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DIFFERENTIABILITY WITH RESPECT TO
INITIAL FUNCTIONS FOR PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS WITH UNBOUNDED DELAY

DANUTA JARUSZEWSKA-WALCZAK

ABSTRACT. Initial value problems for first order partial
functional almost linear equations with unbounded delay are
considered. The functional dependence is represented by the
generalized Hale operator with the values in the abstract
normed space. The suitable system of axioms for the phase
space is given.

A theorem on the global existence of classical solutions and
continuous dependence upon initial data is formulated. The
proof is based on the method of successive approximations.
Finally, a result on the differentiability of solutions with re-
spect to initial functions is proved. Important examples of
integral differential equations or differential functional equa-
tions with a deviated argument can be obtain by specializing
given functions.

1. Introduction. Write B = (—o00,0] x [=b,b], b € R}, Ry =
[0, 4+00). Vectorial inequalities are understood to hold componentwise.
For t € [0,a] where a > 0, we put E; = (—o0,t] x R™. Suppose that
z: E, — RF and (t,z) € E,. We consider the function 2ty B— RF,
defined by

(1) Z4,2)(8,y) = 2(t+ 5,2 +y), (s,y) €B.

Let X be a linear space with the norm || - ||x consisting of functions
mapping the set B into R*. We denote by My, the set of all k x n
matrices with real elements. Put E = [0,a] x R™, and assume that

fiE = Mgxn, f=1fijli=1,... kj=1,... m,
F:ExX—RF, F=(F,.. F),
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'Q[}IE()-)RIC, ¢=(¢17---7¢k)7
QD:E_>R7H>1, SDZ(SD()’SD]."" ,Qﬂn),

are given functions. Let us denote by z = (z1,...,2;) an unknown
function of the variables (t,z), = (21,...,2z,). We consider the
weakly coupled system of functional differential equations

(2) Oezilt,x) + > fij(t, 2)00, 2:(t, ) = Fi(t, 2, 2p000), 1 <i <k,
j=1

with the initial condition

(3) z(t,x) =¢(t,x) for (t,x) € Ey.

Here X denotes an abstract normed space satisfying suitable axioms.
This space is called the phase space. Further assumptions on X are
given in the next parts of the paper. Our formulation of the differential
functional problem is motivated by the general model of ordinary
differential functional equations (see [3]). The functional variable is
represented by the generalized Hale operator (t,x) + 2(; ) defined by
(1). Such an operator for partial equations was first introduced in [5]
in the case of bounded delay. In the present paper, the function 2 ,) is
defined on B, and it is given by the restriction of the unknown function
z to the unbounded set (—oo,t] x [x — b,z + b]. The functional variable
in (2) is in the form z,¢ ,), and we will require that ¢o(t,z) < t,
(t,x) € E. In view of that, the functional dependence is of Volterra
type. Equations with a deviated argument or integral differential
equations can be derived from the model presented (see Remark 2).
They have applications in different branches of knowledge. Examples
of such applications can be found in [8, 16].

We consider classical solutions of the Cauchy problem (2), (3). During
this time numerous papers were published concerning various problems
for first order partial functional differential equations or systems. The
following questions were considered: functional differential inequalities
corresponding to initial or mixed problems and their applications,
uniqueness of solutions and continuous dependence on initial or initial
boundary conditions, existence theory of classical or weak solutions of
equations with initial or initial boundary conditions and approximate
solutions of functional differential problems. It is not our aim to
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show a full review of papers concerning the above problems. The
monograph [8] contains an exposition of the theory of hyperbolic
functional differential equations.

Let us mention some of the methods that are adopted for proving
existence results for first order partial functional differential equations.
The fixed point method is based on the well-known Banach fixed
point theorem. By using this method, the first results for quasilinear
functional differential equations and Carathéodory solutions of initial
or initial boundary value problems were obtained. The Schauder fixed
point theorem was used in [13] for generalized solutions of almost
linear problems with unknown function of two variables. The difference
method was used in [10] for discussing the existence of Carathéodory
solutions for equations with a deviated argument and in [2] for a
class of functional differential equations with unknown functions of two
variables. A general case was not solved.

The method of linearization for initial or initial boundary value
problems was used in [8]. It consists of linearization of the right-hand
side of the equation with respect to partial derivatives of an unknown
function. In the second step, a quasilinear system was constructed for
an unknown function and for its partial derivatives. The system thus
obtained is equivalent to a system of integral functional equations of
Volterra type. Classical solutions of integral functional equations led
to solutions of original problems.

The method of successive approximations is based on the idea which
was first introduced by Wazewski in [15] for systems without a func-
tional dependence. The method is very sharp. By means of this
method, the first results of classical solutions to functional differential
problems were obtained (see [1, 6, 14]). We have decided to extend
this method to functional differential equations with unbounded delay.

The papers [7, 9, 11] initiated the theory of partial functional
differential equations with unbounded delay. The authors used general
ideas concerning axiomatic approach to equations with unbounded
delay which were introduced for ordinary equations (see [4, 12]).
Sufficient conditions for the existence and uniqueness of Carathéodory
solutions or solutions in the Cinquini-Cibrario sense were given. A
method of quasilinearization and theorems on integral inequalities were
used. All problems considered in those papers have the following
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property: solutions exist on domains which are local with respect to
variable t. In the present paper, we show that there are functional
differential equations with unbounded delay such that solutions of
suitable initial problems exist on domains which are global with respect
to all variables.

The main assumption of existence results in [7, 9, 11] is the following:
given functions or their partial derivatives, satisfy the global Lipschitz
condition. In our paper we adopt nonlinear estimates of the Perron type
and suitable inequalities which are local with respect to the functional
variable. It is clear that there are differential equations with deviated
variables and differential integral equations such that local nonlinear
estimates of the Perron type hold and the global Lipschitz condition is
not satisfied.

Until now, there have not been any results on the global existence
of classical solutions for partial functional differential equations with
unbounded delay.

In the paper, we start investigations of differentiability of solutions
with respect to initial functions for partial functional differential equa-
tions. The monograph [3] contains results on differentiability with re-
spect to initial functions for solutions of ordinary functional differential
equations.

Let us denote by J the class of all functions ¢ : Ey — RF such
that there exists exactly one classical solution Z[¢] of problem (2), (3).
We give construction of the space X, and we prove that the operator
¥ — Z[¢] has the following property: for each ¢ € J, there exists
the Fréchet derivative 0Z[i)] of Z at the point ¢ € J. Moreover, if
P, X € J and v = 0Z[]X, then v is a solution of integral functional
system generated by (2), (3) and that system is linear.

The paper is organized as follows. The set of axioms and examples
of phase spaces are given in Section 2. The sequences of successive
approximations are investigated in Section 3. The main existence
result and continuous dependence of solutions on initial functions is
presented in Section 4. The last part of the paper is concerned with
differentiability of solutions with respect to initial functions.

2. Phase spaces. We formulate assumptions on the phase space
X. We introduce the following notation. Let the symbol C(U,V)
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denote the class of all continuous functions from U into V where U
and V' are metric spaces. For x € Rk, y € R" and C € My, where
r=(x1,...,2), ¥y = Y1,--- ,Yn)s C = [cijli=1,... k,j=1,... n, We pUut

|2]| oo = max{|z;| : 1 < i < k},

ol =3 Iyl
j=1
IClkxn = maX{Z leij] 1 1<i < k}.

j=1

We will use the symbol o to denote the scalar product in R". Given
a function w : (—oo,a] x [~b,b] — RF and a point ¢t € (—oc,a], we
consider w(; o) : B = R* defined by w(; 0)(s,y) = w(t+z,y), (s,y) € B.
If w is continuous on [0, a] X [—b,b], then we write

”wH[t] = max{ ||w(s,y)||oo : (s,y) € [Ovt] X [_b’b] }’ te [O,CL].

Assumption H[X]. The space (X,]|| -|/x) is a Banach space of
functions from B into R* and

1) there is a A € Ry such that, for each function w € X, we have
||w(0,x)||oo < )‘”wHXv x € [_b’b]’
2) if w : (—00,a] x [~b,b] — R" is such that w(go) € X and w is
continuous on [0, a] x [=b, b], then w;gy € X for ¢ € [0,a] and
(i) the function ¢ — w(,g) is continuous on [0, al,

(ii) there are K, Ko € R4 independent of w such that

w0yl x < Killwllg + Kollwo,ollx, te€l0,al

To complete information for the phase spaces (X, || - ||x), we give
examples of them (see [9]).

Example 1. Let X be the class of all functions w : B — R* which
are bounded and uniformly continuous on B. For w € X, we put

@ ol = sup { (s, )l o = (5,3) € BY.
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Then Assumption H[X] is satisfied with A = K; = Ky = 1.

Example 2. Let X be the class of all continuous functions w :
B — R* such that there exists im w(t,x) = wo(x) uniformly with
——00

respect to @ € [—b,b]. Then Assumption H[X] is satisfied with the
norm defined by (4) and A = K7 = Ky = 1.

Example 3. Let v : (—00,0] — (0,400) be a continuous and
nonincreasing function. Let X be the class of all continuous functions
w: B — RF such that

||w(tax)||00 — O, = [—b,b],
t——oco Yo(t)
with the norm of w defined by
lw(t, )| }
w||x =supy —————— : (t,z) € B ;.
fulls = sup { 12 10

Then Assumption H[X] is satisfied with A = ~¢(0), K1 = 1/70(0),
Ky=1.

Example 4. Let p > 1 be fixed. Denote by Y the class of all
functions w : B — R* such that

(i) w is continuous on {0} x [—b, bl;
(ii) for = € [—b,b], we have

0
/ (s, 2)|[2, ds < +oo:

—00

(iii) for each t € (—o0,0], the function w(t,-) : [~b,b] — R* is
continuous.

For w € Y, we define the norm of w by

]|y = max{||w(0,x)||oo Lz [—b,b]}

+sup{(/_0m (s, )12, ds) " e [—b,b]}.
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Let us denote by X the closure of Y with the above norm. Then
Assumption H|[X] is satisfied with A = 1, K; =1, Ko = 1 4+ a'/P.

Example 5. Denote by Y the class of all functions w : B — R
satisfying the conditions:

(i) w is bounded and it is continuous on {0} x [—b, b];

(ii) for = € [—b,b], we have

I<x>=sup{/_m ||w<s,x>||oods:mefv}<+oo;

—(m+1)

(iii) for each t € (—o0,0], the function w(t,-) : [~b,b] — R* is
continuous.

For w € Y, we define the norm of w by
\|wl||y = max{||w(0,x)||oo Lz € [-b, b]} + sup {I(x) Lz € [—b,b]}.

Let us denote by X the closure of Y with the above norm. Then
Assumption H[X] is satisfied with A =1, K3 =1+ a, Ko = 2.

Note that, in view of Example 1, our theory also contains the case of
bounded delay (i.e., set B is given by [—bg, 0] x [—b, b] where by > 0).

For t € [0,a] and for functions z : E, — R¥, v : E, — R™ and
u : By — My, which are continuous and bounded on F, we write

I2llt.6 = sup{[|z(s, y)lloo = (s,9) € [0, 1] x R"},
[0llt.n = sup{[lv(s, y)[l  (s,9) € [0,2] x R"},
[wllekxcn = sup{[luls, y)llkxn : (s,y) € [0,¢] x R"}.

Lemma 1. Suppose that Assumption H[X)| is satisfied and z : E, —
RF, 2= (21,...,2). If 2(0,2) € X for x € R™ and z is continuous on
E, then 244 € X, (t,x) € E, and

(5) Izt x < Kallzllek + Kollzo.m)llx,  (t2) € E.
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If we assume additionally that z( ) € X for (t,z) € [=a,0] x R™ and
there exist derivatives Orz and Opz = [0y, 2ili=1,... kj=1,...,n On E, and
they are continuous and bounded on E, then

[2(t.2) — 2@m llx < KillOezllen - [t — | + Kil|Ozzlt.kxn

(6)

Nz =Z| + Kollz(0,2) — 217 I x

where (t,z),(t,T) € E, t > t.

Proof. Let w : (—o0,a] x [~b,b] — RF be given by w(s,y) = 2(s, z+y)
where € R" is fixed. Then w0y = 2@, t € [0,a]. It follows
from Assumption H[X] that z( ,) € X and (5) holds. To prove (6),
suppose that (t,z),(#,Z) € E, t > T and Z : E, — R" is defined by
Z(s,y) = 2(s +T—t,y +T — ), (8,y) € Ea. Then Zy 1) = 255 It
follows from (5) that

12(t,2) = 2@ 3 Ix = 1(z = 2)t,0) | x < Killz = 2|0k + Koll(z = 2) 0,0 x5

and thus we obtain assertion (6). The proof of Lemma 1 is complete. O

3. The sequences of successive approximations. We formulate
assumptions on the given functions. For a function w : £ — My, or
w: Eq = Mpx, where w = [wijli=1,... kj=1,.. n, We Write

wiy = (Wit -+ win), 1<i<Ek,
and

wjy = (Wi, weg), 1<j<n.

Let the symbol CL(X, R) denote the class of all continuous and linear
operators defined on X and taking values in R. The norm in the space
CL(X, R) generated by the norm || - ||x in X will be denoted by the
same symbol, || - ||x. For W = (W1,... ,Wy) where W; € CL(X, R),
1 <i <k, we write

W% = max{[|[Willx : 1 <i <k}
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Let us use the symbol M to denote the class of all functions « :
Ry — Ry such that « is continuous, nondecreasing, a(0) = 0 and
at+7) <at)+ a(r) for t,7 € Ry

Assumption H|[f, F|. The functions f : E = Myxn, F: Ex X —
R are continuous, Assumption H[X] is satisfied and

1) there is an Ay € Ry such that

I fig(t,z) — frg(t, @) < Aollz —Z|| on B, 1<i<Kk;

2) there exists a o : [0,a] X Ry — R4 such that o is continuous and
nondecreasing with respect to the second variable and, for each £ € R,
there is on [0, a] the maximal solution of the Cauchy problem

W'(t) = Kyo(t,w(t), w(0)=¢;

3) the estimate

IE (2, w)|loo < ot [Jw]lx)

is satisfied on F x X.

Assumption H[yp]. The function ¢ : E — R"! is continuous and
1) po(t,z) <t for (t,z) € F;

2) there exist on E the derivatives 0,,¢;, 1 < 4,5 < n, which are
continuous on E and there is a By € R4 such that

|0z, (t,x)] < By on E, 1<4,j<n.

Now we define the set of initial functions for the problem (2), (3).
Let J be the class of all ¢ € C(Ey, R¥) such that

1) ¥(t,2) € X for (t,z) € Ey and

[[]" = sup{[|¥(e,2)ll x = (t,2) € Eo } < +00;
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2) there exist the derivatives 0ytp, 0 = [0z;¥ili=1,... kj=1,....n>
which are continuous and (0;%)(1,2) € X, (02,¥)(t,0) € X for (t,z) €
Ep,1<j<n,and

10" < 400,

16 = sup { S 1@, )yl : (t22) € Eo} < too;
j=1

3) there is an @ € M such that

H(&ﬂﬁ)(t,m) - (&ﬂﬁ)(z,z)

X

+ D0, 9) ) = B, V) gz llx < @It =7+ [lo ~ 7)),
j=1

where (t, ), (t,T) € Ep;
4) 1) satisfies (2) for t =0, z € R".

Consider the Cauchy problem

(7) n'(r) = fa(rn(r), () ==,

where (t,2) € EF and 1 < ¢ < k. Let us denote by g;(,t,z) the
solution of (7). The function g; is called the ith characteristic of system
(2). It follows from Assumption H|[f, F] that, for each (¢,z) € E and
1 < i <k, the function g;(-, ¢, z) is the unique solution of (7) defined
on [0, al.

For an initial function X € J and for a function ¢ € C([0,a], Ry ), we

set
Cx={z¢€ C(Eq4,R*):z=Xon Eo},

Cxldl={z€Cx: |lzqnllx <C1), (t,2) € E}.

Let us fix the initial function v € J. We define the additional classes
of functions

Co,p = {Uo € C(Ea,Rk) s vg = Oy on Eo},
Co,p: = {v € C(Es, R"):v =0, on By}, 1<i<k.
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Suppose that Assumptions H[f, F| and H|[yp] are satisfied. Write
Pi[z](r, t,x) = (’7’, gi(1,t,2), z¢(77gi(77t7r))), 1<i<k.
For z € Cy, we define F[z] = (F1[z], ..., Fk[z]) in the following way:
Flz](t,x) = 9(t,x) on Ep,
Filz](t, x) = (0, 9;(0,¢t,2)) + /Ot F(P[z](r,t,x)) dr

onFE, 1<i<k.

Let the function 7 : [0,a] — R4+ be the maximal solution of the
problem

(8) W'(t) = Kiot,w(t),  w(0) = (Ko+ AEK1)[¥["

The above-defined operator F has the following property.

Lemma 2. If Assumptions H[f, F| and H[p] are satisfied, then the
operator F maps the set Cy[y] into itself.

Proof. For z € Cy[y], we have

t
Fil(t )] < Ml + / o7, 2o trgs oy lx) .

(t,z) € E, 1 <i<k. Thus,

t
IF o llx < (o + A [4]]" + Ky / o(r,1(r)) dr = (t)
0
on F, and the proof is complete. a

Assume H|[f,F] and H[p]. For fixed ny > 7(a) where v is the
maximal solution of (8), we denote by X|[n,] the set of all w € X
such that ||w||x < ny.

In the sequel we will need the following additional assumptions.
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Assumption Hy[f, F|. The functions f : E — My, and F :
E x X — RF satisfy Assumption H[f, F], and

1) there is an A € R, such that |f;;(t,2)] < Aon E, 1 <i,j <n,
and there exist on E the derivatives

8r.f[u] = [azjfm']i,jzl,...,n; 1 <v< ]C,

and 0, fj,) is continuous on E, 1 <v < k;
2) the derivatives 0, F = [0y, Fi]i=1,... k,j=1,... ,n €xist on E x X[ny],

3) the Fréchet derivatives 0, F(t, x, w) = (O F1(t, z,w), ... , 0w Fi(t, z,w))
exist for (t,z,w) € E x X[ny] and 0, F;(t,z,w) € CL(X,R) where
1<i<k, (t,z,w) € E x X[nyl;

4) the functions 0, F and 0, F are continuous on E x X [n,], and there
is a B € M such that, for each ¢ € Ry, we have

(9) /loo Ble-2-7)dr < 400

and the estimates
102 F(t, 2, w) — 0uF(t, 2,0)|[kxn < B(llw —w[|x),
10w F (t, 2, w) — 0w F(t, 2, W)||%, < B(llw —wl|x)
are satisfied for (t,z) € E, w,w € X[ny];
5) there is an A € Ry such that

10.F(t 2, w)ixn <A, [0uF(ta,w)ll <A on E x X[nyl

Remark 1. If the function §: Ry — Ry is given by
ﬁ(S):L()Sa, SER—H

where Ly € R4 and « € (0, 1], then it satisfies the required conditions,
and then assumption 4) of Hy[f, F] becomes the following Holder
conditions:
102 F (¢, 2, w) = 0p F(t,2,7) |[kxn < Lollw =],
10w F (t, 2, w) — Ou F(t, 2,)||%, < Lollw — |,
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where (¢t,z) € E, w,w € X[ny].

Remark 2. We give comments on particular cases of problem (2), (3).

Consider the function F' : E x R¥ — RF| F = (Fy,... ,F},). Write

F(t,z,w) = F(t,x,/Bw(T,s) dr ds).

Then (2) with ¢(t,z) = (¢,z), (t,2) € E, reduces to the differential
integral system

Opzi(t, x) + Z Jij(t,2)0p, 2i(t, ) = Fi(t, / 2(t+ 7, +s)drds),

=1 B

1<i<k.

For the above f‘, we put

(10) F(t,x,w) = F(t,z,w(0,0)).

Then (2) is a system with deviated variables

(11) Opzi(t,x) + Z fij(t, )0z, 2i(t, x) = E(t,x, 2(p(t, x))),
1 <:<k.

Suppose that ¢(t,z) = (t,z) for (¢,x) € E. Then (2) reduces to the
functional differential system

(12) Qzit, ) + Y fi(t, )0, 2:(t,7) = Fi(t, 0, 200)), 1 <0 <k

Jj=1

There are the following motivations for investigations of (2) and (3)
instead of (12) and (3). Differential systems with deviated variables
are obtained from (12) in the following way. Write

(13) F(t,x,w) = F(t,z,w(p(t,z) — (t,x))).
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Then system (2) is equivalent to (11). It is clear that, under natural
assumptions on F , the function F' given by (10) satisfies Assumption
Hy(f, F]. Note that the function F given by (13) does not satisfy
Hyf, F]. More precisely, the derivatives 0, F' = [0, Fili=1,... k.j=1,... ,n
do not exist on E x X [ny].

With the above motivation we consider problem (2), (3) instead of

(12), (3).

If we X™ and y € R™ where w = (w1,...,wpn), ¥y = (Y1, »Yn)s
then we define woy € X by woy = wiys + ... + way, and
OwF;(P)w € R™ with Pe Ex X, 1<i<k, by

O Fy(PYw = (8 Fy(Pwr, . . . , 0w Fi(P)wy).

Now we are ready to define the sequences of successive approxima-
tions {z(™}, {uém)}, {ul™}. For m > 0, the functions z(m),uém) :

E, — RF, w™ . E, — My, are such that z(™ = (z%m), ... ,z,gm)),
u(()’m) = (’u,(()T), . ,ugg)), ’U,(m) = [ul(;n)]i:17...,k,j:1,...,n- Let ¢ : Ea —

RF be a function of class C! such that {E € Cyll, 5,5{/; € Co,y and
0z € Co,y;y 1 <1 < k. If m =0, then we put

(1) O=¢ w) =09, W) =00 1<i<k

il

Suppose that z(™) u((]m) and ©(™ are known functions. Then

(15) 2m+1) — .F[z(m)],

and, for each 1 < i < k, the function ug]nﬂ) : E, — R™ is the solution

of the equation
(16) v=6{"v],

where

g™ [v](t, ) = Ox1;(t,x) on Ey,

K2

gl (t, ) = — / o(7, 9:(7, £, 2)) 0 fiy) (7, 93 (7, 1, ) dr + H™ (8, 2)
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on E. The functions Hi(m) :E— R™ 1 <1i<k, are given by
H™ (t,7) = 0;1:(0, 9:(0, 1, 7))
/ (0. F(P[=™)(r,,2))
+ 0w Fi( i[z<m>1<r,t, D)™ 1) ) Dap (. )}

where y = g;(7,t,z) and [ ™) u(m)]@(ﬂy)&cgo(ﬂ y) € X™ is defined as

follows:
(m)

[UO au(m)]cp(T,y)aa:Qp(Tv y) = (wla s 7wn)
and
w; = (ug (m ))w(f )0z, 00(T,y) + Z {j} o (r) Oz 05 (Tyy), 1 <1 <.
j=1

The function uo m+1) : E, — R* is such that u(m+1) 0y on Ey and

A7) ul Ot 2) = Bt (20 o) — fi(t2) 0wy (2, 2)

on B, 1<i<k.

Now we prove important properties of the above-defined sequences.
We put

u(t) = Are and  puot) = or(t, 2(8)) + Aph),
where ¢ € [0,a], and the constants Ay, As € R, are given by

A1 = Aa+ (A + aABoKo)|| 09| + aABoKol|0: 9",
Ay = Ag+ ABoK (A +1).
We denote by Cpa,y, (1), 1 < i < k, the set of all v € Cs,y, such that

llo(t, z)|| < u(t), (t,x) € E. Let the symbol Ca,y (o) denote the set of
all vy € Cy,y such that ||vo(t, 2)|leo < po(t), (t,z) € E.

Lemma 3. If Assumptions Hy[f, F| and H[p] are satisfied, then for
each m > 0, we have
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(I,) the functions z(™, u(()m) and u'™ are defined on E,, 2™ €

Cyln, u§™ € Cop(po) and ufl € Co,y, (1), 1 <i < ks

(I1,,) there exist on E, the derivatives 9y 2(m) &Czi(m), 1 <1<k,

and 9,2 (t,z) = u((]m)(t,x), arzi(m)(t,x) = ufz]n)(t,x), (t,x) € E,,
1<i<k.

Proof. To prove Lemma 3, we use induction with respect to m.
It follows from the definition (14) that conditions (ly) and (Ily) are
satisfied.

We assume conditions (I,,) and (I1,,) for fixed m > 0. Function
2(m+1) is defined by (15), and it follows from Lemma 2 that z(™+1) ¢

Cyl.
m+1)

We prove that there exist u(™tY : E, — My, and ufi] c
Copp; (1), 1 <i<k.Fixie{l,...,k}. If v €Cp,y, (1), then

16 o]t 2)| < Ay + As / u(r) dr = p(t)
0

on F, and thus gi(m) : Cou; () = Co,up, (). For v € Cy, g, (1), we put
[[v]] = max{||v]|e.ne >4 - t € 0, a]}.

If v,7 € Ca,yp, (1), then
¢
m m) (— — 1 —
16:™ [0t 2) = 6™ (8, 2)|| < [l — ] / A*7dr < Sl — vl
0
where (t,z) € E, and consequently,

16 16] - 6l < 5o ]

It follows from the Banach fixed point theorem that there exists in

Co,,; (1) exactly one solution ug]nﬂ) of equation (16).

(m

By definition (17), we obtain u T ¢ Co,;(1o), and the condition
(In41) is proved.
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To verify (I1,,41), we write

Ai(t7x7h07h)
= 2" (tho, w+h) — 2" (1 @)~ (¢ 2)ho —u [ (8, 2)oh,

and we prove that, for each (¢,2) € E, there is an € € M such that
(18) |Ai(t, 25 ho, )| < (ol + [|2[]) e(lhol + [I[])

where hg € [-t,a—t],he R", 1 <i<k.

Let us fix ¢ € {1,... ,k}. Suppose that (t,z) € E, hg € [—t,a—t] and
h € R"™. For simplicity, we write = t + hg and T = = + h. It follows
from (15) and (16) that

Az(tvxv hOv h)
= Fl™)@7)-F 1) 2)—uf] ) (4 2)ho— G Tuly V) (¢, 2)oh.

Write
Q™ (s, t, w3 ho, h) = (1 — 8)Pi[z™](,t,2) + sPi[z™)(7,1,).
By using the Hadamard mean value theorem we obtain
Fy(P[")(r, 1, 2)) = Fi(P[z)](7, 1, 7))
- /1 arFi(ng)(s,T,t,x;ho,h))
o[gi(7,t,T) — gl(T t,x)]ds
/ DuF( Q™ (5,733 hoy I [(=™) o0
))w gi(rt.))] ds.
Then the expression A;(t, x; ho, h) can be written in the following form:
4

Ai(ta x; hOa h) - Z AEJ),

=1
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where

AN = 1;(0,9:(0,7,T)) — 13(0, 6:(0, ¢, z))
- rwl 0 gl(o t ZC)) [gi(oafvi) _gi(oatvx)]’

A(Q) // [0:F;(Q; " (s, 7,t,x; ho, h))
— 0, Fy(Pi[z\" )](Tf%“))] o(y—y)dsdr

//8F m)STtxho,h))
— Ow F [ (m )](T t, x))][(z(m))cp(T 7) — ( (m ))cp(T,y)]dS dr,
?) = /0 awFi(Pi[Z(m)](Tvtax))[(z(m))cp(-r,ﬂ) - (z(m))cp(‘r,y)

— 1™ u™] ) (T, y) © (T — y)] dr,

AW = 9,4:(0, 9:(0, ¢, 7)) 0 [9:(0,£, ) — g:(0, ¢, x) — h]
+ / (0. F(P=™)(r,1,2)) 0 (7 — y — h)

+ “g]nﬂ) (7, y)awf[i] (,y)oh

+ 0 Fy (P2 (1, t,2)) [ud™ , u™] g7 Dap(7, y)
o(—y—h)}dr

t
+/ Fi(P™)(r,87) dr — ufl™ ) (¢, 2)ho,
t

and
y:gi(Tvtax)a y:gl(’rvaf)
We transform the last expression AE4). The relation

Toy—h= / (€ 0a(€ £, 2)) — fi (€, go(6, T, 7)) deé

- / Jra (6, 9:(€.5,7)) de,
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implies that

AP = [y )0y (r) (G —)
+ [f[l] (Ta y) - f[l] (7—7 y)] © V;(T)} dr

- [[arp o Vi) + B(RE)wF)) dr
- u(()TH)(t, z)ho,
where
Vi(T) = 0:9i(0, g:(0,t, 7))
+/OT{arFi(H[z(m)](§,t,x))
—uf (€ 0il6,t,2))D0 F1i (€ 9:(6 1, )
+ 0w (Pl ™)(E t o) [ug™ u ™ o6, 1,00 Do P (€, 938 1 ).
The characteristics satisfy the following relations g;(7,&, g:(&,t,z)) =
gi(t,t,x), (t,x) € E, &, 7 €[0,a]. Thus, we get
Al = / t ™0 (r, ) o [ (ryw) — fay (o gi(7,1,7))

- (gi_(Ta t, x) - gi(Tv L, j))8$.f[l] (Ta gi (Ta t, x))] dr

+ [ Uatt) = f(rml oy ta) dr

+ /t [Fi(H[Z(m)](T, t,7)) — Fi(t, =, (z(m))@(m))] dr.

Now it follows easily from Assumptions Hy[f, F] and H[g] and from
Lemma 1 that there is an € € M such that condition (18) is satisfied.

In view of (18), the derivatives 9;2(m+1), 8wzi(m+1), 1 <i <k, exist
on E and 9;z(m*t1) = uémﬂ), 6wzfm+1) = u&nﬂ), 1 <¢ < k. The
proof of Lemma 3 is complete. i

Remark 3. If we assume that ¢o : £ — R does not depend on z, then
we do not need to consider the sequence {uém)}, and we can omit the
proof of existence 9;z(™).
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4. Global existence of the solution. Now we formulate the
theorem on the global existence of a classical solution Z[¢] : E, — RF
of the problem (2), (3) with the initial function ¢ € J.

Theorem 1. Suppose that ¢ € J and Assumptions Hy[f, F] and
H[p] are satisfied. Then there exists on E, a unique classical solution
Z[Y] of problems (2), (3). Moreover, there is an £y > 0 such that, for
each 1) € J satisfying the condition ||t — ||* < ey, we have

(19) IZ[] = Z[@]ller < Ll = ¥[*,  t€[0,d],

with some constant L € R, .

Proof. We prove the uniform convergence of the sequences {z("™},
{ul™}. Let the scalar sequences {Z,,} and {U,,} be given by

Zn(t) = 20" = 2"Vl and Un(t) = [ul™ = u™ Dk,
where t € [0,a], m > 1. Put
[|Zm|] = max{Z,,(t)e 24Kt .0 <t <a}, m>1.

Since .
Zmt1(t) < AKl/ Zm(T)dr, t€]0,a], m>1,
0

we have

(1Zmial] < 5l Zmll, m=>1.

DN | =

The above recursive inequality gives the estimate
1
(20) 1Zml) € 5o, m 21,

where ¢g € Ry is such that [|Z1]] < ¢o. Therefore, 11_1}1 Zm(t) =0
uniformly on [0, a], and there is a Z € Cy[y] such that

Z(t,x) = 1i_I>n =M (¢, ) uniformly on E.

Moreover, Z satisfies the integral functional equation z = F|[z].
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Now we prove that lim U,,(¢t) = 0 uniformly on [0,a]. It follows
m—0o0
that
u (2) g () = B (1) — H V()

i

t
- / (Y — ulT) (7, g (7,1, 2)) e fiy (7, gi (7.t ) dr

onF, m>1,1<i<k.
In view of definition (17), we have
u§™ = ul™ ok < AK Zinr () + AU (), m > 1.

There is a C; € Ry such that

t
o 0,2) 0] < ColBlen) + s+ [ Un(r) ]
0

t
+ A/ Upt1(7) dr
0

where m > 1 and ¢; = K1Z;(a), j > 0. We conclude from the Gronwall
inequality that there are C,Cy € R, such that

t
Unm+1(t) < C/ Un(1)dr + Co(B(cm) + ¢m-1), t€]0,a], m>1.
0

Write
[|Upn|] = max{U,,(t)e 3¢t :0 <t <a}, m>1.

Consequently,

Ul + Co(B(cm) + cm—-1), m>1.

N)Ir—\

[|Um+1|]

Thus, for m > 1, we obtain

m—1

1
[Uml] < S where Sy = 1[|U1|]+COZm(ﬁ(cj)m,l).

j=1
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Estimate (20) and assumption (9) imply that

o0
Z CJ +C] 1 <+OO
J=1

Then we get

8

Z|U| ZS < +o00.

J=1

Finally, the sequence {U,,} uniformly tends to zero and there is a
g € Ca,y, (1) such that

up) (t,r) = lim uE] )(t,x) uniformly on F, 1<i<k.

m— 00

It follows from Lemma 3 that 9,z;, 1 < i < k, exist on E and
OxZi = Uy

We prove that z is the solution of (2), (3). Let (t,z) € E and
y = gi(0,t,z), 1 < i < k. Then x = g¢;(¢,0,y), and generally
gi(T,t,z) = ¢;(7,0,y) for 7 € [0,¢]. Thus,

t
Z(t,9:(t,0,y)) = wi(O,yH/ Fi(7,9:(7,0,9), Zp(r,g:(r,0,9))) 47, 1 <0 < k.
0

By differentiating the above relations with respect to ¢ and taking z
instead of g;(¢,0,y), we obtain that Z satisfies (2) on E.

Assume now that e, > 0 is such that for ¢ € J and || — ¢||* < ey,
the maximal solution 7 of the problem

W'(t) = Kio(tw(t)),  w(0)=(Ko+AEK)[l]",

satisfies the condition J(a) < ny. If z = Z[¢] and Z = Z[3}], then
_ t
2= Flhs < A+ AKQ[0 =TI + Ay [ |1z = oadr, ¢ € p.a)
0

By using the Gronwall inequality we get (19) with L = (A + AKO)e"A
This finishes the proof. o
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5. Differentiability of the solution with respect to initial
functions. It is our aim to prove that the Fréchet derivative 0Z[]
exists at the point ¢ € J. Suppose that X € J. For v € Cy, we define
Afv] = (A1[v], ..., Ag[v]) in the following way:

Al)(t,z) = X(t,z) on Ey,
Ai[v](t, ) = Xx:(0,:(0,, z)

t
* /0 O li(7, 9i(7, 8, @), Z[¥]o(r,g: (r,t,2))) Vo (7,91 (r,t,2)) AT
on B, 1<i<k.

Lemma 4. If ¢ € J and Assumptions Hy|f, F| and H[p] are
satisfied, then the integral functional equation

(21) v =A[v]

has exactly one solution v* € Cy[0] where I(t) = (Ko-+ K1)||x||* %14,
t €[0,al.

Proof. The operator A maps the set Cx[9] into itself. For v € Cy[V],
we put
(0] = sup{[|vge,m)llx - e 254 - (t,2) € E}.
Then .
[A[] = AR]] < 5lv 7]
where v, T € Cx[¥]. Thus, there exists exactly one fixed point v* € Cy[¥]
of equation (21).

Now we are ready to prove the main theorem of this paper.

Theorem 2. If ¢ € J and Assumptions Hy[f, F] and H[yp| are
satisfied, then the Fréchet derivative OZ[Y] exists, and v* = IZ[P]X
with X € J, X = (X1,-.. ,Xk), 18 the solution of equation (21).

Proof. Let us fix ¢ € J, and let €, > 0 be given as in Theorem 1.
Assume that X € J and s € R is such that s # 0, |sX||* < ey.
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Then there exist on E, the solutions Z[¢] and Z[¢ + sx]. We define
8s: By — RF, 63 = (651,...,051), as follows:

ds(t,x) = X(t,x) on Ey,
1
0s(t, x) = E(Z[w + sx](t,z) — Z[Y](t,z)) on E.
The function J satisfies the following integral functional equation
v =T5[v]
where I's[v] = (Ts1[v], ..., Ts.k[v]), v € Cx, is given by formulas

Ls[v](t, ) = X(t,2) on Ey,

Fs.i[v] (ta {IT) =X (07 9i (07 ta {IT))
t 1
+ / / 8sz (Qs.i[wa X] (57 T, t, x))vtp(‘r,gi (7,t,x)) dé dr
0 JO
on B, 1<i<k,
and

Qs.i[¢a X] (6) T, tv 33)
= (7’, 9i (7’, t, Z‘), (1 - f)z[¢]w(r,gi(‘r,t,m)) + fZ[¢ + SX]@(T,gi(‘r,t,a:)))'

We conclude from Lemma 4 that exactly one solution v* € Cy of equa-
tion (21) exists. Then the function r : B, — R, ry = (rs1,... ,7s1),
defined by ry = v* — §, satisfies the relations

rs(t,z) =0 on Ey,

t 1
Ts.i (t, 517) - /0 /0 [aw-Fi(Tv gi (7—7 t’ {IT), Z[w]S@(Tagi(Tatvf)))
- 8wF1 (Qsl[wv X] (57 T, ta x))](v*)tp(ﬂgi("'vt@)) df dT
t 1
- /0 /0 8wFi(QS.1'['¢,X](f,T,t,x))(rs)gp(‘r,gi(‘r,t,a:)) dT

on £, 1<i<k.
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Thus, there is a ¢* € R4 such that
[17slle.x < " BOKLNZ[Y + sX] = Z[¢] |06 + Ko [[sX]]")

t
+AK1/ [rsllridr, te0,al.
0

It follows from the Gronwall inequality and from assertion (19) of
Theorem 1 that

Irslle < etre* B(ls| (K1 L + Ko)|IX[*), ¢ € [0,a].

Therefore,
lir% 0s(t,x) = v*(t,z) uniformly on F,
S—

and the proof is complete. ]
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