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THE WEIGHTED WEAK LOCAL HARDY SPACES

LIN TANG

ABSTRACT. In this paper, we establish weighted atomic
decomposition characterizations of weighted weak local Hardy
spaces Whp

ω with local weights. As an application, we show
that truncated Riesz transforms and pseudo-differential oper-
ators are bounded on weighted weak local Hardy spaces.

1. Introduction. The theory of local Hardy space plays an
important role in various fields of analysis and partial differential
equations, see [6, 9, 10, 11, 15]. Bui [1] studied the weighted
version hp

ω of the local Hardy space hp considered by Goldberg [6],
where the weights ω belong to the Muckenhoupt class. Recently,
Rychkov [9] studied some properties of the weighted Besov-Lipschitz
and Triebel-Lizorkin spaces with weights that are locally in Ap but
may grow or decrease exponentially. In particular, Rychkov explicitly
identifies weighted local Hardy space hp

ω with F 0
p,2(ω) (see [9, Theorem

2.25]). Very recently, the author [14] established weighted atomic
decomposition characterizations for weighted local Hardy space hp

ω with
local weights.

On the other hand, the weak H1 space theory was first introduced
by Fefferman and Soria in [2]. Then the weak Hp(0 < p < 1) space
theory was studied by Liu in [8]. About the local version, Li [7] gave
an incomplete weak hp space theory.

The main purpose of this paper is twofold. The first goal is to
establish weighted atomic decomposition characterizations for weighted
weak local Hardy space with local weights. The second goal is to show
that truncated Riesz transforms and pseudo-differential operators are
bounded on weighted weak local Hardy spaces.

The paper is organized as follows. In Section 2, we introduce some
notation and properties concerning local weights and grand maximal
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functions. In Section 3, we establish weighted atomic decomposi-
tion characterizations of weighted weak local Hardy space with local
weights. Finally, in Section 4, we show that truncated Riesz transforms
and pseudo-differential operators are bounded on weighted weak local
Hardy spaces.

Throughout this paper, C denotes constants that are independent of
the main parameters involved but whose value may differ from line to
line. Let N denote the set {1, 2, . . .} and N0 denote the set N ∪ {0}.
By A ∼ B, we mean that there exists a constant C > 1 such that
1/C ≤ A/B ≤ C.

2. Preliminaries. We first introduce weight classes Aloc
p from [9].

Let Q be any cube in Rn (here and below only cubes with sides
parallel to the coordinate axes are considered), and let |Q| denote the
volume of Q. We define the weight class Aloc

p (1 < p < ∞) to consist of
all nonnegative locally integrable functions ω on Rn for which

(2.1)
Aloc

p (ω) = sup
|Q|≤1

1

|Q|p
∫
Q

ω(x) dx

(∫
Q

ω−p′/p(x) dxR

)p/p′

< ∞,

1/p+ 1/p′ = 1.

The function ω is said to belong to the weight class of Aloc
1 on Rn for

which

(2.2) Aloc
1 (ω) = sup

|Q|≤1

1

|Q|
∫
Q

ω(x) dx

(
sup
y∈Q

[ω(y)]−1

)
< ∞.

Remark. For any C > 0 we could have replaced |Q| ≤ 1 by |Q| ≤ C
in (2.1) and (2.2).

In what follows, Q(x, t) denotes the cube centered at x and with
sidelength t. Similarly, given Q = Q(x, t) and λ > 0, we will write λQ
for the λ-dilate cube, which is the cube with the same center x and
with sidelength λt. Given a Lebesgue measurable set E and a weight
ω, let ω(E) =

∫
E
ω dx. For any weight ω, Lp

ω and Lp,∞
ω with p ∈ (0,∞)

denote respectively the set of all measurable functions f such that

‖f‖Lp
ω
≡

(∫
Rn

|f(x)|pω(x) dx
)1/p

< ∞
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and

‖f‖Lp,∞
ω

≡
(
sup
λ>0

λpω({x ∈ Rn : |f(x)| > λ})
)1/p

< ∞.

We define the local Hardy-Littlewood maximal operator by

M locf(x) = sup
x∈Q:|Q|≤1

1

|Q|
∫
Q

|f(y)| dy.

Similarly to the classical Ap Muckenhoupt weights, we give some
properties for weights ω ∈ Aloc∞ :=

⋃
1≤p<∞ Aloc

p .

Lemma 2.1. Let 1 ≤ p < ∞, ω ∈ Aloc
p and Q be a unit cube, i.e.,

|Q| = 1. Then there exists an ω ∈ Ap so that ω = ω on Q and

(i) Ap(ω) ≤ CAloc
p (ω).

(ii) if ω ∈ Aloc
p , then there exists an ε > 0 such that ω ∈ Aloc

p−ε(ω) for
p > 1.

(iii) If 1 ≤ p1 < p2 < ∞, then Aloc
p1

⊂ Aloc
p2

.

(iv) ω ∈ Aloc
p if and only if ω−1/(p−1) ∈ Aloc

p′ .

(v) If ω ∈ Aloc
p for 1 ≤ p < ∞, then

ω(tQ) ≤ exp(cωt)ω(Q) (t ≥ 1, |Q| = 1).

(vi) The local Hardy-Littlewood maximal operator M loc is bounded on
Lp
ω if ω ∈ Aloc

p with p ∈ (1,∞).

(vii) M loc is bounded from L1
ω to L1,∞

ω if ω ∈ Aloc
1 .

Proof. (i) (vi) have been proved in [9]. (vii) can be proved by the
standard method.

We remark that Lemma 2.1 is also true for |Q| > 1 with c depending
now on the size of Q. In addition, it is easy to see that Ap ⊂ Aloc

p for

p ≥ 1 and ec|x|, (1 + |x| lnα(2 + |x|))β ∈ Aloc
1 with α ≥ 0, β ∈ R and

c ∈ R.
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As a consequence of Lemma 2.1,

Corollary 2.1. If ω ∈ Aloc
∞ , then there exists a constant C > 0 such

that
ω(2Q) ≤ Cω(Q), if |Q| < 1,

and
ω(Q(x0, r + 1)) ≤ Cω(Q(x0, r)), if |Q(x0, r)| ≥ 1.

From Lemma 2.1, for any given ω ∈ Aloc
q , define the critical index of

ω by

(2.3) qω ≡ inf {q ∈ [1,∞) : ω ∈ Aloc
q }.

Obviously, qω ∈ [1,∞). If qω ∈ (1,∞), then ω /∈ Aloc
qω , but ω ∈ Aloc

qω+ε

for any ε > 0.

The symbol D(Rn) = C∞
0 (Rn). D′(Rn) is the dual space of

D(Rn). The multi-index notation is usual: for α = (α1, . . . , αn),
∂α = (∂/∂x1)

α1 · · · (∂/∂xn)
αn , and ϕt(x) = t−nϕ(x/t) for t > 0.

Let N ∈ N0 and

M0
Nf(x) = sup{|ϕt ∗ f(x)| : 0 < t < 1, ϕ ∈ D(Rn),

∫
ϕ �= 0,

suppϕ ⊂ B(0, 1), ‖Dαϕ‖∞ ≤ 1 |α| ≤ N}

and

MNf(x) = sup{|ϕt ∗ f(z)| : |z − x| < t < 1, ϕ ∈ D(Rn),

∫
ϕ �= 0,

suppϕ ⊂ B(0, 23(10+n)), ‖Dαϕ‖∞ ≤ 1 |α| ≤ N}.

For any N ∈ N0 and x ∈ Rn, obviously,

M0
Nf(x) ≤ MNf(x).

For convenience, we write

D0
N = {ϕ ∈ D : suppϕ ⊂ B(0, 1),

∫
ϕ �= 0, ‖Dαϕ‖∞ ≤ 1 |α| ≤ N},
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and
DN = {ϕ ∈ D : suppϕ ⊂ B(0, 23(10+n)),∫
ϕ � = 0, ‖Dαϕ‖∞ ≤ 1 |α| ≤ N}.

Proposition 2.1. Let N ≥ 0. Then

(i) there exists a positive constant C such that for all f ∈ (L1
loc(R

n)⋂D′(Rn)) and almost all x ∈ Rn, |f(x)| ≤ M0
Nf(x) ≤ M locf(x).

(ii) If ω ∈ Aloc
q with 1 ≤ q < ∞, N ≥ [n(qω/p−1)]+1, and p ∈ (0, 1],

then ‖M0
Nf‖Lp,∞

ω (Rn) ∼ ‖MNf‖Lp,∞
ω (Rn).

Proof. The proof of (i) is obvious. For (ii), it is easy to see that

(2.4) ‖M0
Nf‖Lp,∞

ω (Rn) ≤ ‖MNf‖Lp,∞
ω (Rn).

Hence, it suffices to prove that there exists a positive constant C such
that

(2.5) ‖MNf‖Lp,∞
ω (Rn) ≤ C‖M0

Nf‖Lp,∞
ω (Rn).

As in [9, page 176], we define the “tangential” maximal function by

ϕ∗∗
0,A,Bf(x) = sup

y∈Rn

|(ϕ0)j ∗ f(x− y)|
mj,A,B(y)

(j ∈ N),

where
mj,A,B(y) = (1 + 2j|y|)A2|y|B (A,B > 0)

and

ϕ0 ∈ D, suppϕ ⊂ B(0, 1),

∫
ϕ �= 0, (ϕ0)j(x) = 2jnϕ0(2

jx).

From [9, (2.57), page 177], we know that for any 0 < r < 1 and
A > n/r, there exists a positive constant C such that

(2.6) ϕ∗∗
0,A,Bf(x)

r ≤ Cl(M loc(ϕ+
0 f)

r(x) +KBr(ϕ
+
0 f)

r(x)R),

where

ϕ+
0 f(x) = sup

j∈N
|(ϕ0)j ∗ f(x)|, KBf(x) =

∫
|f(y)|2−B|x−y| dy.
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From [9, (2.58), page 177], we know that

(2.7) MNf(x) ≤ Cϕ∗∗
0,A,Bf(x).

Note that ϕ+
0 f(x) ≤ M0

Nf(x), and by (2.6) and (2.7), to show (2.5)
holds, it suffices to prove that, for 0 < r < p ≤ 1 and q < p/r, there
exist constants A,B depending only on n, r, p, ω such that

‖(M loc(gr))1/r‖Lp,∞
ω (Rn) ≤ C‖g‖Lp,∞

ω (Rn)(2.8)

and

‖(KBr(g
r))1/r‖Lp,∞

ω (Rn) ≤ C‖g‖Lp,∞
ω (Rn).(2.9)

We first prove (2.8). Indeed, for any t > 0, set g := g1 + g2
and g1(x) = g(x) if |g(x)| ≤ t/2, otherwise is zero. Without loss
of generality, we can assume that q > 1. By the weighted Lq(ω)
boundedness of M loc (see Lemma 2.1 (vi)) and the fact that rq < p,
we see that

ω({x ∈ Rn : (M loc(gr)(x))1/r > t})
= ω({x ∈ Rn : (M loc(gr2)(x)) > (t/2)r})
≤ Ct−rq

∫
{x∈Rn:|g(x)|≥t/2}

|g(x)|rqω(x) dx

≤ Ct−rq

∫ ∞

t/2

ω({x ∈ Rn : |g(x)| > λ}) dλrq

+ Ct−rq

∫ t/2

0

ω({x ∈ Rn : |g(x)| > t/2}) dλrq

≤ Ct−rq

∫ ∞

t/2

λrq−1−pλpω({x ∈ Rn : |g(x)| > λ}) dλ

+ t−p‖g‖p
Lp,∞

ω (Rn)
≤ Ct−p‖g‖p

Lp,∞
ω (Rn)

.

It remains to prove (2.9). From [9, Lemma 2.11], we know that

(2.10) ‖KBrg‖Lq
ω(Rn) ≤ C‖g‖Lq

ω(Rn)

if Br is taken to be sufficiently large.
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Similarly to the proof of (2.8) and by (2.10), we can prove (2.9). The
proof is complete.

3. The decomposition theorem. Let 0 < p ≤ 1, ω ∈ Aloc
q

with 1 ≤ q < ∞ and N ≥ [n(qω/p − 1)] + 1 with qω defined
as in (2.3). The weighted local Hardy spaces hp

ω are defined by
hp
ω = {f ∈ D′ : MNf ∈ Lp

ω} and ‖f‖hp
ω

= ‖MNf‖Lp
ω
, see [9,

14]. Similarly, the weighted weak local spaces Whp
ω are defined by

Whp
ω = {f ∈ D′ : MNf ∈ Lp,∞

ω } and ‖f‖Whp
ω
= ‖MNf‖Lp,∞

ω
. In this

section, we shall establish a decomposition theorem of weighted weak
local spaces Whp

ω.

Theorem 3.1. Given f ∈ Whp
ω, 0 < p ≤ 1 and ω ∈ Aloc

q with

1 ≤ q < ∞, there exists a sequence of bounded functions {fk}+∞
k=k′ with

the following properties:

(1) f =
∑+∞

k=k′ fk is in the sense of distributions.

(2) Each hk
i can be further decomposed as fk =

∑
i h

k
i , where hk

i

satisfies

(a) Each hk
i is supported in a cube Qk

i with |Qk
i | ≤ 2,

∑
i ω(Q

k
i ) ≤

A2−kp and
∑

i
χ
Qk

i
(x) ≤ C, where A is a constant depending on f and

χ
Qk

i
denote the characteristic functions.

(b) ‖hk
i ‖L∞ ≤ C2k and

∫
Rn hk

i (x)x
αdx = 0 for α ∈ (N0)

n with

|α| ≥ [n(qw/p− 1)] + 1, if |Qk
i | < 1.

Conversely, if a distribution f satisfies (1) and (2), then f ∈ Whp
ω.

Moreover, we have ‖f‖p
Whp

ω
∼ A.

Proof. Suppose f ∈ Whp
ω. Set Ωk = {x ∈ Rn : MNf(x) > 2k}.

Let Ωk =
⋃

iQ
k
i =

⋃
iQ(xk

i , r
k
i ) be the Whitney decomposition and

bki := (f − P k
i )η

k
i if rki < 1 and bki := fηki if rki ≥ 1 as in [14], where ηki

is smooth function compacted in Qk∗
i = (1 + 2−(10+n))Qk

i . Then there
exist positive constants C1, C2 so that for i ∈ N,

M0
N (bki )(x) ≤ C1MNf(x)χQk∗

i
+C1

(lki )
n+N

(rki + |x− xk
i |)n+N

χ{|x−xk
i
|<C2}(x),

where N ≥ [n(qω/p− 1)] + 1.
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From this, it is easy to see that∥∥∥∥∑
i

bki

∥∥∥∥
h
p0
ω

≤ C2k(1−p/p0),
n

n+N
< p0 < p.

Hence,
∑

i b
k
i converges in the sense of distributions. So we have the

Calderón-Zygmund decomposition f =
∑+∞

k=k′ (gk +
∑

i b
k
i ), where k

′ ∈
Z such that 2k

′−1 ≤ infx∈RnMNf(x) < 2k
′
. If infx∈RnMNf(x) = 0,

write k′ = −∞, and ‖gk‖L∞ ≤ C2k.

Let fk = gk+1 − gk. Then
∑

i η
k
i b

k+1
j = χΩk

bk+1
j = bk+1

j for all j,

gk+1 − gk =

(
f −

∑
j

bk+1
j

)
−
(
f −

∑
i

bki

)

=
∑
i

bki −
∑
j

bk+1
j

=
∑
i

[
bki −

∑
j∈Fk

1

bk+1
j ηki +

∑
j∈Fk

2

bk+1
j ηki

]

≡
∑
i

hk
i ,

where F k
1 = {i ∈ N : |Qk

i | ≥ 1} and F k
2 = {i ∈ N : |Qk

i | < 1} and all
the series converges in D′(Rn).

Set supphk
i ⊂ Qk

i . If |Qk
i | ≤ 1, it is easy to see that hk

i satisfies all
the conditions in (b). If |Qk

i | > 1, then we can decompose Qk
i into a

finite number of disjoint cubes {Qj
i,k}Nki

j=1, each with sidelength lying

between 1 and 2. Then, {hk
i
χ
Qj

i,k
}Nki

j=1 also satisfy all the conditions in

(b). Obviously, f =
∑+∞

k=k′ fk in the sense of distributions.

For the converse, we fix α > 0. Next we choose k0 so that 2k0 ≤ α <
2k0+1. Write f =

∑k0

k=k′ fk +
∑+∞

k=k0+1 fk := F1 + F2. Without loss of
generality, we always assume that k′ = −∞. Then we have

M0
NF1(x) ≤ α.

So we need only prove

ω({x ∈ Rn : M0
NF2(x) > α}) ≤ CAα−p.
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Let Qk
i = Q(xk

i , r
i
k) and Q

k

i = Q(xk
i , l

i
k), where

lki = min{2(3/2)(k−k0)p/(qn)rki , 4n}.

Set

Ωk0 =

+∞⋃
k=k0+1

⋃
i

Q
k

i .

Note that ω(Q
k

i ) ≤ C(3/2)(k−k0)pω(Qk
i ) by the properties of Aloc

q , so

ω(Ωk0) ≤ C

+∞∑
k=k0+1

∑
i

(
3

2

)(k−k0)p

ω(Qk
i )

≤ C

+∞∑
k=k0+1

2−(k−k0)p

(
3

2

)(k−k0)p

2−k0pA

≤ Cα−pA.

Hence, it suffices to prove

(3.1)

∫
Ωc

k0

(M0
NF2(x))

pω(x) dx ≤ Cα−pA.

To prove (3.1), we need to estimate
∫
(Q̄k

i
)c(M

0
Nhk

i (x))
pω(x)dx. Let

x ∈ (Q
k

i )
c; it is not difficult to make the following estimate

M0
Nhk

i (x) ≤ C2k|Qi
k|(n+N)/n|x− xi

k|−(n+N)χ{|x−xi
k
|<4n}(x),

where N ≥ [n(qω/p− 1)] + 1

From this, and noting that ω ∈ Aloc
qω+ε

for any ε > 0, we get

∫
(Q̄k

i
)c
(M0

Nhk
i (x))

pω(x) dx

≤ C

∫
(3/2)(k−k0)p/(qn)rk

i
<|x−xk

i
|<4n

2kp
|Qi

k|p(n+N)/n

|x− xi
k|p(n+N)

ω(x) dx

≤ C2kp
(
2

3

)lN (k−k0)p/(nq)

ω(Qi
k),
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where lN = p(n+N)− n(qω + ε) > 0 if ε is small enough.

Therefore,∫
Ωc

k0

(M0
NF2(x))

pω(x) dx ≤ C

+∞∑
k=k0+1

2kp
∑
i

(
2

3

)lN (k−k0)p/(nq)

ω(Qk
i )

≤ Cα−pA.

Thus (3.1) holds. Theorem 3.1 is proved.

4. Applications. In this section, we shall show the boundedness
for truncated Riesz transforms and pseudo-differential operators on the
Whp

ω spaces.

Let Φ be a non-negative, radial and C∞-function onRn with compact
support B(0, 2) and Φ ≡ 1 on B(0, 1). Define the truncated Riesz
transforms by

Rjf(x) =

∫
Rn

Kj(x− y)f(y) dy,

Kj(z) =
zj

|z|n+1
Φ(z), j = 1, . . . , n.

Theorem A. Let Rj be as above. Then:

(i) ‖Rjf‖Lp
ω(Rn) ≤ Cp,ω‖f‖Lp

ω(Rn) for 1 < p < ∞ and ω ∈ Aloc
p .

(ii) ‖Rjf‖L1,∞
ω (Rn) ≤ Cω‖f‖L1

ω(R
n) for ω ∈ Aloc

1 .

The proof is obvious; see also [9].

Furthermore, we have the following result.

Theorem 4.1. Let T be the truncated Riesz transforms operators,
ω ∈ Aloc∞ and 0 < p ≤ 1. Then

‖Tf‖Whp
ω(Rn) ≤ Cω‖f‖Whp

ω(Rn).

Proof. Indeed, it is sufficient to show

(4.1) ω({x ∈ Rn : M0
N(Tf)(x) > α}) ≤ C‖f‖p

Whp
ω
α−p.
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Let f ∈ Whp
ω; by Theorem 3.1, we have

f =

+∞∑
k=k′

fk.

Without loss of generality, we always assume that k′ = −∞. We fix
α > 0, and choose k0 so that 2k0 ≤ α < 2k0+1. Write

f =

k0∑
k=−∞

fk +

+∞∑
k=k0+1

fk := F1 + F2.

For F1, since ω ∈ Aloc
∞ and thus ω ∈ Aloc

q for some 1 < q < ∞, we have

‖F1‖Lq
ω
≤ C

k0∑
k=−∞

2kω(Ωk)
1/q ≤ C‖f‖p/q

Whp
ω

k0∑
k=−∞

2k

≤ C‖f‖p/2
Whp

ω
α1−p/q.

Therefore, since T is bounded on Lq
ω by Theorem A (i), we have

ω({x ∈ Rn : M0
N (TF2)(x) > α}) ≤ C

‖TF1‖qLq
ω

αq
≤ C

‖F1‖qLq
ω

αq

≤ C‖f‖p
Whp

ω
/αp.

So we need only prove that

ω({x ∈ Rn : M0
N (TF2)(x) > α}) ≤ C‖f‖p

Whp
ω
/αp.

Let Qk
i = Q(xk

i , r
i
k) and Q

k

i = Q(xk
i , l

i
k), where

lki = min{2(3/2)(k−k0)p/(qn)rki , 4n}.

Set

Ωk0 =

+∞⋃
k=k0+1

⋃
i

Q
k

i .



308 LIN TANG

Note that ω(Q
k

i ) ≤ C(3/2)(k−k0)pω(Qk
i ) by the properties of Aloc

q , so

ω(Ωk0) ≤ C
+∞∑

k=k0+1

∑
i

(
3

2

)(k−k0)p

ω(Qk
i )

≤ C

+∞∑
k=k0+1

2−(k−k0)p

(
3

2

)(k−k0)p

2−k0p‖f‖p
Whp

ω

≤ C‖f‖p
Whp

ω
/αp.

Hence, it suffices to prove

(4.2)

∫
Ωc

k0

M0
N(TF2)(x)

pω(x) dx ≤ C|f‖p
Whp

ω
/αp.

To prove (4.2), we need to estimate
∫
(Q̄k

i
)c
M0

N (Thk
i )

p(x)ω(x) dx.

Suppose hk
i (x) is supported in a cube Qk

i = Q(xk
i , r

k
i ) with rki ≤ 2.

Case 1. 2 ≥ rki ≥ 1. This is a trivial case. Let Q∗
ki = (8n)Qk

i . Now∫
(Q̄k

i
)c
M0

N (Thk
i )

p(x)ω(x) dx =

∫
Q∗

ki
\Q̄k

i

M0
N(Thk

i )
p(x)ω(x) dx

+

∫
Rn\Q∗

ki

M0
N(Thk

i )
p(x)ω(x) dx

=

∫
Q∗

ki
\(Q̄k

i
)

M0
N(Thk

i )
p(x)ω(x) dx.

Obviously,∫
Q∗

ki
\(Q̄k

i
)

M0
N (Thk

i )
p(x)ω(x) dx

≤ C2k
∫
(3/2)(k−k0)p/(qn)rk

i
≤|x−xk

i
|<8n

ω(x) dx

≤ C2kω(Qk
i ) ≤ C2k

(
2

3

)(k−k0)p/(qn)

ω(Qk
i ),

since 0 ≤ k − k0 ≤ nq log3/2(8n).
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Case 2. rki < 1. By the vanishing moment of hk
i , we have

M0
N (Thk

i )(x) ≤
Crki

|x− xk
i |N+n

χ{|x−xk
i
|<8n}(x)

∫
Qk

i

|hk
i (y)| dy

≤ C2k
(rki )

N+n

|x− xk
i |N+n

χ{|x−xk
i
|<8n}(x),

where N ≥ [n(qω/p− 1)] + 1

From this, and the fact that ω ∈ Aloc
qω+ε

for any ε > 0, it is not difficult
to see that∫

(Q̄k
i
)c
M0

N(Thk
i )

p(x)ω(x) dx

≤ C2kp(rki )
(N+n)p

×
∫
(3/2)(k−k0)p/(qn)rk

i
≤|x−xk

i
|≤4n

ω(x)

|x− xk
i |(N+n)p

dx

≤ C2kp
(
2

3

)lN (k−k0)p/(qn)

ω(Qk
i ),

where lN = (N + n)p− n(qω + ε) > 0 if ε is small enough. Hence,∫
Ωc

k0

M0
N (Thk

i )
p(x)ω(x) dx

≤ C

+∞∑
k=k0+1

2kp
∑
i

(
2

3

)lN (k−k0)p/(qn)

ω(Qk
i )

≤ Cα−p‖f‖p
Whp

ω
.

Thus, (4.2) holds. Theorem 4.1 is proved.

Next we show that the pseudo-differential operators are bounded on
Whp

ω(R
n), where the weight ω is in the weight class Ap(ϕ) which is

contained in Aloc
p for 1 ≤ p < ∞. Let us first introduce some definitions.

Let m be a real number. Following [14], a symbol in Sm
1,δ is a smooth

function σ(x, ξ) defined on Rn ×Rn such that for all multi-indices α
and β the following estimate holds:

|Dα
xD

β
ξ σ(x, ξ)| ≤ Cα,β(1 + |ξ|)m−|β|+δ|α|,
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where Cα,β > 0 is independent of x and ξ.

The operator T given by

Tf(x) =

∫
Rn

σ(x, ξ)e2πix·ξ f̂(ξ) dξ

is called a pseudo-differential operator with symbol σ(x, ξ) ∈ Sm
1,δ,

where f is a Schwartz function and f̂ denotes the Fourier transform
of f .

In the rest of this section, we let ϕ(t) = (1 + t)α0 with α0 > 0.

A weight will always mean a positive function which is locally in-
tegrable. We say that a weight ω belongs to the class Ap(ϕ) for
1 < p < ∞, if there is a constant C such that for all cubes Q = Q(x, r)
with center x and sidelength r

(
1

ϕ(|Q|)|Q|
∫
Q

ω(y) dy

)(
1

ϕ(|Q|)|Q|
∫
Q

ω−1/(p−1)(y) dy

)p−1

≤ C.

We also say that a nonnegative function ω satisfies the A1(ϕ) condition
if there exists a constant C for all cubes Q

Mϕ(ω)(x) ≤ Cω(x), almost everywhere x ∈ Rn,

where

Mϕf(x) = sup
x∈Q

1

ϕ(|Q|)|Q|
∫
Q

|f(y)| dy.

Since ϕ(|Q|) ≥ 1, so Ap(R
n) ⊂ Ap(ϕ) for 1 ≤ p < ∞, where Ap(R

n)
denote the classical Muckenhoupt weights; see [5].

Remark. It is easy to see that if ω ∈ Ap(ϕ), then ω(x) dx may not be
a doubling measure. In fact, let α0 > 0 and 0 ≤ γ < α0; it is easy to
check that ω(x) = (1+ |x| log(1+ |x|))−(n+γ) /∈ A∞(Rn) and ω(x) dx is
not a doubling measure, but ω(x) = (1+ |x| log(1+ |x|))−(n+γ) ∈ A1(ϕ)
provided that ϕ(r) = (1 + r1/n)α.

Obviously, Ap(ϕ) ⊂ Aloc
p for 1 ≤ p < ∞. Next we give some

properties for weights ω ∈ A∞(ϕ) =
⋃

p≥1 Ap(ϕ).

Lemma 4.1. For any cube Q ⊂ Rn, then

(i) If 1 ≤ p1 < p2 < ∞, then Ap1(ϕ) ⊂ Ap2(ϕ).
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(ii) ω ∈ Ap(ϕ) if and only if ω−1/(p−1) ∈ Ap′(ϕ), where 1/p+1/p′ =
1.

(iii) If ω ∈ Ap(ϕ) for 1 ≤ p < ∞, then for any measurable set E ⊂ Q,

|E|
ϕ(|Q|)|Q| ≤ C

(
ω(E)

ω(Q)

)1/p

.

Theorem B. Let T be the S0
1,0 pseudo-differential operators. Then:

(i) ‖Tf‖Lp
ω(Rn) ≤ Cp,ω‖f‖Lp

ω(Rn) for 1 < p < ∞ and ω ∈ Ap(ϕ).

(ii) ‖Tf‖L1,∞
ω (Rn) ≤ Cω‖f‖L1

ω(R
n) for ω ∈ A1(ϕ).

(iii) ‖Tf‖hp
ω(Rn) ≤ Cω‖f‖hp

ω(Rn), for ω ∈ A∞(ϕ) and 0 < p ≤ 1.

Lemma 7.3 and Theorem B can be found in [13, 14]. The following
lemma was proved in [6].

Lemma 4.2. Let T be the S0
1,0 pseudo-differential operators. If ϕ ∈

D, then Ttf = ϕt ∗Tf has a symbol σt which satisfies Dβ
xD

α
ξ σt(x, ξ) ≤

Cα,β(1 + |ξ|)−|α| and a kernel Kt(x, z) = FTξσt(x, ξ) which satisfies
|Dβ

xD
α
zKt(x, z)| ≤ Cα,β |z|−n−|α|, where Cα,β is independent of t if

0 < t < 1.

Theorem 4.2. Let T be the S0
1,0 pseudodifferential operators. Then

‖Tf‖Whp
ω(Rn) ≤ Cp,ω‖f‖Whp

ω(Rn)

for ω ∈ A∞(ϕ) and 0 < p ≤ 1.

Proof. As in the proof in Theorem 4.1, we fix α > 0 and choose
integer k0 so that 2k0 ≤ α < 2k0+1. Write

f =

k0∑
k=−∞

fk +

+∞∑
k=k0+1

fk := F1 + F2.

For F1, Since ω ∈ Az∞loc and thus ω ∈ Aq(ϕ) for some 1 < q < ∞, we
have

‖F1‖Lq
ω
≤ C

k0∑
k=−∞

2kω(Ωk)
1/q ≤ C‖f‖p/q

Whp
ω

k0∑
k=−∞

2k

≤ C‖f‖p/2
Whp

ω
α1−p/q.
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Therefore, since T is bounded on Lq
ω by Theorem B (i), we have

ω({x ∈ Rn : M0
N (TF2)(x) > α}) ≤ C

‖TF1‖qLq
ω

αq
≤ C

‖F1‖qLq
ω

αq

≤ C‖f‖p
Whp

ω
/αp.

So we need only prove

ω({x ∈ Rn : M0
N(TF2)(x) > α}) ≤ C‖f‖p

Whp
ω(Rn)

α−p.

Let Qk
i = Q(xk

i , r
i
k) and Q

k

i = Q(xk
i , l

i
k), where

lki = 2(3/2)(k−k0)p/(qn(1+α0))rki .

Set

Ωk0 =

+∞⋃
k=k0+1

⋃
i

Q̄k
i .

Note that ω(Q
k

i ) ≤ C(3/2)(k−k0)p/(1+α0)ω(Qk
i ) by Lemma 4.1 (iii), so

ω(Ωk0) ≤ C

+∞∑
k=k0+1

∑
i

(
3

2

)(k−k0)p/(1+α0)

ω(Qk
i )

≤ C

+∞∑
k=k0+1

2−(k−k0)p

(
3

2

)(k−k0)p/(1+α0)

2−k0p‖f‖p
Whp

ω(Rn)

≤ Cα−p‖f‖p
Whp

ω(Rn)
.

Hence, it suffices to prove

(4.3)

∫
Ωc

k0

M0
N (TF2)

p(x))ω(x) dx ≤ Cα−p‖f‖p
Whp

ω(Rn)
.

To prove (4.3), we need to estimate
∫
(Q

k

i )
c(M

0
Nhk

i (x))
pω(x) dx. Let

x ∈ (Q
k

i )
c; by Lemma 4.2, it is not difficult to make the following

estimate:

(4.4) M0
Nhk

i (x) ≤ C2k|Qk
i |(n+N)/n|x− xi

k|−(n+N), if |Qk
i | < 1,
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where N = [n(q/p)(1 + α0)] + 1 and

(4.5) M0
Nhk

i (x) ≤ CM2k|Qk
i ||x− xi

k|−M , if 1 ≤ |Qk
i | ≤ 2

holds for any M > 0.

If |Qk
i | < 1, let lk,k0 = (3/2)(k−k0)p/(n(1+α0)), from (4.3) and by the

properties of A1(ϕ), let lk,k0 = (3/2)(k−k0)p/(n(1+α0)). We get

∫
(Q̄k

i )
c

(M0
Nhk

i (x))
pω(x) dx

≤ C

∫
(3/2)(k−k0)p/(n(1+α0))rk

i
<|x−xk

i
|
2kp

|Qi
k|p(n+N)/n

|x− xi
k|p(n+N)

ω(x) dx

≤ C2kp|Qk
i |p(N+1)/n

×
∞∑
j=1

(lk,k02
jrki )

−p(n+N)

∫
|x−xk

i
|<lk,k0

2jrk
i

ω(x) dx

≤ C2kpω(Qk
i )

j0∑
j=0

(lk,k02
j)−p(N+n)+qn

+ C2kpω(Qk
i )

∞∑
k=j0

(lk,k02
j)−p(N+n)(lk,k02

jrki )
qn(1+α0)

≤ C2kp(2/3)hN(k−k0)p/(n(1+α0))ω(Qi
k);

here integer j0 satisfies 2j0 ≤ lk,k0r
k
i ≤ 2j0+1 and hN = p(N + n) −

qn(1 + α0) > 0.

If 1 ≤ |Qk
i | ≤ 2, from (4.4) and by the properties of Aq(ϕ), we obtain∫

(Q̄k
i
)c
(M0

Nhk
i (x))

pω(x) dx

≤ C

∫
(3/2)(k−k0)p/(n(1+α0))rk

i
<|x−xk

i
|
2kp

|Qi
k|p

|x− xi
k|Mp

ω(x) dx

≤ C2kp
(
2

3

)(Mp−qn(1+α0))(k−k0)p/(n(1+α0))

ω(Qi
k),

taking M ≥ N + 1+ n.
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Hence,∫
Ωc

k0

M0
N (TF2)

p(x)ω(x) dx

≤ C

+∞∑
k=k0+1

2kp
∑
i

(
2

3

)hN (k−k0)p/(n(1+α0))

ω(Qk
i )

≤ Cα−p‖f‖p
Whp

ω
.

Thus (4.3) holds. The proof is finished.
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