), f(¥)): f € H®, ||| < 1}. Moreover, by the Schwarz-
Pick’s lemma (cf., [4])
|z — wl
(1.4) pH(z,w) = 7w
for any z and w in A. If T' = Q (or, more generally, if T" is dense in
R in the usual topology) the only trivial Gleason parts of Ag are the
points in G = dA¢ and the origin {*} of the big-disk Ag (e.g. [3]).

In this paper, we study the maximal ideal space M (Hg’) of the al-
gebra of bounded hyper-analytic functions on the big-disk Ag, where
G = @ In Section 2, we consider a natural extensions of the “posi-
tive” characters xp, p € Q4+, and establish a formula for the pseudo-
hyperbolic distance in M(Hg), based on the pseudo-hyperbolic dis-
tance in M(H®). In Section 3, we investigate the restriction of the
pseudo-hyperbolic distance pgee on the big disk Ag. In Section 4, we
study the relationships between Gleason parts of M (HZ) and M (H®).

2. The pseudo-hyperbolic distance in M (HZ). In [8] (see
also [10]) it is shown that every character xi,,, m € Z, extends
continuously to a projection, m,, from M (HZ ) onto M (H>). Namely,
given a ¢ € M(HZ), mp, is defined as

(2.1) (mm (9))(h) = d(h o X1/m),

where h runs in H.

Proposition 2.1. Let m € Z, and let 7y, M(H) — M(H™) be
the mapping defined in (2.1). Then
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Tm 18 a continuous extension of the character xi/m, from G to
M(HEZ);

T 18 surjective, i.e., mp(M(HZ)) = M(H>);

Tm (0HZ) = 0H>;

The maps {mm 50—, separate the points of M(HZ);

v) If f € HZ and h,, € H*® be such that
lim by, 0Xyyn, = f in HE,
then N R
klilgo hp, 0Tn, = f in C(M(HZ));
(Vi) If x1i/m(9) = a € T, then my(Sy) = Sa; hence, 7' (Sa) =
Ugea {591 9 € X3/ (@)}-
Proof.

(i)

If ¢o — ¢o in M(HE), then, according to (2.1),

(Tm (¢a)) () = ¢a(h o X1/m) = ¢o(h o X1/m) = (Tm(¢0))(h)

for every h € H*. Hence, mp(da) — Tm(¢o) in M(H*) and
therefore 7, is continuous. Let r - g € Ag and h € H*>. For the
point evaluation ¢4, we have (7, (¢r.g))(h) = ¢r.g(h o X1/m) =
h(X1/m(r - g)). Hence, 7y, (¢r.y) is the evaluation at the point
X1/m(r - g) € A. Consequently, Tm|as = Xi/m, i-€., T is a
continuous extension of X1, to M (Hg ), and therefore it extends
also x1/m, from G to M(HE).

As shown in the proof of (i), 7n(Ag) = X1/m(Ag) = A. There-
fore, m,,(M(HZ)) = M(H>) since 7, is continuous and Ag, A
are dense in the compact sets M (HZ) and M (H*) correspond-
ingly. Hence, my, is surjective. In addition, 7, (M(HZ) \ Ag) =
M(H®>)\ A.

This is shown in [8] (see also [10]).

Let ¢1 # ¢2 be two points in M (HZ) with m,(¢1) = mm (¢2) for
every m € Z.. Then ¢1(hoXs/m) = (Tm(61))(h) = (7 (62) () =
¢2(h o X1/m) for every m € Zy and all h € H*. Since functions
of type h o X1i/m, where m € Z, and h € H*, are dense in HZ
it follows that ¢; = ¢o.

Assume that h,, € H®, and let f € HZ be such that
limg 00 Any, © X1/m, = f in HEF. Fix an e > 0. Since mp|a, =
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X1/m, we can find a ko € Z such that, for every r - g € Ag,

o~

(R, © T ) (Drg) — ()]
= |(hny © X1/n)(1-9) = f(r-g)| <e

~

for all k& > ko. Therefore, |(/ﬂnk o, ) (@) — f(#)] < e for all

¢ € M(HZ) and each k > kg, since Ag is dense in M(H).

Consequently, limg_, ﬁnk 0 Ty, = fin C(M(HE)), as claimed.
(vi) We claim that the following diagram is commutative:

M(Hg) == M(H™)
R -
Ao 3 A

Indeed, let ¢ € M(HE). By (1.1), (1.2) and Theorem 1.2, we

have:
Xi/m (16 () = Xiym(ro - 96) = 15" - go(1/m)
_ ~ y\|1/m | ¢(>A</1/m)
o )
_ ~ . ¢(5€1/m)
= 100am)l 13l

= 0(X1/m) = ¢(id © X1/m)
= (mm(¢))(id) = 7(m(¢)),

i.e., the diagram is commutative, as claimed. Assume now that
g € G, ¢ €S8y xiymlg) = a € Tand 7¢(¢) = 1-g € Ag.
The commutativity of the diagram from the above implies that
T(mm(9)) = X1/m(176(¢)) = X1/m(1-9) = x1/m(9) = «a; thus,
Tm(P) € So. Conversely, let ¥ belong to S,, C M (H*>)\A, where
ag € T. Since, as we saw in the proof of (i), Tm(Uyecq Sq) =
T (M(HE) \ Ag) = M(H*)\ A = Jger S, there are go € G
and ¢ € Sy, such that 7,,(¢) = ¢ and x1/m(g0) = X1/m(1 - go) =
X1/m(76(¢)) = 7(mm(9)) = . Therefore, 7,,(Sy) = S, and
consequently, 7, (Sa) = Uyea{Ss: X1/m(9) = a}, as desired.

O
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In general, the mapping m,, is not injective, and, for every functional
¢ € M(HZ) \ {*}, there are m,n € Z; with m,,(¢) # m,(¢).

Given an m € Z,, the set Hf;’m = {hoXim:h € H*} is a
subalgebra of HZ’. It is easy to see that Hf‘;n C Hf;’m whenever

m = kn for some k € Z,. The map h + h o Xy, is an isometric
algebra isomorphism between H* and Hf}’m. Its conjugate, ¢ —
¢ M(HY;, ) — M(H>), defined by ¢)(hoX1/m) = ¢(h), where h runs
in H*° is a homeomorphism between the corresponding maximal ideal
spaces. Therefore, any property of the algebra H* has an identical
property for Hf;’m. By identifying M(Hf;’m) with M(H®), we may
assume that 7, maps M(Hg’) onto M(Hyy,,) and that my,(¢) is the
restriction of ¢ on the algebra H fj’m C Hg.

The equality (1.3) implies that the pseudo-hyperbolic distance in
M(HZ) is given by

(2.2)  pug(d1,¢2) =supl[f(d2)|: f € HE, |fll =1, f(¢1) =0},
where ¢1,¢2 € M(HZ).

In the sequel we will need the following

Lemma 2.2. [7] If f is a hyper-analytic function in the open big-disk
Ag, then there exists a sequence of functions of type {hn, © X1 /n, }req
that converges uniformly to f on Ag and such that

(i) hn, is analytic in A for every k € Z4, and
(ii) For every m > s there is a ks € Zy 50 that Ny, = Nk, s-

The next theorem describes the pseudo-hyperbolic distance in M (Hg’)
in terms of the pseudo-hyperbolic distance in M (H).

Theorem 2.3. If ¢1,¢2 € M(HZ), then
(2.3)
PHZ (flila $2) = SUPmez, PH> (Wm(d)l),WmA(@)) =
supyez, Sup{|(homm)(¢2)|: h € H>, |[h]| =1, (homm)(¢1) = 0}.

Proof. Let ¢1,¢2 € M(HE), ¢1 # ¢2 and denote v = puge (¢1, ¢2) >
0. Choose a A with 0 < A < v. By (2.2), there is an f € HZ such
that ||f|| = 1, f(¢1) = 0 and v — A < |f(d2)] < 7. According to
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Lemma 2.2, there is a sequence of type {h,, © X1/n, }ie, converging
uniformly on Ag to f, where hy,, are analytic in A = X/, (Ag)
and such that, if m > s, then n,, = nsk, s for some k,,, € Z.
Without loss of generality, we may assume that Enk 0 T, (1) = 0
for every k. Indeed, let h;, = hp, — hy, (75, (61)). By Proposi-
tion 2.1 (v), for any ¢ > 0, there is a kg > 0 such that, for all
k > ko, we have ||hy, om,, — f|| < € and |ﬁnk o7y, (¢1)| < e. There-

fore, i, o, (¢1) = 0, and [|hy, 0 X1/, = fI = (B, 0 7ny = fI| <
hr,,. © Ty, = Py © T || + [Py, © Ty, — fI| < 26 for all k& > ko. Also,
we can assume that ||h,, || = 1 for each k € Z,. Indeed, if g,, =

h”k/”h’"lk [|, then

gn © X1/m = FIl = (/[P U (Ponie © X ymi) = f + (1= [P []) £1)
< (/g D Py © Xaymi) = £l 4 (U= [ IDILFID

which converges to 0 as k — oo, since ||hp, || = ||hn, oX1/n, | = | fI| = 1.
Let M > 0 be such that A < |f(¢2)] — 7 + A. By Proposition 2.1 (v),
there is a k1 € Z4 such that |(ﬁnk o7, ) (@) — f(@)] < X for any k > k4
and every ¢ € M(HE). Then |(hn, o mp, )(¢2)] > [f(@2)] =X >~ =)
for all k > k1. On the other hand, hy, 0 X1/n, € HE, |hn, 0 X1/n,ll =1

and iALnk o0mp, (¢1) = 0. Therefore, |(?Lnk o0mn, )(¢2)] < 7. Consequently,
for any m > k; we have

v =A< sup{|(h o m)(h2)|: h € H*,
Rl =1, (homm)(d1)} =0} <.

Since A can be chosen arbitrarily close to « it follows that sup{|(ﬁ o

Tn)(@2)]: h € H®, ||h] =1, (homn)(é1)} = 0} = 7 = puz (61, 62),

as claimed. O

Grigorian and Tonev [5] have generalized the construction of the
algebra HZ and have considered inductive limits H>(I) of algebras
H® linked by a sequence I = {I;}° of general inner functions
and prove a version of the corona theorem with estimates for them.
Whether Theorem 2.3 holds in general for algebras of type H*(I) is
not known.
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3. The pseudo-hyperbolic distance ppz on the big-disk Ag.
In the case when ¢; = ¢,,.4, ¢ = 1,2, we will write for short
pr (1 - g1,72 - g2) instead of puee (Gry.g,, Pryg,)- Since mp(drg) =
X1/m (7 - 9), the following corollary follows directly from Theorem 2.3.

Corollary 3.1. Ifry-g1 and ro - go are points in the big-disk Ag, then

prg (r1-91,72 g2) = Sup pue(X1/m(71° 91); X1/m(72 - g2))
m€Z+

_ ‘%1/m(r1 'gl) - S('l/m(TZ . g2)|
meZy |1 — X1/m(T1 - 91)X1/m (72 - g2)|
sup sup{|(h o X1/m)(r2-g2)|: h € H*,

mMEZy
1Al =1, (hoX1/m)(r1-g1) = 0}.

Corollary 3.2. The pseudo-hyperbolic distance pug on Ag is lower
semi-continuous on Ag X Ag.

Proof. Denote Bs = {(r1 - g1,72 - g2) € Ag X Ag: prge(r1- 91,72
g2) > 6}, and C5 = {(z1,22) € A X A: pyeo(21,22) > 6}. Let
(r?-g%,73-99) € Bs. Corollary 3.1 implies that SUPcz, PHo (X1/m (9
99)s X1/m (79 - 99)) = prge (1) - 97,79 - 99) > 9, and there is an mg € Z
such that (X1/m, (1 - 99)s X1/me (1 - 93)) € Cs. Since the pseudo-
hyperbolic distance pge is lower semi-continuous on A x A we can
find neighborhoods Uy and Uz of Xi/m,(r) - ¢9) and Xi/m, (75 - 99)
correspondingly, such that U; x Uy C Cs. Clearly, (r?-¢?,79-¢9) €
Z;/lmo(Ul) X X;/lmo(Uz). Since X1/m, is continuous on Ag, then
the set X;/lmo (Uh) x X;/lmo (Uz) is open. Corollary 3.1 implies that

g;/;m(Ul) X g;/lmo(UQ) C Bs. d

Corollary 3.3. pu=(f(r1-91), f(r2 - 92)) < pug(ri-g1,72 - g2) for
every f € HZ with || f]] < 1.

Proof. Suppose, on the contrary, that there is a function f € HZ
with || f[| <1 such that pge(f(r1-g1), f(r2-92)) > prg (r1-91,72- 92).
Let {hn;, © X1/ny Yre1s Pn, € H®, be a sequence as in Lemma 2.2 that
approximates uniformly f on Ag. The lower semi-continuity of prre
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on A x A implies

(31) pro(hn,oX1/n,, (11°91); Pny X1 /ny (T2-92)) > prge (r1-91,72° g2)
for sufficiently large k. We may assume that [|h,,|| < 1 for every
k€Zy If2F =Xi/n,(r1-g1), 25 = X1/n.(r2 - g2), then from (3.1) it
follows that, for sufficiently large k,
pree ((hny, © Xn)(r1 - 1), (g, © X, ) (72 - 92))
= puoo(hn, (Z{C)v b, (25)) < pPHe> (zf, 25)
= pre(X1/ny, (11 91)s X1/n, (12 - 92)) < prgs (11 - 91,72 - 92),

by Corollary 3.1 and the corresponding classical results for pge. This
contradicts (3.1). O

Let go be a fixed point of G, and let Ry, : Ag — Ag be the rotation
Ry, (r-g) =1 ggo in the big-disk Ag by go.

Corollary 3.4. The restriction of the pseudo-hyperbolic distance ppg
on the big-disk Ag is invariant under any rotation R, i.e.,
pag (Rgy (11 - 91), Rgy(r2 - 92)) = prge (r1- 91,72 - g2)

for any ri - g1 and ro - go in Ag.

Proof. Let r1-g1 and ro - go be points in the big-disk Ag. According

to (1.4) for every m € Z4 we have:
PHo> ()?1/m(Rgo(T1 'ﬁ))a%l/m(Rgo(Tz - 92)))

X1/m(71 - 9190) = X1/m(72 - 9290)
1 —X1/m(72 - 9290)X1/m (71 - 9190)
" (/m) go(1/m) =™ - ga(1/m) go(1/m) ‘

L= ry/"ga(1/m) go(1/m)ry™ - g1(1/m) go(1/m)
/™ gi(1/m) —ry™ - ga(1/m) ‘
L=y " ga(1fm)ry/™ - g1 (1/m)
il/m(rl “g1) — )~(1/m(7“2 - g2)
L= X1/m(r2 - 92)X1/m (71 - 91)
= pr=(X1/m(T1 - 91), X1/m(72 - 92))-
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Corollary 3.1 implies that PHE (Rgy (11 - 91); Ryo (r2 - g2)) = prs (r1 -
91,72 - g2), as claimed. O

4. Gleason parts in M(H). The next proposition follows di-
rectly from Theorem 2.3.

Proposition 4.1. If ¢ € M(HZ), then my,(P(¢)) C P(mm(¢)) for
every m € Zy.

Indeed, let ¢ € P(p), ¢ € M(HZ) and m € Z;. Theorem 2.3
implies

pre (Tm (@), Tm (¥)) < SUP e (T (0),Tm (V) = prg (0, 9) <1,

and therefore m,,(¢) € P(mm(p)).

One can prove Proposition 4.1 also directly. Note that, for every m €
Zy, the map mp,: M(HE) — M(H) is the restriction on M(Hg) of
the linear map 7, : (HZ)* — (H™)*, (Tm(@))(h) = @(h o X1/m) for
¢ € (HZ)" and h € H*>. Note that 7, is a contraction. Indeed,
[Fm($)]| = supy, o FmfDONL < sup, o I2MExarml — yi) Now, if
e M(HZ), ¢ € P(p), then

I () = T (D) 7oy = 1 (W = Dl gy < N9 = Pl sy < 2-

Therefore, 7, (1Y) € P(mm () and, consequently, m,, (P(y)) C P(mm (@)
for every m € Z,..

As mentioned in the introduction, the big-disk Ag can be interpreted
as a subset of the maximal ideal spaces of both algebras Ag and HZ’.
Since, as it is easy to see, pa,(r1 - g1,72 - g2) = pHg (r1-g1,72 - g2),
the Gleason parts of M(Ag) and of M(HZ) inside the big-disk Ag
coincide. In particular, the center {x} of the big-disk is a singleton
Gleason part for both algebras Ag and HZ. Other trivial Gleason
parts of both algebras outside {x} are the points of their corresponding
Shilov boundaries.

Proposition 4.2. If the Gleason part of ¢ € M(HE) is non-trivial,
then there exists an mg € Zy such that the Gleason part of T, (¢) with
respect to the algebra H*> is also non-trivial.
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Proof. Let the Gleason part P(¢) of a ¢ € M(HZ) be non-trivial,
and let ¢; € P(¢) \ {¢}. By Proposition 2.1 (iv), there is an mg € Z4
such that mp,,($1) # T, (¢). From Proposition 4.1, it follows that
P (7, (¢)) is non-trivial. O

Observe that the statement of Proposition 4.2 cannot be reversed.
Indeed, while the Gleason part of 7, (%) = 0 in H> and the open unit
disk A, is not trivial, the center {x} of the big-disk A¢ itself is a trivial
part of HZ.

Denote by ¥ the set of all trivial Gleason parts of the algebra
H®. Since 0H* C ¥, Proposition 2.1 (iii) implies that 0HZ C
Nimez, ™ ,q_ll(aHOO C ﬂmGZ 7.1 (¥). Note that the center, {x},

of the big-disk AG is a tr1v1al Gleason part of HZ that is outside
Mooz, T ().

Proposition 4.3. The points of the set [
Gleason parts of HZ .

mez, 7N (W) are trivial

Proof. Let ¢y € ﬂm€Z+ T (U), and assume that ¢ € M(HZ),
¢ # ¢o. According to Proposition 2.1 (iv), there is an mqg € Z, such
that T, (@) # Tme(Po). Since mpm,(¢o) is a trivial Gleason part of
H>, ﬂ—mo((b) ¢ P(Wmo((bO))' Therefore, PH> (WWO(QS)?WWO(QSU)) =L
By Theorem 2.3,

pug (¢, 0) = sup pre (T (@), mm(do)) = 1,

meEZy

and hence ¢ and ¢y belong to different Gleason parts of Hg’. |

Proposition 4.4. For every ¢ € M(HZ
there is a go € G such that P(¢) C Sgy N

~—

Ag and each m € Z,

HP(mm(9)))-

3

Proof. First we will show that points of different fibres S, belong to
different Gleason parts of HZ. Let g1 # g2, and let ¢; € S,,, 1 = 1,2,
where S;, = 75'(1 - g;) are the fibres over g;. We will show that
prg (¢1,¢92) = 1. Since the family of functions {X1/,, }m—; separates
the points of G, there is an mo € Z4 such that a1 = Xx1/m,(91) #
X1/mo(92) = aa. Hence, So, N Sa, = 0. Proposition 2.1 (vi) implies
that mpm,(¢i) € Sa,;, and hence P(mp,(¢i)) C Sa;, @ = 1,2 (ct., [6]).
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By Theorem 2.3, ppg (¢1,¢2) > pree(Tmg($1), Tmo (¢2)) = 1, and
therefore, g2 ¢ P(¢1). If ¢ € M(HZ) \ Ag, then, by Proposition 4.1,
Tm(P(¢)) C P(mp(¢)) for any m € Z, and, therefore, P(¢) €
o (P(m (9))). 0
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