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QUALITATIVE PROPERTIES AND STANDARD
ESTIMATES OF SOLUTIONS FOR SOME FOURTH
ORDER ELLIPTIC EQUATIONS

KAISHENG LIU AND RUICHANG PEI

ABSTRACT. In this paper, first, we make the estimates
for a class of fourth order elliptic equations in different
domains and boundary conditions. Consequently, we study
the qualitative properties of solutions with prescribed Q-
curvature. Finally, we also will obtain some radially symmet-
ric results by using moving plane methods.

1. Introduction. In this paper, we make estimates to the following
fourth order elliptic equation:

A%y(x) = Q(z)e*® in Q C R%;

(%) A .
u=Au=0 in 092,

and investigate properties of the solutions to the following fourth order
elliptic equation:

(%) A?u(z) = Q(z)e?™, =€ R,

where Q is a bounded smooth domain and Q(z) is the given function in
LP(Q) for some 1 < p < co. We assume that u € L(Q), e** € LV (Q)
(where p’ is the conjugate exponent of p) so that (%) has a meaning in
the sense of distributions. A first question is whether one can conclude
that v € L*>(Q) for (x). As we will see in Section 2, the answer is
positive.

Recently, a series of works has been done to understand the existence

and qualitative properties of the solutions of (xx). When Q(x) = 6,
Lin [5] had given a complete classification of w in terms of its growth,
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or of the behavior of Au at oo. Xu [10] had done similar work by
using moving sphere methods. Wei and Xu [8] and Martinazzi [6] also
gave a complete classification of solutions for higher order conformally
invariant equations compared to (#x). In Section 3, we consider more
general functions Q(z). This is considered as a generalization of [5].
First, we obtain the asymptotic behavior of solutions near infinity.
Consequently, we prove that all solutions satisfy an identity, which
is similar to the well-known Kazdan-Warner condition. Finally, using
the harmonic asymptotic expansion at oo in [5], we show that all the
solutions are radially symmetric provided @) is radially symmetric and
non-increasing. This part can be viewed as the completion of [5].

2. L>-boundedness for a single solution of A%u = Q(z)e*".

Assume Q C R* is a bounded domain, and let h be a solution of

(2.1)

A2%h(z) = f(x) in Q C RY;
h=Ah=0 in 9Q.

Following the argument of Brezis and Merle [1], Lin obtained the
following lemma:

Lemma 2.1. [5] Suppose f € LY(Q). For any & € (0,327?), there
exists a constant Cs > 0 such that the inequality

/ exp <5h|> dx < Cs(diam Q)*,
0 A1

where diam Q) denotes the diameter of Q.

By use of the above lemma, we obtain the following consequent
results:

Theorem 2.1. Let u be a solution of equation (2.1) with f € L'(Q).
Then, for every constant k > 0,

b e L),
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Proof. Letting 0 < ¢ < 1/k, we may split f as f = f1 + fo with
[|f1]l1 < € and fy € L*(Q). Write u; as the solution of

A2ui = fz in Q,
U; = Aul =0 on 0.

By Lemma 2.1, we find [, exp [Jus(2)|/]| f1]]1] < oo, and thus

/exp [k|u1]] < oo.
Q

The conclusion follows since |u| < |u| + |ug| and ug € L>®(9). O

Theorem 2.2. Assume u € L} (Q), A?u € L} .(Q). Then for every
constant k > 0
ek e L ().

Proof. Without loss of generality, we may assume that ) as Bpg
defines the ball of radius R centered at 6. For € small enough, we split
ANy = fi+ fo with || f1]]1 < e and fo € L>°(Q). Write u = uj +uz +us,
where u; (i =1,3) are, respectively, the solutions of

Aluy = fy in Brya;
U1:AU1:O on 8BR/2

and

Auz = fy in Bgy2;
us = Auz =0 on OBpg/s.

It follows from Lemma 2.1 that e*l“il € L! (Bg). Since standard
elliptic estimates apply (see [4]), we have |U3|LOO(BR/2) < c. Hence, we
have eflusl € L1 (Bg). Since Ausy is harmonic and Au € L{__(Bgr),
which is obtained from the Ehrling-Nirenberg-Gagliardo inequality, by
the mean value theorem for harmonic functions, we have

|Au2|Loo(BR/4) <ec
Thus, by u € Lt _.(Bg) and the above inequality, we have

Loc

‘UQ‘LOO(BR/S) <ec.
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So etz € Ll (Bg). At last, the conclusion follows since |u| <
lur| + [uz| + |us|. O

Remark 2.1. Theorem 2.2 is a local form of Theorem 2.1.

Theorem 2.3. Suppose u is a solution of equation (x) with Q € LP(Q)
and e** € LV (Q) for some 1 < p < co. Then u € L®(S).

Proof. By Theorem 2.1, we know that e** € L1(Q) for all k, i.e.,
et € L"(Q) for all r < oo. It follows that Qe** € LP~° for all § > 0 if
p < 0o, and Qet* € L"(Q) for all r < oo if p = co. Standard elliptic
estimates imply that Au € L>°(Q). Hence, combining « = 0 with 99,
we have u € L> (). O

Corollary 2.1. Suppose u is a solution of

A%y = Qe + f(z) in €
u=gy, DNu=go on 0f)

with Q € LP(Q) and e** € LF'(Q) for some 1 < p < oo, where
g1, go € L=(09Q) and f € LI(Q) for some ¢ > 1. Then u € L>(Q).

Proof. Let w be the solution of
Aw = f(z) in €
w=g1, Aw =g on OS2
so that w € L>=°(Q2). The function u = u — w satisfies
A%y = Qe ett in Q;
u=0, Au=0 on 0F),
and we are reduced to the assumption of Theorem 2.3. O

Theorem 2.4. Suppose u € L} _(R*) is solution of equation (xx)

with @ € LY (R*) and e* € LgOC(R‘l) for some 1 < p < co. Then
u € L (RY).

Proof. Without loss of generality, let Br(f) C R* TFix ¢ > 0
small enough and split Qe*" as Qe** = f, + fo with ||fi|]1 < ¢ and
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f2 € L*°(BRr), u1, ug, respectively, solutions of

Aluy = fy in Bp;
up =Au; =0 on JBg,

and

A%uy = fo in Bg;
u2 :A'U/Q =0 on aBR.

It follows from Lemma 2.1 that e*l“1l € L1(Bg). Since standard
elliptic estimates apply (see [4]), we have |uz|p~(p,) < c. Hence, we
have e*l“2l € L1(Bg). Let us = u — u; — uy. Since Aus is harmonic,
by the mean value theorem for harmonic functions, we have

|Au3|Loo(BR/2) <c

Thus,
|us|Lo(Bg0) < C.

It follows from
AQU — (Q64u1 )e4ug+4’lL3

and standard elliptic estimates that
[[Aul| Lo (By ) < c

So
||u||L°°(BR/16) <c O

From [1], Brezis and Merle imply that u is bounded from above when
u satisfies —Au = V(z)e* and other conditions. This result is used to
study the qualitative properties and classification of solutions for some
second order elliptic equation (see [2, 3, 7]). Now, one naturally asks:
is any solution u to equation () with fR4 Qe*" < 400 bounded from
above? We will partially answer this problem and obtain the following
result:

Theorem 2.5. Assume Q(x) is a positive bounded away from 0 and
bounded from the above function and u is a C? solution of (%) with
Jpa €* < 400, u(z) = o(|z[*). Then ut € L®(R*).
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Before we begin our proof, we need the following lemmas.

Lemma 2.2. [9, 11]. Suppose u is a C? function on R* such that

(a) Qe* is in L*(R*) with 0 < m < Q < M for some constants

m, M;
(b) in the sense of weak derivatives, u satisfies the following equa-
tion: tly)
2 uly
Au+ — % dy = 0.

Bo Jpra |z —yl?

Then there is a constant ¢ > 0, depending on wu, such that
|Aul(z) < ¢ on R*, where By is given by (—Az)?(In(1/|z — y|))
= Body(z).

In fact, By = 8=2.

Lemma 2.3. [9]. Suppose u is a C? function on R* such that
0 < (=A)u(x) < A on R* for some constant A and [, Q(y)e**Wdy =
a < oo with 0 < m < Q < M. Then there exists a constant B,
depending only on A,m, M and o such that u(z) < B on R*.

Lemma 2.4. Suppose u is a solution of (xx). Let

_ 1 In |x — y| 4u(y)

Then there exists a constant ¢ such that
w(z) < Bln(lz] +1) +¢,
where B = ([ Q(y)e*Wdy) /872
Proof. For |x| > 4, we decompose R* = A; U Ay, where A; =

{ylly — «| < [z]/2} and Ay = {ylly — = > |2|/2}. For y € Ay, we
have |y| > |z| — | — y| > |z|/2 > |z — y|, which implies

|z -y

In <
ly| +1
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Since |x — y| < |z| + |y| < |z|(Jly] + 1) for |z|,|y| > 2 and In |z — y| <
In|z| + ¢ for |z] > 4 and |y| < 2, we have

1 |z — y| 4
w(zr) < — In Qy)e ww) g
@)% g [ M QW

1
— < Q(y)e4“(y)dy> In|z| + ¢
R4

~ 8n2
=fBln(jz| +1) + e O

Lemma 2.5. Suppose u is a solution of (xx) with u(x) = o(|z|?). Then
Au(x) can be represented by

(2.2) Au(z) = ! Qe = dy

CAn? Jpe oy

Proof. Let v = u + w. It is obvious that A%y = 0 in R*. Similar to
the proof of Lin [5], we have for any xo € R* and r > 0,

2
2m2r3exp (gAv(wo)) < 6_4”(”")/ etdo.
\

r—x0|=T

Since v = u +w < u(x) + fln x| + ¢ follows from Lemma 2.4, we

have A
r3~4Pexp <U§CO)T2) € L1, 4o0].

Thus, Av(zg) < 0 for all 2o € R*. By Liouville’s theorem, Av(z) =
—c; in R?* for some constant ¢; > 0. Hence, we have

1 Qye”

2. Au(z) = ——
(2.3) u(@) = -3 e

dy — 1.

Now, we claim that ¢; = 0. Otherwise, we have Au(z) < —¢; <0
for |x| > Ry where Ry is sufficiently large. Let

(2.4) h(y) = u(y) +elyl* + A(ly| 7 = Rg™),

where ¢ is small enough such that

(2.5) Ah(y) = Au+ 8¢ < —% <0
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for |y| > Ry, and A is sufficiently large so that ‘ inf h(y) is achieved

y|>Ro
by some yo € R* with |yo| > Ry. Applying the maximum principle to
(2.5) at yo, we have a contradiction. Hence, our claim is proved. O

Proof of Theorem 2.5. By Lemma 2.5 and Lemma 2.3, our conclu-
sion holds. |

3. Qualitative properties of solutions of A?u = Q(z)e!*. In
this section, we study the qualitative properties of solutions of equation
(#x). Following our Theorem 2.5 and Chen [3], we obtain the following
results:

Theorem 3.1. Assume that Q(x) is a positive C function bounded
away from and above 0 and u is a C? solution of equation (¥x) with
Jpa *dax < 00, u(z) = o(|z|?). Then

(3.1) —Bln(|z|+1) —c <u(z) < —Fln(jz| +1) + ¢

with > 1. Furthermore, we have the following identity

(3.2) /R‘L({E, VQ)e*'dr = m3(1653 — 32).

Theorem 3.2. Suppose u satisfies the assumptions of Theorem 3.1 and
Q is radially symmetric and monotone decreasing. Then wu is radially
symmetric and monotone decreasing.

Lemma 3.1. Assume u satisfies the assumptions of Theorem 3.1.

Then
w(z)

B, wuniformly as |x| — oo,
In |z|

where w(x) and B have been given in Section 2.

Proof. We need only to verify that

I:/ ]nlx—y‘—1n(‘y|+1)_1n|‘r|Q(y)e4u(y)dy_>0
Rt In ||

as |z| — oo.
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Write I = I + I+ I3 as the integrals on the regions Dy = {y : |z —y| <
1}, Do ={y: |z —yl>1 and |y| <k} and D3 ={y:|z—y|l >
1 and |y| > k}, respectively. We may assume that |z| > 3.

(a) To estimate I;, we simply notice that

In|z — y|Q(y)e* @ dy.

e Q-
le—yl<1 nfz] Jiz—yi<1
Then, by the boundedness of Qe** (see Theorem 2.5 in Section
2) and [, Q(y)e* ¥ dy, we see that I; — 0 as |z| — oo.
(b) For each fixed k, in region D, we have, as |z| — oo,

Injz—y|l—In(y[+1) — In|z
In |x|

— 0.

Hence, I, — 0.
(¢) To see I3 — 0, we use the fact that, for |z —y| > 1,

Then let k£ — oco. O

1n|x—y|—ln(|y|+1)—ln|f||<C
In |z| -

Lemma 3.2. Assume u satisfies the assumptions of Theorem 3.1.
Then ) )
w(z) = lyl +

- = 4u(y)d
872 J s |xfy|Q(y)e Yy + co,

where ¢y is a constant.

Proof. By Lemma 2.5, we have A(u+w) = 0 in R*. By Theorem 2.5
in Section 2, we have u™ € L*, So, combining this result with
Lemma 2.4, we have u + w < cln|z| + ¢, since u + w is a harmonic
function and, by the gradient estimates of harmonic functions, we have
u(x) + w(z) = c. O

Lemma 3.3. Suppose u satisfies the assumptions of Theorem 3.1.
Then u(z) > —FIn(|z| +1) —c and 5 > 1.

Proof. By Lemma 2.4 and Lemma 3.2, we have

u(z) > —Bln(jz|+1) —c.
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From the above inequality and |, Ra etdr < 400, we have 3 > 1. ]

Lemma 3.4. Suppose u satisfies the assumptions of Theorem 3.1.
Then u(x) < —=Bln(jz|+ 1) + c.

Proof. In fact, for |z —y| > 1, we have
2| < |z —yl(jyl +1).

Then

In|z| — 2In(jy| + 1) < In|z — y| — In(|jy| + 1).
Consequently,

1

>

w(z) 2 872

1

82

/ (InJz] — 2In(jy| + 1))Q(y)e™ @ dy
|lz—y|>1

/ (In]z — 5| — In(y| + 1)Q(x)e" @ dy
|[z—y|<1

In |x|

> Bln|z| - Q(y)e* Wdy

2
87 Jio—yl<1

1
In|z — y|Q(y)e™ ¥ dy

+ JE—
872 Ja—y|<1
- 1 1 duly) g
oz | nllvl + QW) dy
:ﬂln|$|+11+12+13
Taking into account the fact that

— —f and [ >1,
In ||

and, by the boundedness of Q(z), we have

L,I; —0 as |z] = o
and I3 is finite. Therefore,

w(z) > Bln(|lz]+1) —c.
By Lemma 3.2, we have

u(z) < —Bln(|lz| + 1) + ¢ O
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Proof of Theorem 3.1. By Lemma 3.3 and Lemma 3.4, then (3.1)
holds. By Lin’s Lemma 2.6 and Lemma 2.7 [5], we can similarly infer
that (3.2) holds. O

Proof of Theorem 3.2. By Theorem 3.1, we have u(z) — —f1n|z|
as |x| — oo, where § > 1. Let v(z) = —Au(z). By Lin’s revised
Lemma 2.8 [5], v(z) has a harmonic asymptotic expansion at co:

@) =k (264 i %) + O ()

@3 {E =2 +0(g).

B, = O ()
where a; (j = 1,...,4) are constants. The remainder of the proof is
essentially equal to Lin’s proof. We omit it here. (]
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