ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 44, Number 4, 2014

THE EXISTENCE OF THREE SOLUTIONS FOR
p-LAPLACIAN PROBLEMS WITH CRITICAL AND
SUPERCRITICAL GROWTH

LIN ZHAO AND PEIHAO ZHAO

ABSTRACT. In this paper we deal with the existence
and multiplicity of solutions for the p-Laplacian problems
involving critical and supercritical Sobolev exponent via vari-
ational arguments. By means of the truncation combining
with the Moser iteration, we extend the result obtained by
Ricceri [14] to the critical and supercritical case.

1. Introduction and main results. We study the existence and
multiplicity of solutions for the quasilinear elliptic problem

_ — r—2
W) { Dpu= falw,u) + plul2u, e,

u =0, x € 010,
where Q2 C R is a bounded smooth domain, Apu = div (|Vu|P~2Vu)
is the p-Laplacian, 1 <p < N, N > 3, r > p* = (Np)/(N —p), uis a
nonnegative constant and fy: £ x R — R is a Caratheodory function
with A a nonnegative parameter.

If £\ + plu|"~2u with r < p* satisfies the A-R condition, problem
(1.1) can be handled by the well-known critical point theory as the
energy functional which satisfies the (PS) conditions. One can refer
to the papers [13, 14] for the three critical points theorem with
the subcritical case. We focus on the case r > p*, i.e., the critical
and supercritical case. Firstly, let us recall the critical case r = p*.
Guedda and Véron [9] study problem (1.1) for fy(x,u) = AuP~! and
prove that there exists a solution for A € (0, A1), and no solution for
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A > A1, where Aq is the first eigenvalue of the p-Laplacian with Dirichlet
data. By means of the sub-supersolutions and variational arguments,
Garcfa Azorero, Peral Alonso and Manfredi [8] deal with the problem
(1.1) with fy(z,u) = Aul?"2, 1 < ¢ < p, p = 1, and obtain two
positive solutions. By the mountain pass lemma and the concentration-
compactness principle [10], Garcia Azorero and Peral Alonso [7] obtain
the following results: if 1 < ¢ < p, there exist infinitely many solutions
for A > 0 small enough; if p < ¢ < p*, then there exists \g > 0 such
that there exists a nontrivial solution for A > A\g. Wei and Wu [18] deal
with the existence and multiplicity of solutions for the problem (1.1)
with fy(z,u) = a(z)[ulP~?u + g(x,u), a(z) € L®(Q) and g(x,u) a
lower-order perturbation of |u[?”~2u, odd with respect to u; from the
symmetric mountain pass lemma and the concentration-compactness
principle [10], they obtain that problem (1.1) has at least k pairs of
solutions for given k € N, when p > 0 small. Silva and Xavier [15] also
use the same methods to deal with problem (1.1) when f\ = f(z,u)
is a lower-order perturbation of |u|P” ~2u with the symmetry condition,
and obtain a result similar to Wei and Wu [18], but the assumptions on
f are different (see [15] for details). If p = 2, we can refer to [1, 2, 16]
for elliptic equations with critical Sobolev exponent.

For the case r > p*, we cannot directly use variational techniques
because the corresponding functional is not well-defined on the Sobolev
space W, P (). However, the symmetry domain can raise the Soboley
exponents, and some supercritical cases of problem (1.1) on such a
domain can be handled by the variational method (see [6, 17]). For
the general domain, there are some meaningful results about positive
solutions when p = 2. For the problem

—Au = Au? +u™, x €9,
(1.2) u >0, x €Q,
u =0, x € 08},

with m > (N +2)/(N — 2), Ambrosetti, Brezis and Cerami [1] con-
sider problem (1.2) with 0 < ¢ < 1, obtain some beautiful results,
and pose a question: Are there solutions other than the minimal so-
lution for A > 0 small enough? Zhao and Zhong [20] give a negative
answer to the question; in [19], they obtain the existence of infin-
itely many solutions of problem (1.2) for some suitable A with Q = B
the unit ball of RN when ¢ = 1. By constructing a suitable trun-



THREE SOLUTIONS FOR p-LAPLACIAN PROBLEMS 1385

cation, the Moser iteration [11] and the Ljusternik-Schnirelman cate-
gory theory, Rabinowitz [12] studies the supercritical Dirichlet problem
—Au = M| u 4+ Au/™tu with 1 < ¢ < (N +2)/(N -2), Q C RY
a bounded smooth domain, and obtains at least k pairs of solutions for
given £k € N when A > 0 small. Corréa and Figueiredo [4] also use
the same methods to study the nonlocal p-Laplacian problem with the
supercritical case. For Q = RY, one can refer to [3, 5].

Recently, Ricceri [14] dealt with the problem

(1.3) { —Dpu=Af(z,u) +pg(z,u), z€Q,

u(z) =0, x € 09,

where © € RY is a bounded smooth domain and g(z,u) satisfies
subcritical growth, i.e.,

o) < O+l p<g<p’ = 2, p<N.
N—p
He established a three critical theorem (the following Theorem A) and
obtained three solutions. In the following Theorem 1.1 and Theorem
3.2, we extend the result in [14] to the critical and supercritical Sobolev
exponent case. For completeness, we list some results of [14].

If X is a real Banach space, we can denote by 2Wx the class of all
functionals ¢ : X — R possessing the following property: if {u,} C X
is a sequence converging weakly to u € X and lim inf,,_, o ¢(u,) < @(u),
then {u,} has a subsequence converging strongly to u. For instance,
if X is an uniformly convex Banach space and ¢ : [0,+00) — R is a
continuous, strictly increasing function, then the functional u — g(||ul|)
belongs to the class Wy .

Theorem A ([14]). Let X be a separable and reflexive real Banach
space; I C R an interval; ® : X — R a sequentially weakly lower
semicontinuous C' functional, belonging to Wy, bounded on each
bounded subset of X and whose derivative admits a continuous inverse
on X*; J: X = R a C" functional with compact derivative. Assume
that, for each X € I, the functional ® — \J is coercive and has a strict
local, not global minimizer, say uy. Then, for each compact interval
[a,b] C I for which supye,p(®(Un) — AJ(@y)) < +oo, there exists
v > 0 with the following property: for every \ € [a,b] and every C!
functional ¥ : X — R with compact derivative, there exists 5y > 0 such
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that, for each u € [0, 80 the equation
O (u) = N (u) + p¥’ (u)

has at least three solutions in X whose norms are less than .

Remark. If \g(x u)| < C(l + Jul?7l),p < ¢ < p*,p < N, then
the functional ¥(u fQ fo z,s)dsdx has a compact derivative in
WyP(Q). Theorem A can be applied to problem (1.3) so as to obtain
the existence of three solutions. In this paper, we are interested in ex-
istence and multiplicity of the solutions of problem (1.1) with r > p*.
The main difficulty is obviously the lack of the compactness. Under
suitable assumptions on the nonlinearity f, by means of the Moser it-
eration, a suitable truncation and Theorem A, we obtain the existence
of three solutions of problem (1.1) for g > 0 small enough.

We suppose that the nonlinearity fy(z,u) = Af(z,u) satisfies the
following conditions:

(fr) 1 1m| 400 f(@,8)/|s[P~ = 0, uniformly in z € Q.
(f2) limyg 0 f(2,5)/|s |p L' =0, uniformly in x € Q

(f3) sUP, ey (o) Jo F(z,u)dx > 0, where F(z,u) = [ f(x,
(fa) For each M > 0, the function supy, < [f(-;u)| € LOO(Q).

We introduce the functionals

1
zf/ |Vul? dz, J(u):/F(x,u)d$,
b Ja Q

and denote |ju| = Hu||W01,p = (Jo|VulPdz)/?. Obviously, condition
(fs) implies
(1.4) 0 := sup J(w) > 0.

®(u)20 P(u)
One of the main results in this paper is stated as follows:
Theorem 1.1. Let f satisfy (f1), (f2), (f3) and (fs). Then, for

each compact interval [a,b] C (1/60,400) there exists v > 0 with
the following property: for every A € [a,b], there exists § > 0 such
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that, for each p € [0,6], problem (1.1) has at least three solutions in
WP () N L>®(Q), whose Wy P(Q)-norms are less than .

2. Preliminaries.

Lemma 2.1. Let f satisfy (f1) and (f4). Then, for every A € (0,400),
the functional ® — \J is sequentially weakly lower continuous and
coercive on Wy'P (), and has a global minimizer vy.

Proof. Let us fix A € (0,400). By (f1), for all € > 0, there exists
My > 0, such that

|f(z,8)| <elsP™! as|s| > M.

Considering this inequality and (f4), we may find a constant ¢o > 0,
such that

(2.1) If(z,8) <co+els|P™! asseR,
which implies

5
(2.2) |F(z,u)| < colul + §\u|p.
Thus, for u € W,"*(2), we obtain

O(u) — AJ(u) = %/Q|Vu|pdx—)\/QF(x,u)daz

1
> f/ |Vu|pdx—)\/ <€|up—|—cou|) dx
f||u||p——/ |u|”dac—)\co/ | do

XeC
*IIUIIP a1 [ul[? = AcoCrfull,

where ||u||Lr < Cpllul| and |Jul|rr < Cyllu||, with constants Cy,C, > 0.
Since p > 1, € > 0 is small enough, so we have ®(u) — AJ(u) — +o0 as
|lu|l = oco. Hence, ® — AJ is coercive.

Since the embedding Wy (Q) < LP(Q) is compact and (2.2), J
is weakly continuous. Obviously, ®(u) = 1/p [, |VulPdx € Wy is
weakly lower semicontinuous on Wy, ? (). We can deduce that ® — \.J
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is sequentially weakly lower semicontinuous. So ® — AJ has a global
minimizer vy. The proof is complete. (Il

Next, we will show that ® — AJ has a strictly local, not global
minimizer for some A, when f satisfies (f1)—(fa).

Lemma 2.2. Let f satisfy (f1), (f2), (f3) and (fs). Then

(i) 0 4s a strict local minimizer of the functional ® — AJ for
A€ (0,400).

(ii) 0 #£ vy, i.e., 0 is not the global minimizer vy for X € (1/60,+00),
where vy is given by Lemma 2.1.

Proof. Firstly, we prove

J(u)
2.3 im —< =
23) lull—0 ©(u)
In fact, by (f2), for all € > 0, there exists § > 0, such that
(2.4) (@ w)] < elu?, s Jul < 6.

Considering inequality (2.4), (f1) and (f4), we have
(2.5) |f(z,u)] < elulP + |ul?, forzeQ, ueR,

with fixed g € (p,p*). By continuous embedding, we have

(2.6) |J(u)| < eCpllull” + Cqllull?.
This implies
. J(w)
2.7 lim —= =
(2.7) [ull—0 ®(u)

Next, we will prove (i) and (ii).

(i) For X € (0,+00), since limjj,—o(J(u)/®(uw)) = 0 < 1/X and
®(u) > 0 for each u # 0 in some neighborhood U of 0, there
exists a neighborhood V' C U of 0 such that ®(u) — AJ(u) > 0
for all w € V'\{0}. Hence, 0 is a strict local minimum of ®—\J.

(ii) For A € (1/6,+00), from the definition of 6, there exists
ut e WyP(Q), with min{®(u*), J(u*)} > 0, such that
J(uw*)/®(u*) > 1/ e, ®(u*) — AJ(u*) < 0= &(0) — \J(0).
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So 0 # vy is not a global minimum of ® — AJ. The proof is
complete. 0

3. Proof of Theorem 1.1. We follow the ideas from [3, 12]. Let
K > 0 be a real number, whose value will be fixed later. Let the
truncation of |u|"~2u with r > p*, be given by

(u) = lu|"2u if 0 < |u] < K,
I\ = Kr=aju|a2y  if |u| > K,

where ¢ € (p, p*), almost everywhere x € Q. Then gx (u) satisfies
|gxc ()| < K" ul?™

Set
hi(z,u) = Af(x,u) + pgr (u).

We study the truncated problem associated to hx

—Apu = hi(z,u) x €,
() { u(z) =0 x € 0.

Definition 3.1. We say that v € Wol’p(Q) is a weak solution of the
truncated problem (T}, k) if

/ |Vu|P~2Vu - Vo dr = / hi(z,u)vde
Q Q
for every v € Wy?(2). We introduce
U(u) = / G (u)dz,
Q

where G (u) = fou gk (s)ds. Tt is easy to see that the functional
E =® — \J — V¥ is of class C!, and its derivative is given by

(@' (u) = AJ'(u) — p¥'(u), v)
Z/Q|Vu|p_ Vqudm—)\/Qf(x,u)vdx—u/gg;{(u)vdx,

where (-,-) denotes the dual pairs between WyP() and its dual
W‘LP/(Q), 1/p + 1/p’ = 1. Moreover, the critical points of the
functional E are the weak solutions of problem (T}, k).
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From (f2), for small € > 0, there exists 6 > 0 such that the function
f satisfies

(3.1) |f(z,8)] <els|P~t,  for |s| < 6.

For each compact interval [a,b] C (1/6,400), A € [a,b], considering
(f1) and |gk| < K" 9ul?7!, g € (p,p*), we can choose constants C' > 0
such that

(3.2) i (z,5)] < ClsP~" + pK™~9s|"~ 1,

for all s € R. Hence, hx (z,u) is a superlinear function with subcritical
growth. ®(u) has a compact derivative in VVO1 P(). By Lemma
2.1 and Lemma 2.2, all the hypotheses of Theorem A are satisfied.
Then there exists v > 0, with the following the property: for every
A € [a,b] C (1/6,400), there exists dg > 0 such that, for p € [0, o],
problem (7}, ) has at least three solutions wug, u; and us in Wo1 P(Q)
whose W, *(9)-norms are less than 7, i.e., ||ui||W01,p <7,i=0,1,2,
where v depends on A, but does not depend on p or K (see [14, (5)]
for details). If the three solutions w;, i = 0,1, 2, satisfy

(3.3) lu;(2)]| < K, ae z€, i=0,1,2,

then, in view of the definition gx, we have hx(xz,u) = Af(z,u) +
plu|"~2u and therefore u;, i = 0, 1,2, are also solutions of the original
problem (1.1). Thus, in order to prove Theorem 1.1, it suffices to show
that there exists 6 > 0 such that, for p € [0, ], the solutions obtained
by Theorem A satisfy inequality (3.3).

Proof of Theorem 1.1. Our aim is to show that there exists § > 0
such that, for p € [0,4], the solutions u;, i = 0,1, 2 verify inequality
(3.3). To save notation, we will denote u :=w;, i =0,1,2.

Set uy = max{u,0}, u— = —min{u,0}; then |u| = uy +u_. We
can argue with the positive and negation part of u separately.

Firstly, we deal with u,. For each L > 0, we define the following

functions
_ U if 0 S U4 S L,
Y=L if uy > L,

2 = u’i(ﬁ_l)m_ and wy, = ub 'uy, where § > 1 will be fixed later.
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Taking z7, as a test function in problem (7}, k), we obtain

(3.4) / |VulP~2VuVzydr = | hi(z,u)zr do.
Q Q

/ |VulP2VuVzy, d
Q
= /Q |Vuy — Vu_[P72(Vuy — Vu_)V(uzz(’B_l)m_) dx
= / |Vuy — Vu_[P3(Vuy — Vu_)
Q
x (@2 IVug 4 p(8 — DbV, V) da
- / [V [PV e + p(5 — 1)
Q
X / |Vu+|p_2u’£(5_1)_1u+VuLVu+dx
Q
= /Q WV P+ p(8 - 1)
(3.5) X / uﬁ(ﬁ71)71u+VuL\Vu+|p_2Vu+dx.
{u+<L}
From the definition of u,, we have
(3.6) p(B— 1)/ ui(671)71u+VuL|Vu+|p_2Vu+dx
{us <L}
=p(B— 1)/ uﬁ_(B_l)|Vu+\pdx > 0.
{us<L}
Due to (3.2) and (3.4)—(3.6), we have
/ ui(ﬁ_1)|Vu+|pdx
Q
< / hi(z,u)zr, do
Q
< / |hi (z,u)zg| do
Q

= / (Cluf~ + pE" = u| =) ub D do
Q
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- /Q(C(u+ +u )P KT (g + u,)q_l)ui(ﬁfl)u+dx

3.7 = /Q(Cuﬁui(ﬁfl) + ,uKr_quiui(ﬁfl)) dzx.

By the Sobolev embedding, we get

. p/p”
(/ |wg, | dx)
Q

< S_l/ |[Vwr|Pdx
Q
= S_l/ |V(u+u€71)\pdx
Q
= S‘l/ [(B— 1)u+u§72VuL + u§71Vu+|pdx
Q
<or-lg—t (/ (8 — 1)u+u/z_2VuL|pdx
Q

+ / |u€_1Vu+|pdx)
Q

=2r-1g! (/ (8 — 1)Plur|PP=V|Vuy [Pda
{uy <L}

+/ |uﬁ1Vu+|pdx)
Q

<opigTt (/ (B = 1)Plug PPV |Vuy |Pd
Q
+/ |u§_1Vu+|pdx)
Q
= 2?*1571((5 - 1)?/ lur, PP~V |Vuy [Pda
Q
+/ |u€71Vu+|pdx>
Q

— 7l (B —1)P + 1) / Jur [PV |V Pda
Q

(3.8) :2p—15—1ﬂp(<ﬂgl>p+;?)/ﬂuL|P<B—1>|vu+|de,
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where S is given by

VulPd
S = inf —fQ | *u| “ —.
uz0,uewd” (o |ulP” dx)p/p

Since § > 1, we have 1/8P < 1 and ((8—1)/8)P < 1. From (3.8), we

get
2p—15-151)<<ﬁ/8_1>p+61p)/9uL|P<B—1>|vu+|de
gQPS_lﬁp/Q|uL|p(ﬂ_1)|Vu+|pda7
:C/BP/Q|UL|”(671)\VU+|”CZ$
(3.9) < O’ﬁﬁ/g(guf_uiw—l) +uKT7qu3_ui(’B_l))dx,

where C” = 2P S~! and the last inequality is given by (3.7). Considering
the Sobolev embedding Wy(€2) < L () and [[ut |10 < 7, we have

(3.10) ol < Sy <9571
Let a* = (pp*)/(p* —q+p). Since uiui(ﬁfl) = uf Pw} and
uiui(ﬁfl) = w}, we can use Holder’s inequality and (3.8)—(3.10) to

conclude that, whenever wy, € L (Q2), the following holds:
oz, < C'BP /Q (Cuhuy ™) 4 pk = P ) d,
- C'BP(C/Qw’L)dx—|—uKT*q/Qu‘fpwidx),

X X p/a”
< C'BP {C(m(g))(q—p)/p (/ ws dq:)
Q

. (a—p)/p* . p/a”
+,uK7"_q(/ luy|P daz) (/ wf dm) }
Q Q

(811) < CBP(C(m@Q) PP 4 pKT= 95D Pya a7

Set 5 := p*/a*. Since ur < uy, we conclude that wy € La*(Q)7
whenever uf_ € L (). If this is the case, it follows from the above
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inequality that

»/p
(/ O] dw) < C'B7IC () P
Q

*

p/e
—i-,uKr_qS_(q_p)/qu_p} (/ |“€_1“+|mdx>
Q

(3.12) < C'BCh ksl

where O, r = C(m(Q))aP/P" 4 Kr—a8-(a=P)/Pya=P By Fatou’s
lemma in the variable L, we get

(3.13) il owe < (C'Clurc) PP B || e,

where uf_a* € L'(Q). Since B = p*/a* > 1 and uy € LP (Q), the
inequality (3.13) holds for this choice of 3. Thus, since 3%2a* = Bp*, it
follows that (3.13) also holds with 3 replaced by 32. Hence,

2 2
||u+||L132p* < (C/CM,K)l/ﬁ pﬁz/ﬁ ||U+||L62a*
<(Cc'Cc

H,K)(1/p)((1/ﬁ)+(1/62))5(1/ﬂ)+(2/62)||u+||LBa*,
By iterating this process and Sa* = p*, we obtain
(314 fugllgome < (C'Cppe)? =P BEEE e
Taking the limit as m — oo in (3.14), we have
(3.15) upllze < (C'Cusc)® B us o < (C'Cpuic)™ 8729577,

with oy = p~ 1322 877 00 = > ;2 iB7%, B > 1. Next, we will find
some suitable value of K and p, such that the inequality

K
(3.16) (C'C i) 72y S~ 1P < 5
holds, where C'=2PS~!, C,, x=C(m(Q))~P)/Py Kr—a8=(a=P)/Pya=p,
This implies

(3.17)

. 1 K Lo
(¢—p)/p r—qq—(9-P)/Prd—P « _—_
C(m(£)) +puK"1S ~ITP < el (275_1/1%02) .
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Choose K to satisfy the inequality

L K\ (a-p)/p"

Bl (R _ a=p)/p
(3.18) o (2%9_1@602) C(m(Q)) >0
and fix p’ such that
(3.19)

h< = Sla—p)/p [ 1 < K

Kr=a~a=p | C' \ 2yS—1/p3o>
Thus, we obtain (3.16) for p € [0, 4], i.e.,

1/01
> — C(m(Q))la=p/r"

K
(3.20) lusllo~ < 5 for e [0.4)
Similarly, we can also have the estimate for the u_, i.e.,

K

lullze < < for e [0, 0],
Set § = min{dy, '}, where §o > 0 is given by Theorem A. Since
|u| = uy 4+ u_, we have
lu]|ps < K for p € [0, 4].
Considering this fact and v :=w;, i = 1,2, 3, we get
lwillee < K, i=0,1,2,for u € [0,4].

We obtain inequality (3.3). The proof is complete. O

Remark. By means of the truncation and the Moser iteration [11],
we can deal with problem (1.3) with critical and supercritical growth,
ie.,

(1.3) { —Apu=Af(z,u) + pg(z,u)  x e,

u=20 x € 0N,

where Q C R is a bounded smooth domain, |g(z, s)| < Co(1+|s|"™1),
r>p* = (Np)/(N—p), Co > 0 a constant, and f: Q@ x R - R is
a Caratheodory function, with p and A nonnegative parameters. For
problem (1.3), if f satisfies the conditions (f1)—(f1), we also have the
following result similar to Theorem 1.1.

The second of the main results in this paper is stated as follows:
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Theorem 3.2. Let f satisfy (f1)—(f1). Then, for each compact interval
[a,b] C (1/0,40), there exists v > 0 with the following property:
for every A € [a,b], there exists § > 0 such that, for each u €
[0,6], problem (1.3) has at least three solutions u;, i = 0,1,2, in
Wy (Q) N L=(Q), whose W, P()-norms are less than .

In fact, the truncation of gx(x, s) can be given by

(3.21) gk(x,s)

_ [ alx,s) as |s| < K,
| min{g(z,s),Co(1+ K"|s]7725)} as |s| > K,

where g € (p,p*). Then gx satisfies
(3.22) lgr (,8)] < Co(1+ K" 9s|77!) ass€R.

Set hi(x,s) = Mf(x,s)+ugx (z,s). The truncated problems associated
to hK

(3.23) { —Apu = hg(z,u)  z€Q,

u(z) =0 x € 0.

By Theorem A and the technique of Theorem 1.1 or (3.1)-(3.20), we can
prove that there exists § > 0 such that the solutions for the truncated
problems (3.23) satisfy ||u|lp~ < K for pu € [0,6]; and, in view of
the definition g, we have hg (z,u) = Af(z,u) + pg(z,u). Therefore,
u = u;, i = 0,1,2, obtained by Theorem A, are also solutions of the
original problem (1.3).
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