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DIFFERENTIABILITY WITH RESPECT TO
INITIAL FUNCTIONS FOR PARTIAL FUNCTIONAL

DIFFERENTIAL EQUATIONS WITH UNBOUNDED DELAY

DANUTA JARUSZEWSKA-WALCZAK

ABSTRACT. Initial value problems for first order partial
functional almost linear equations with unbounded delay are
considered. The functional dependence is represented by the
generalized Hale operator with the values in the abstract
normed space. The suitable system of axioms for the phase
space is given.

A theorem on the global existence of classical solutions and
continuous dependence upon initial data is formulated. The
proof is based on the method of successive approximations.
Finally, a result on the differentiability of solutions with re-
spect to initial functions is proved. Important examples of
integral differential equations or differential functional equa-
tions with a deviated argument can be obtain by specializing
given functions.

1. Introduction. Write B = (−∞, 0] × [−b, b], b ∈ Rn+, R+ =
[0,+∞). Vectorial inequalities are understood to hold componentwise.
For t ∈ [0, a] where a > 0, we put Et = (−∞, t] × Rn. Suppose that
z : Ea → Rk and (t, x) ∈ Ea. We consider the function z(t,x) : B → Rk,
defined by

(1) z(t,x)(s, y) = z(t+ s, x+ y), (s, y) ∈ B.

Let X be a linear space with the norm ‖ · ‖X consisting of functions
mapping the set B into Rk. We denote by Mk×n the set of all k × n
matrices with real elements. Put E = [0, a]×Rn, and assume that

f : E →Mk×n, f = [fij ]i=1,... ,k,j=1,... ,n,

F : E ×X → Rk, F = (F1, . . . , Fk),
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ψ : E0 → Rk, ψ = (ψ1, . . . , ψk),

ϕ : E → Rn+1, ϕ = (ϕ0, ϕ1, . . . , ϕn),

are given functions. Let us denote by z = (z1, . . . , zk) an unknown
function of the variables (t, x), x = (x1, . . . , xn). We consider the
weakly coupled system of functional differential equations

(2) ∂tzi(t, x) +

n∑
j=1

fij(t, x)∂xjzi(t, x) = Fi(t, x, zϕ(t,x)), 1 ≤ i ≤ k,

with the initial condition

(3) z(t, x) = ψ(t, x) for (t, x) ∈ E0.

Here X denotes an abstract normed space satisfying suitable axioms.
This space is called the phase space. Further assumptions on X are
given in the next parts of the paper. Our formulation of the differential
functional problem is motivated by the general model of ordinary
differential functional equations (see [3]). The functional variable is
represented by the generalized Hale operator (t, x) �→ z(t,x) defined by
(1). Such an operator for partial equations was first introduced in [5]
in the case of bounded delay. In the present paper, the function z(t,x) is
defined on B, and it is given by the restriction of the unknown function
z to the unbounded set (−∞, t]× [x− b, x+ b]. The functional variable
in (2) is in the form zϕ(t,x), and we will require that ϕ0(t, x) ≤ t,
(t, x) ∈ E. In view of that, the functional dependence is of Volterra
type. Equations with a deviated argument or integral differential
equations can be derived from the model presented (see Remark 2).
They have applications in different branches of knowledge. Examples
of such applications can be found in [8, 16].

We consider classical solutions of the Cauchy problem (2), (3). During
this time numerous papers were published concerning various problems
for first order partial functional differential equations or systems. The
following questions were considered: functional differential inequalities
corresponding to initial or mixed problems and their applications,
uniqueness of solutions and continuous dependence on initial or initial
boundary conditions, existence theory of classical or weak solutions of
equations with initial or initial boundary conditions and approximate
solutions of functional differential problems. It is not our aim to
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show a full review of papers concerning the above problems. The
monograph [8] contains an exposition of the theory of hyperbolic
functional differential equations.

Let us mention some of the methods that are adopted for proving
existence results for first order partial functional differential equations.
The fixed point method is based on the well-known Banach fixed
point theorem. By using this method, the first results for quasilinear
functional differential equations and Carathéodory solutions of initial
or initial boundary value problems were obtained. The Schauder fixed
point theorem was used in [13] for generalized solutions of almost
linear problems with unknown function of two variables. The difference
method was used in [10] for discussing the existence of Carathéodory
solutions for equations with a deviated argument and in [2] for a
class of functional differential equations with unknown functions of two
variables. A general case was not solved.

The method of linearization for initial or initial boundary value
problems was used in [8]. It consists of linearization of the right-hand
side of the equation with respect to partial derivatives of an unknown
function. In the second step, a quasilinear system was constructed for
an unknown function and for its partial derivatives. The system thus
obtained is equivalent to a system of integral functional equations of
Volterra type. Classical solutions of integral functional equations led
to solutions of original problems.

The method of successive approximations is based on the idea which
was first introduced by Wazewski in [15] for systems without a func-
tional dependence. The method is very sharp. By means of this
method, the first results of classical solutions to functional differential
problems were obtained (see [1, 6, 14]). We have decided to extend
this method to functional differential equations with unbounded delay.

The papers [7, 9, 11] initiated the theory of partial functional
differential equations with unbounded delay. The authors used general
ideas concerning axiomatic approach to equations with unbounded
delay which were introduced for ordinary equations (see [4, 12]).
Sufficient conditions for the existence and uniqueness of Carathéodory
solutions or solutions in the Cinquini-Cibrario sense were given. A
method of quasilinearization and theorems on integral inequalities were
used. All problems considered in those papers have the following
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property: solutions exist on domains which are local with respect to
variable t. In the present paper, we show that there are functional
differential equations with unbounded delay such that solutions of
suitable initial problems exist on domains which are global with respect
to all variables.

The main assumption of existence results in [7, 9, 11] is the following:
given functions or their partial derivatives, satisfy the global Lipschitz
condition. In our paper we adopt nonlinear estimates of the Perron type
and suitable inequalities which are local with respect to the functional
variable. It is clear that there are differential equations with deviated
variables and differential integral equations such that local nonlinear
estimates of the Perron type hold and the global Lipschitz condition is
not satisfied.

Until now, there have not been any results on the global existence
of classical solutions for partial functional differential equations with
unbounded delay.

In the paper, we start investigations of differentiability of solutions
with respect to initial functions for partial functional differential equa-
tions. The monograph [3] contains results on differentiability with re-
spect to initial functions for solutions of ordinary functional differential
equations.

Let us denote by J the class of all functions ψ : E0 → Rk such
that there exists exactly one classical solution Z[ψ] of problem (2), (3).
We give construction of the space X , and we prove that the operator
ψ �→ Z[ψ] has the following property: for each ψ ∈ J , there exists
the Fréchet derivative ∂Z[ψ] of Z at the point ψ ∈ J . Moreover, if
ψ, χ ∈ J and v = ∂Z[ψ]χ, then v is a solution of integral functional
system generated by (2), (3) and that system is linear.

The paper is organized as follows. The set of axioms and examples
of phase spaces are given in Section 2. The sequences of successive
approximations are investigated in Section 3. The main existence
result and continuous dependence of solutions on initial functions is
presented in Section 4. The last part of the paper is concerned with
differentiability of solutions with respect to initial functions.

2. Phase spaces. We formulate assumptions on the phase space
X . We introduce the following notation. Let the symbol C(U, V )
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denote the class of all continuous functions from U into V where U
and V are metric spaces. For x ∈ Rk, y ∈ Rn and C ∈ Mk×n where
x = (x1, . . . , xk), y = (y1, . . . , yn), C = [cij ]i=1,... ,k,j=1,... ,n, we put

‖x‖∞ = max{|xi| : 1 ≤ i ≤ k},

‖y‖ =

n∑
j=1

|yj |,

‖C‖k×n = max

{ n∑
j=1

|cij | : 1 ≤ i ≤ k

}
.

We will use the symbol ◦ to denote the scalar product in Rn. Given
a function w : (−∞, a] × [−b, b] → Rk and a point t ∈ (−∞, a], we
consider w(t,0) : B → Rk defined by w(t,0)(s, y) = w(t+x, y), (s, y) ∈ B.
If w is continuous on [0, a]× [−b, b], then we write

‖w‖[t] = max{ ‖w(s, y)‖∞ : (s, y) ∈ [0, t]× [−b, b] }, t ∈ [0, a].

Assumption H [X ]. The space (X, || · ||X) is a Banach space of
functions from B into Rk and

1) there is a λ ∈ R+ such that, for each function w ∈ X , we have

‖w(0, x)‖∞ ≤ λ‖w‖X , x ∈ [−b, b],

2) if w : (−∞, a] × [−b, b] → Rk is such that w(0,0) ∈ X and w is
continuous on [0, a]× [−b, b], then w(t,0) ∈ X for t ∈ [0, a] and

(i) the function t �→ w(t,0) is continuous on [0, a],

(ii) there are K1,K0 ∈ R+ independent of w such that

‖w(t,0)‖X ≤ K1‖w‖[t] +K0‖w(0,0)‖X , t ∈ [0, a].

To complete information for the phase spaces (X, || · ||X), we give
examples of them (see [9]).

Example 1. Let X be the class of all functions w : B → Rk which
are bounded and uniformly continuous on B. For w ∈ X , we put

(4) ||w||X = sup
{
||w(s, y)||∞ : (s, y) ∈ B

}
.
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Then Assumption H [X ] is satisfied with λ = K1 = K0 = 1.

Example 2. Let X be the class of all continuous functions w :
B → Rk such that there exists lim

t→−∞w(t, x) = w0(x) uniformly with

respect to x ∈ [−b, b]. Then Assumption H [X ] is satisfied with the
norm defined by (4) and λ = K1 = K0 = 1.

Example 3. Let γ0 : (−∞, 0] → (0,+∞) be a continuous and
nonincreasing function. Let X be the class of all continuous functions
w : B → Rk such that

lim
t→−∞

‖w(t, x)‖∞
γ0(t)

= 0, x ∈ [−b, b],

with the norm of w defined by

||w||X = sup

{ ||w(t, x)||∞
γ0(t)

: (t, x) ∈ B

}
.

Then Assumption H [X ] is satisfied with λ = γ0(0), K1 = 1/γ0(0),
K0 = 1.

Example 4. Let p ≥ 1 be fixed. Denote by Y the class of all
functions w : B → Rk such that

(i) w is continuous on {0} × [−b, b];
(ii) for x ∈ [−b, b], we have∫ 0

−∞
||w(s, x)||p∞ ds < +∞;

(iii) for each t ∈ (−∞, 0], the function w(t, ·) : [−b, b] → Rk is
continuous.

For w ∈ Y , we define the norm of w by

||w||Y = max
{
||w(0, x)||∞ : x ∈ [−b, b]

}

+ sup

{(∫ 0

−∞
||w(s, x)||p∞ ds

)1/p

: x ∈ [−b, b]
}
.
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Let us denote by X the closure of Y with the above norm. Then
Assumption H [X ] is satisfied with λ = 1, K1 = 1, K0 = 1 + a1/p.

Example 5. Denote by Y the class of all functions w : B → Rk

satisfying the conditions:

(i) w is bounded and it is continuous on {0} × [−b, b];
(ii) for x ∈ [−b, b], we have

I(x) = sup

{∫ −m

−(m+1)

||w(s, x)||∞ ds : m ∈ N

}
< +∞;

(iii) for each t ∈ (−∞, 0], the function w(t, ·) : [−b, b] → Rk is
continuous.

For w ∈ Y , we define the norm of w by

||w||Y = max
{
||w(0, x)||∞ : x ∈ [−b, b]

}
+ sup

{
I(x) : x ∈ [−b, b]

}
.

Let us denote by X the closure of Y with the above norm. Then
Assumption H [X ] is satisfied with λ = 1, K1 = 1 + a, K0 = 2.

Note that, in view of Example 1, our theory also contains the case of
bounded delay (i.e., set B is given by [−b0, 0]× [−b, b] where b0 ≥ 0).

For t ∈ [0, a] and for functions z : Ea → Rk, v : Ea → Rn and
u : Ea →Mk×n which are continuous and bounded on E, we write

‖z‖t.k = sup{‖z(s, y)‖∞ : (s, y) ∈ [0, t]×Rn},
‖v‖t.n = sup{‖v(s, y)‖ : (s, y) ∈ [0, t]×Rn},

‖u‖t.k×n = sup{‖u(s, y)‖k×n : (s, y) ∈ [0, t]×Rn}.

Lemma 1. Suppose that Assumption H [X ] is satisfied and z : Ea →
Rk, z = (z1, . . . , zk). If z(0,x) ∈ X for x ∈ Rn and z is continuous on
E, then z(t,x) ∈ X, (t, x) ∈ E, and

(5) ‖z(t,x)‖X ≤ K1‖z‖t.k +K0‖z(0,x)‖X , (t, x) ∈ E.
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If we assume additionally that z(t,x) ∈ X for (t, x) ∈ [−a, 0]× Rn and
there exist derivatives ∂tz and ∂xz = [∂xjzi]i=1,... ,k,j=1,... ,n on E, and
they are continuous and bounded on E, then

(6)
‖z(t,x) − z(t,x)‖X ≤ K1‖∂tz‖t.k · |t− t|+K1‖∂xz‖t.k×n

· ‖x− x‖+K0‖z(0,x) − z(t−t,x)‖X

where (t, x), (t, x) ∈ E, t > t.

Proof. Let w : (−∞, a]×[−b, b] → Rk be given by w(s, y) = z(s, x+y)
where x ∈ Rn is fixed. Then w(t,0) = z(t,x), t ∈ [0, a]. It follows
from Assumption H [X ] that z(t,x) ∈ X and (5) holds. To prove (6),

suppose that (t, x), (t, x) ∈ E, t > t and z̃ : Ea → Rk is defined by
z̃(s, y) = z(s + t − t, y + x − x), (s, y) ∈ Ea. Then z̃(t,x) = z(t,x). It

follows from (5) that

‖z(t,x)− z(t,x)‖X = ‖(z− z̃)(t,x)‖X ≤ K1‖z− z̃‖t.k+K0‖(z− z̃)(0,x)‖X ,

and thus we obtain assertion (6). The proof of Lemma 1 is complete.

3. The sequences of successive approximations. We formulate
assumptions on the given functions. For a function w : E → Mk×n or
w : Ea →Mk×n where w = [wij ]i=1,... ,k,j=1,... ,n, we write

w[i] = (wi1, . . . , win), 1 ≤ i ≤ k,

and

w{j} = (w1j , . . . , wkj), 1 ≤ j ≤ n.

Let the symbol CL(X,R) denote the class of all continuous and linear
operators defined on X and taking values in R. The norm in the space
CL(X,R) generated by the norm ‖ · ‖X in X will be denoted by the
same symbol, ‖ · ‖X . For W = (W1, . . . ,Wk) where Wi ∈ CL(X,R),
1 ≤ i ≤ k, we write

‖W‖∗∞ = max{‖Wi‖X : 1 ≤ i ≤ k}.
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Let us use the symbol M to denote the class of all functions α :
R+ → R+ such that α is continuous, nondecreasing, α(0) = 0 and
α(t+ τ) ≤ α(t) + α(τ) for t, τ ∈ R+.

Assumption H [f, F ]. The functions f : E → Mk×n, F : E ×X →
Rk are continuous, Assumption H [X ] is satisfied and

1) there is an A0 ∈ R+ such that

‖f[i](t, x) − f[i](t, x)‖ ≤ A0‖x− x‖ on E, 1 ≤ i ≤ k;

2) there exists a σ : [0, a]×R+ → R+ such that σ is continuous and
nondecreasing with respect to the second variable and, for each ξ ∈ R+,
there is on [0, a] the maximal solution of the Cauchy problem

ω′(t) = K1σ(t, ω(t)), ω(0) = ξ;

3) the estimate

‖F (t, x, w)‖∞ ≤ σ(t, ‖w‖X)

is satisfied on E ×X .

Assumption H [ϕ]. The function ϕ : E → Rn+1 is continuous and

1) ϕ0(t, x) ≤ t for (t, x) ∈ E;

2) there exist on E the derivatives ∂xiϕj , 1 ≤ i, j ≤ n, which are
continuous on E and there is a B0 ∈ R+ such that

|∂xiϕj(t, x)| ≤ B0 on E, 1 ≤ i, j ≤ n.

Now we define the set of initial functions for the problem (2), (3).
Let J be the class of all ψ ∈ C(E0, R

k) such that

1) ψ(t,x) ∈ X for (t, x) ∈ E0 and

‖ψ‖∗ = sup{‖ψ(t,x)‖X : (t, x) ∈ E0 } < +∞;
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2) there exist the derivatives ∂tψ, ∂xψ = [∂xjψi]i=1,... ,k,j=1,... ,n,
which are continuous and (∂tψ)(t,x) ∈ X , (∂xjψ)(t,x) ∈ X for (t, x) ∈
E0, 1 ≤ j ≤ n, and

‖∂tψ‖∗ < +∞,

‖∂xψ‖∗∗ = sup

{ n∑
j=1

‖(∂xjψ)(t,x)‖X : (t, x) ∈ E0

}
< +∞;

3) there is an α̃ ∈ M such that∥∥∥(∂tψ)(t,x) − (∂tψ)(t,x)

∥∥∥
X

+

n∑
j=1

‖(∂xjψ)(t,x) − (∂xjψ)(t,x)‖X ≤ α̃(|t− t|+ ‖x− x‖),

where (t, x), (t, x) ∈ E0;

4) ψ satisfies (2) for t = 0, x ∈ Rn.

Consider the Cauchy problem

(7) η′(τ) = f[i](τ, η(τ)), η(t) = x,

where (t, x) ∈ E and 1 ≤ i ≤ k. Let us denote by gi(·, t, x) the
solution of (7). The function gi is called the ith characteristic of system
(2). It follows from Assumption H [f, F ] that, for each (t, x) ∈ E and
1 ≤ i ≤ k, the function gi(·, t, x) is the unique solution of (7) defined
on [0, a].

For an initial function χ ∈ J and for a function ζ ∈ C([0, a], R+), we
set

Cχ =
{
z ∈ C(Ea, R

k) : z = χ on E0

}
,

Cχ[ζ] = {
z ∈ Cχ : ‖z(t,x)‖X ≤ ζ(t), (t, x) ∈ E

}
.

Let us fix the initial function ψ ∈ J . We define the additional classes
of functions

C∂tψ =
{
v0 ∈ C(Ea, R

k) : v0 = ∂tψ on E0

}
,

C∂xψi =
{
v ∈ C(Ea, R

n) : v = ∂xψi on E0

}
, 1 ≤ i ≤ k.
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Suppose that Assumptions H [f, F ] and H [ϕ] are satisfied. Write

Pi[z](τ, t, x) =
(
τ, gi(τ, t, x), zϕ(τ,gi(τ,t,x))

)
, 1 ≤ i ≤ k.

For z ∈ Cψ, we define F [z] = (F1[z], . . . ,Fk[z]) in the following way:

F [z](t, x) = ψ(t, x) on E0,

Fi[z](t, x) = ψi(0, gi(0, t, x)) +

∫ t

0

Fi(Pi[z](τ, t, x)) dτ

on E, 1 ≤ i ≤ k.

Let the function γ : [0, a] → R+ be the maximal solution of the
problem

(8) ω′(t) = K1σ(t, ω(t)), ω(0) = (K0 + λK1)‖ψ‖∗.

The above-defined operator F has the following property.

Lemma 2. If Assumptions H [f, F ] and H [ϕ] are satisfied, then the
operator F maps the set Cψ[γ] into itself.

Proof. For z ∈ Cψ[γ], we have

|Fi[z](t, x)| ≤ λ‖ψ‖∗ +
∫ t

0

σ(τ, ‖zϕ(τ,gi(τ,t,x))‖X) dτ,

(t, x) ∈ E, 1 ≤ i ≤ k. Thus,

‖F [z](t,x)‖X ≤ (K0 + λK1)‖ψ‖∗ +K1

∫ t

0

σ(τ, γ(τ)) dτ = γ(t)

on E, and the proof is complete.

Assume H [f, F ] and H [ϕ]. For fixed ηψ > γ(a) where γ is the
maximal solution of (8), we denote by X [ηψ] the set of all w ∈ X
such that ‖w‖X ≤ ηψ.

In the sequel we will need the following additional assumptions.
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Assumption Hψ [f, F ]. The functions f : E → Mk×n and F :
E ×X → Rk satisfy Assumption H [f, F ], and

1) there is an Ã ∈ R+ such that |fij(t, x)| ≤ Ã on E, 1 ≤ i, j ≤ n,
and there exist on E the derivatives

∂xf[ν] = [∂xjfνi]i,j=1,... ,n, 1 ≤ ν ≤ k,

and ∂xf[ν] is continuous on E, 1 ≤ ν ≤ k;

2) the derivatives ∂xF = [∂xjFi]i=1,... ,k,j=1,... ,n exist on E ×X [ηψ],

3) the Fréchet derivatives ∂wF (t, x, w) = (∂wF1(t, x, w), . . . , ∂wFk(t, x, w))
exist for (t, x, w) ∈ E × X [ηψ] and ∂wFi(t, x, w) ∈ CL(X,R) where
1 ≤ i ≤ k, (t, x, w) ∈ E ×X [ηψ];

4) the functions ∂xF and ∂wF are continuous on E×X [ηψ ], and there
is a β ∈ M such that, for each c ∈ R+, we have

(9)

∫ ∞

1

β(c · 2−τ ) dτ < +∞

and the estimates

‖∂xF (t, x, w)− ∂xF (t, x, w)‖k×n ≤ β(‖w − w‖X),
‖∂wF (t, x, w) − ∂wF (t, x, w)‖∗∞ ≤ β(‖w − w‖X)

are satisfied for (t, x) ∈ E, w,w ∈ X [ηψ];

5) there is an A ∈ R+ such that

‖∂xF (t, x, w)‖k×n ≤ A, ‖∂wF (t, x, w)‖∗∞ ≤ A on E ×X [ηψ].

Remark 1. If the function β : R+ → R+ is given by

β(s) = L0 s
α, s ∈ R+,

where L0 ∈ R+ and α ∈ (0, 1], then it satisfies the required conditions,
and then assumption 4) of Hψ [f, F ] becomes the following Holder
conditions:

‖∂xF (t, x, w) − ∂xF (t, x, w)‖k×n ≤ L0‖w − w‖α

X ,

‖∂wF (t, x, w) − ∂wF (t, x, w)‖∗∞ ≤ L0‖w − w‖α

X ,
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where (t, x) ∈ E, w,w ∈ X [ηψ].

Remark 2. We give comments on particular cases of problem (2), (3).

Consider the function F̃ : E ×Rk → Rk, F̃ = (F̃1, . . . , F̃k). Write

F (t, x, w) = F̃ (t, x,

∫
B

w(τ, s) dτ ds).

Then (2) with ϕ(t, x) = (t, x), (t, x) ∈ E, reduces to the differential
integral system

∂tzi(t, x) +

n∑
j=1

fij(t, x)∂xjzi(t, x) = F̃i(t, x,

∫
B

z(t+ τ, x+ s) dτ ds),

1 ≤ i ≤ k.

For the above F̃ , we put

(10) F (t, x, w) = F̃ (t, x, w(0, 0)).

Then (2) is a system with deviated variables

(11) ∂tzi(t, x) +
n∑
j=1

fij(t, x)∂xj zi(t, x) = F̃i(t, x, z(ϕ(t, x))),

1 ≤ i ≤ k.

Suppose that ϕ(t, x) = (t, x) for (t, x) ∈ E. Then (2) reduces to the
functional differential system

(12) ∂tzi(t, x) +
n∑
j=1

fij(t, x)∂xj zi(t, x) = Fi(t, x, z(t,x)), 1 ≤ i ≤ k.

There are the following motivations for investigations of (2) and (3)
instead of (12) and (3). Differential systems with deviated variables
are obtained from (12) in the following way. Write

(13) F (t, x, w) = F̃ (t, x, w(ϕ(t, x) − (t, x))).
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Then system (2) is equivalent to (11). It is clear that, under natural

assumptions on F̃ , the function F given by (10) satisfies Assumption
Hψ[f, F ]. Note that the function F given by (13) does not satisfy
Hψ[f, F ]. More precisely, the derivatives ∂xF = [∂xjFi]i=1,... ,k,j=1,... ,n

do not exist on E ×X [ηψ].

With the above motivation we consider problem (2), (3) instead of
(12), (3).

If w ∈ Xn and y ∈ Rn where w = (w1, . . . , wn), y = (y1, . . . , yn),
then we define w ◦ y ∈ X by w ◦ y = w1y1 + . . . + wnyn and
∂wFi(P )w ∈ Rn with P ∈ E ×X , 1 ≤ i ≤ k, by

∂wFi(P )w = (∂wFi(P )w1, . . . , ∂wFi(P )wn).

Now we are ready to define the sequences of successive approxima-

tions {z(m)}, {u(m)
0 }, {u(m)}. For m ≥ 0, the functions z(m), u

(m)
0 :

Ea → Rk, u(m) : Ea → Mk×n are such that z(m) = (z
(m)
1 , . . . , z

(m)
k ),

u
(m)
0 = (u

(m)
01 , . . . , u

(m)
0k ), u(m) = [u

(m)
ij ]i=1,... ,k,j=1,... ,n. Let ψ̃ : Ea →

Rk be a function of class C1 such that ψ̃ ∈ Cψ[γ], ∂tψ̃ ∈ C∂tψ and

∂xψ̃i ∈ C∂xψi , 1 ≤ i ≤ k. If m = 0, then we put

(14) z(0) = ψ̃, u
(0)
0 = ∂tψ̃, u

(0)
[i] = ∂xψ̃i, 1 ≤ i ≤ k.

Suppose that z(m), u
(m)
0 and u(m) are known functions. Then

(15) z(m+1) = F [z(m)],

and, for each 1 ≤ i ≤ k, the function u
(m+1)
[i] : Ea → Rn is the solution

of the equation

(16) v = G(m)
i [v],

where

G(m)
i [v](t, x) = ∂xψi(t, x) on E0,

G(m)
i [v](t, x) = −

∫ t

0

v(τ, gi(τ, t, x))∂xf[i](τ, gi(τ, t, x)) dτ +H
(m)
i (t, x)
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on E. The functions H
(m)
i : E → Rn, 1 ≤ i ≤ k, are given by

H
(m)
i (t, x) = ∂xψi(0, gi(0, t, x))

+

∫ t

0

{∂xFi(Pi[z(m)](τ, t, x))

+ ∂wFi(Pi[z
(m)](τ, t, x))[u

(m)
0 , u(m)]ϕ(τ,y)∂xϕ(τ, y)} dτ,

where y = gi(τ, t, x) and [u
(m)
0 , u(m)]ϕ(τ,y)∂xϕ(τ, y) ∈ Xn is defined as

follows:
[u

(m)
0 , u(m)]ϕ(τ,y)∂xϕ(τ, y) = (w1, . . . , wn)

and

wl = (u
(m)
0 )ϕ(τ,y)∂xl

ϕ0(τ, y) +

n∑
j=1

(u
(m)
{j} )ϕ(τ,y)∂xl

ϕj(τ, y), 1 ≤ l ≤ n.

The function u
(m+1)
0 : Ea → Rk is such that u

(m+1)
0 = ∂tψ on E0 and

(17) u
(m+1)
0i (t, x) = Fi(t, x, (z

(m))ϕ(t,x))− f[i](t, x) ◦ u(m+1)
[i] (t, x)

on E, 1 ≤ i ≤ k.

Now we prove important properties of the above-defined sequences.
We put

μ(t) = A1e
A2t and μ0(t) = σ(t, γ(t)) + Ãμ(t),

where t ∈ [0, a], and the constants A1, A2 ∈ R+ are given by

A1 = Aa+ (λ + aAB0K0)‖∂xψ‖∗∗ + aAB0K0‖∂tψ‖∗,
A2 = A0 +AB0K1(Ã+ 1).

We denote by C∂xψi(μ), 1 ≤ i ≤ k, the set of all v ∈ C∂xψi such that
‖v(t, x)‖ ≤ μ(t), (t, x) ∈ E. Let the symbol C∂tψ(μ0) denote the set of
all v0 ∈ C∂tψ such that ‖v0(t, x)‖∞ ≤ μ0(t), (t, x) ∈ E.

Lemma 3. If Assumptions Hψ[f, F ] and H [ϕ] are satisfied, then for
each m ≥ 0, we have
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(Im) the functions z(m), u
(m)
0 and u(m) are defined on Ea, z

(m) ∈
Cψ[γ], u(m)

0 ∈ C∂tψ(μ0) and u
(m)
[i] ∈ C∂xψi(μ), 1 ≤ i ≤ k;

(IIm) there exist on Ea the derivatives ∂tz
(m), ∂xz

(m)
i , 1 ≤ i ≤ k,

and ∂tz
(m)(t, x) = u

(m)
0 (t, x), ∂xz

(m)
i (t, x) = u

(m)
[i] (t, x), (t, x) ∈ Ea,

1 ≤ i ≤ k.

Proof. To prove Lemma 3, we use induction with respect to m.
It follows from the definition (14) that conditions (I0) and (II0) are
satisfied.

We assume conditions (Im) and (IIm) for fixed m ≥ 0. Function
z(m+1) is defined by (15), and it follows from Lemma 2 that z(m+1) ∈
Cψ[γ].
We prove that there exist u(m+1) : Ea → Mk×n and u

(m+1)
[i] ∈

C∂xψi(μ), 1 ≤ i ≤ k. Fix i ∈ {1, . . . , k}. If v ∈ C∂xψi(μ), then

‖G(m)
i [v](t, x)‖ ≤ A1 +A2

∫ t

0

μ(τ) dτ = μ(t)

on E, and thus G(m)
i : C∂xψi(μ) → C∂xψi(μ). For v ∈ C∂xψi(μ), we put

[|v|] = max{‖v‖t.ne−2At : t ∈ [0, a]}.

If v, v ∈ C∂xψi(μ), then

‖G(m)
i [v](t, x) − G(m)

i [v](t, x)‖ ≤ [|v − v|]
∫ t

0

Ae2Aτdτ ≤ 1

2
[|v − v|]e2At,

where (t, x) ∈ E, and consequently,

[|G(m)
i [v]− G(m)

i [v]|] ≤ 1

2
[|v − v|].

It follows from the Banach fixed point theorem that there exists in

C∂xψi(μ) exactly one solution u
(m+1)
[i] of equation (16).

By definition (17), we obtain u
(m+1)
0 ∈ C∂tψi(μ0), and the condition

(Im+1) is proved.
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To verify (IIm+1), we write

Δi(t, x;h0, h)

= z
(m+1)
i (t+h0, x+h)−z(m+1)

i (t, x)−u(m+1)
0i (t, x)h0−u(m+1)

[i] (t, x)◦h,

and we prove that, for each (t, x) ∈ E, there is an ε ∈ M such that

(18) |Δi(t, x;h0, h)| ≤ (|h0|+ ‖h‖) ε(|h0|+ ‖h‖)

where h0 ∈ [−t, a− t], h ∈ Rn, 1 ≤ i ≤ k.

Let us fix i ∈ {1, . . . , k}. Suppose that (t, x) ∈ E, h0 ∈ [−t, a− t] and
h ∈ Rn. For simplicity, we write t = t + h0 and x = x + h. It follows
from (15) and (16) that

Δi(t, x;h0, h)

= Fi[z(m)](t, x)−Fi[z(m)](t, x)−u(m+1)
0i (t, x)h0−G(m)

i [u
(m+1)
[i] ](t, x)◦h.

Write

Q
(m)
i (s, τ, t, x;h0, h) = (1− s)Pi[z

(m)](τ, t, x) + sPi[z
(m)](τ, t, x).

By using the Hadamard mean value theorem we obtain

Fi(Pi[z
(m)](τ, t̄, x̄))− Fi(Pi[z

(m)](τ, t, x))

=

∫ 1

0

∂xFi(Q
(m)
i (s, τ, t, x;h0, h))

◦ [gi(τ, t, x)− gi(τ, t, x)] ds

+

∫ 1

0

∂wFi(Q
(m)
i (s, τ, t, x;h0, h))[(z

(m))ϕ(τ,gi(τ,t,x))

− (z(m))ϕ(τ,gi(τ,t,x))] ds.

Then the expression Δi(t, x;h0, h) can be written in the following form:

Δi(t, x;h0, h) =

4∑
j=1

Δ
(j)
i ,
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where

Δ
(1)
i = ψi(0, gi(0, t, x))− ψi(0, gi(0, t, x))

− ∂xψi(0, gi(0, t, x)) ◦ [gi(0, t, x)− gi(0, t, x)],

Δ
(2)
i =

∫ t

0

∫ 1

0

[∂xFi(Q
(m)
i (s, τ, t, x;h0, h))

− ∂xFi(Pi[z
(m)](τ, t, x))] ◦ (y − y) ds dτ

+

∫ t

0

∫ 1

0

[∂wFi(Q
(m)
i (s, τ, t, x;h0, h))

− ∂wFi(Pi[z
(m)](τ, t, x))][(z(m))ϕ(τ,y) − (z(m))ϕ(τ,y)] ds dτ,

Δ
(3)
i =

∫ t

0

∂wFi(Pi[z
(m)](τ, t, x))[(z(m))ϕ(τ,y) − (z(m))ϕ(τ,y)

− [u
(m)
0 , u(m)]ϕ(τ,y)∂xϕ(τ, y) ◦ (y − y)] dτ,

Δ
(4)
i = ∂xψi(0, gi(0, t, x)) ◦ [gi(0, t, x)− gi(0, t, x)− h]

+

∫ t

0

{∂xFi(Pi[z(m)](τ, t, x)) ◦ (y − y − h)

+ u
(m+1)
[i] (τ, y)∂xf[i](τ, y) ◦ h

+ ∂wFi(Pi[z
(m)](τ, t, x))[u

(m)
0 , u(m)]ϕ(τ,y)∂xϕ(τ, y)

◦ (y − y − h)} dτ

+

∫ t

t

Fi(Pi[z
(m)](τ, t, x)) dτ − u

(m+1)
0i (t, x)h0,

and

y = gi(τ, t, x), y = gi(τ, t, x).

We transform the last expression Δ
(4)
i . The relation

y − y − h =

∫ t

τ

[f[i](ξ, gi(ξ, t, x)) − f[i](ξ, gi(ξ, t, x))] dξ

−
∫ t

t

f[i](ξ, gi(ξ, t, x)) dξ,
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implies that

Δ
(4)
i =

∫ t

0

{u(m+1)
[i] (τ, y)∂xf[i](τ, y) ◦ (y − y)

+ [f[i](τ, y)− f[i](τ, y)] ◦ Vi(τ)} dτ

−
∫ t

t

{f[i](τ, y) ◦ Vi(t) + Fi(Pi[z
(m)](τ, t, x))} dτ

− u
(m+1)
0i (t, x)h0,

where

Vi(τ) = ∂xψi(0, gi(0, t, x))

+

∫ τ

0

{∂xFi(Pi[z(m)](ξ, t, x))

− u
(m+1)
[i] (ξ, gi(ξ, t, x))∂xf[i](ξ, gi(ξ, t, x))

+ ∂wFi(Pi[z
(m)](ξ, t, x))[u

(m)
0 ,u(m)]ϕ(ξ,gi(ξ,t,x))∂xϕ(ξ, gi(ξ, t, x))}dξ.

The characteristics satisfy the following relations gi(τ, ξ, gi(ξ, t, x)) =
gi(τ, t, x), (t, x) ∈ E, ξ, τ ∈ [0, a]. Thus, we get

Δ
(4)
i =

∫ t

0

u
(m+1)
[i] (τ, y) ◦ [f[i](τ, y)− f[i](τ, gi(τ, t, x))

− (gi(τ, t, x)− gi(τ, t, x))∂xf[i](τ, gi(τ, t, x))] dτ

+

∫ t

t

[f[i](t, x) − f[i](τ, y)] ◦ u(m+1)
[i] (t, x) dτ

+

∫ t

t

[Fi(Pi[z
(m)](τ, t, x))− Fi(t, x, (z

(m))ϕ(t,x))] dτ.

Now it follows easily from Assumptions Hψ[f, F ] and H [ϕ] and from
Lemma 1 that there is an ε ∈ M such that condition (18) is satisfied.

In view of (18), the derivatives ∂tz
(m+1), ∂xz

(m+1)
i , 1 ≤ i ≤ k, exist

on E and ∂tz
(m+1) = u

(m+1)
0 , ∂xz

(m+1)
i = u

(m+1)
[i] , 1 ≤ i ≤ k. The

proof of Lemma 3 is complete.

Remark 3. If we assume that ϕ0 : E → R does not depend on x, then

we do not need to consider the sequence {u(m)
0 }, and we can omit the

proof of existence ∂tz
(m).
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4. Global existence of the solution. Now we formulate the
theorem on the global existence of a classical solution Z[ψ] : Ea → Rk

of the problem (2), (3) with the initial function ψ ∈ J .

Theorem 1. Suppose that ψ ∈ J and Assumptions Hψ [f, F ] and
H [ϕ] are satisfied. Then there exists on Ea a unique classical solution
Z[ψ] of problems (2), (3). Moreover, there is an εψ > 0 such that, for
each ψ ∈ J satisfying the condition ‖ψ − ψ‖∗ < εψ, we have

(19) ‖Z[ψ]−Z[ψ]‖t.k ≤ L‖ψ − ψ‖∗, t ∈ [0, a],

with some constant L ∈ R+.

Proof. We prove the uniform convergence of the sequences {z(m)},
{u(m)}. Let the scalar sequences {Zm} and {Um} be given by

Zm(t) = ‖z(m) − z(m−1)‖t.k and Um(t) = ‖u(m) − u(m−1)‖t.k×n,

where t ∈ [0, a], m ≥ 1. Put

[|Zm|] = max{Zm(t)e−2AK1t : 0 ≤ t ≤ a}, m ≥ 1.

Since

Zm+1(t) ≤ AK1

∫ t

0

Zm(τ) dτ, t ∈ [0, a], m ≥ 1,

we have

[|Zm+1|] ≤ 1

2
[|Zm|], m ≥ 1.

The above recursive inequality gives the estimate

(20) [|Zm|] ≤ 1

2m
c0, m ≥ 1,

where c0 ∈ R+ is such that [|Z1|] ≤ c0. Therefore, lim
m→∞Zm(t) = 0

uniformly on [0, a], and there is a z̃ ∈ Cψ[γ] such that

z̃(t, x) = lim
m→∞ z(m)(t, x) uniformly on E.

Moreover, z̃ satisfies the integral functional equation z = F [z].
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Now we prove that lim
m→∞Um(t) = 0 uniformly on [0, a]. It follows

that

u
(m+1)
[i] (t, x)− u

(m)
[i] (t, x) = H

(m)
i (t, x)−H

(m−1)
i (t, x)

−
∫ t

0

(u
(m+1)
[i] − u

(m)
[i] )(τ, gi(τ, t, x))∂xf[i](τ, gi(τ, t, x)) dτ

on E, m ≥ 1, 1 ≤ i ≤ k.

In view of definition (17), we have

‖u(m)
0 − u

(m−1)
0 ‖t.k ≤ AK1Zm−1(t) + ÃUm(t), m ≥ 1.

There is a C1 ∈ R+ such that

‖u(m+1)
[i] (t, x) − u

(m)
[i] (t, x)‖ ≤ C1[β(cm) + cm−1 +

∫ t

0

Um(τ) dτ ]

+A

∫ t

0

Um+1(τ) dτ,

wherem ≥ 1 and cj = K1Zj(a), j ≥ 0. We conclude from the Gronwall
inequality that there are C,C0 ∈ R+ such that

Um+1(t) ≤ C

∫ t

0

Um(τ) dτ + C0(β(cm) + cm−1), t ∈ [0, a], m ≥ 1.

Write

[|Um|] = max{Um(t)e−2Ct : 0 ≤ t ≤ a}, m ≥ 1.

Consequently,

[|Um+1|] ≤ 1

2
[|Um|] + C0(β(cm) + cm−1), m ≥ 1.

Thus, for m ≥ 1, we obtain

[|Um|] ≤ Sm where Sm =
1

2m−1
[|U1|]+C0

m−1∑
j=1

1

2m−1−j (β(cj)+cj−1).
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Estimate (20) and assumption (9) imply that

∞∑
j=1

(β(cj) + cj−1) < +∞.

Then we get
∞∑
j=1

[|Uj |] ≤
∞∑
j=1

Sj < +∞.

Finally, the sequence {Um} uniformly tends to zero and there is a
ũ[i] ∈ C∂xψi(μ) such that

ũ[i](t, x) = lim
m→∞u

(m)
[i] (t, x) uniformly on E, 1 ≤ i ≤ k.

It follows from Lemma 3 that ∂xz̃i, 1 ≤ i ≤ k, exist on E and
∂xz̃i = ũ[i].

We prove that z̃ is the solution of (2), (3). Let (t, x) ∈ E and
y = gi(0, t, x), 1 ≤ i ≤ k. Then x = gi(t, 0, y), and generally
gi(τ, t, x) = gi(τ, 0, y) for τ ∈ [0, t]. Thus,

z̃(t, gi(t, 0, y)) = ψi(0, y)+

∫ t

0

Fi(τ, gi(τ, 0, y), z̃ϕ(τ,gi(τ,0,y))) dτ, 1 ≤ i ≤ k.

By differentiating the above relations with respect to t and taking x
instead of gi(t, 0, y), we obtain that z̃ satisfies (2) on E.

Assume now that εψ > 0 is such that for ψ ∈ J and ‖ψ − ψ‖∗ < εψ,
the maximal solution γ of the problem

ω′(t) = K1σ( t, ω(t) ), ω(0) = (K0 + λK1)‖ψ‖∗,

satisfies the condition γ(a) < ηψ. If z = Z[ψ] and z = Z[ψ], then

‖z − z‖t.k ≤ (λ+AK0)‖ψ − ψ‖∗ +AK1

∫ t

0

‖z − z‖τ.kdτ, t ∈ [0, a].

By using the Gronwall inequality we get (19) with L = (λ+AK0)e
aÃ.

This finishes the proof.
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5. Differentiability of the solution with respect to initial
functions. It is our aim to prove that the Fréchet derivative ∂Z[ψ]
exists at the point ψ ∈ J . Suppose that χ ∈ J . For v ∈ Cχ, we define
Λ[v] = (Λ1[v], . . . ,Λk[v]) in the following way:

Λ[v](t, x) = χ(t, x) on E0,

Λi[v](t, x) = χi(0, gi(0, t, x)

+

∫ t

0

∂wFi(τ, gi(τ, t, x),Z[ψ]ϕ(τ,gi(τ,t,x)))vϕ(τ,gi(τ,t,x)) dτ

on E, 1 ≤ i ≤ k.

Lemma 4. If ψ ∈ J and Assumptions Hψ [f, F ] and H [ϕ] are
satisfied, then the integral functional equation

(21) v = Λ[v]

has exactly one solution v∗ ∈ Cχ[ϑ] where ϑ(t) = (K0+λK1)‖χ‖∗eK1At,
t ∈ [0, a].

Proof. The operator Λ maps the set Cχ[ϑ] into itself. For v ∈ Cχ[ϑ],
we put

[|v|] = sup{‖v(t,x)‖X · e−2K1At : (t, x) ∈ E}.
Then

[|Λ[v]− Λ[v]|] ≤ 1

2
[|v − v|]

where v, v ∈ Cχ[ϑ]. Thus, there exists exactly one fixed point v∗ ∈ Cχ[ϑ]
of equation (21).

Now we are ready to prove the main theorem of this paper.

Theorem 2. If ψ ∈ J and Assumptions Hψ[f, F ] and H [ϕ] are
satisfied, then the Fréchet derivative ∂Z[ψ] exists, and v∗ = ∂Z[ψ]χ

with χ ∈ J , χ = (χ1, . . . , χk), is the solution of equation (21).

Proof. Let us fix ψ ∈ J , and let εψ > 0 be given as in Theorem 1.
Assume that χ ∈ J and s ∈ R is such that s 
= 0, ‖sχ‖∗ < εψ.
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Then there exist on Ea the solutions Z[ψ] and Z[ψ + sχ]. We define
δs : Ea → Rk, δs = (δs.1, . . . , δs.k), as follows:

δs(t, x) = χ(t, x) on E0,

δs(t, x) =
1

s
(Z[ψ + sχ](t, x) −Z[ψ](t, x)) on E.

The function δs satisfies the following integral functional equation

v = Γs[v]

where Γs[v] = (Γs.1[v], . . . ,Γs.k[v]), v ∈ Cχ, is given by formulas

Γs[v](t, x) = χ(t, x) on E0,

Γs.i[v](t, x) = χi(0, gi(0, t, x))

+

∫ t

0

∫ 1

0

∂wFi(Qs.i[ψ, χ](ξ, τ, t, x))vϕ(τ,gi(τ,t,x)) dξ dτ

on E, 1 ≤ i ≤ k,

and

Qs.i[ψ, χ](ξ, τ, t, x)

= (τ, gi(τ, t, x), (1 − ξ)Z[ψ]ϕ(τ,gi(τ,t,x)) + ξZ[ψ + sχ]ϕ(τ,gi(τ,t,x))).

We conclude from Lemma 4 that exactly one solution v∗ ∈ Cχ of equa-
tion (21) exists. Then the function rs : Ea → Rk, rs = (rs.1, . . . , rs.k),
defined by rs = v∗ − δs satisfies the relations

rs(t, x) = 0 on E0,

rs.i(t, x) =

∫ t

0

∫ 1

0

[∂wFi(τ, gi(τ, t, x),Z[ψ]ϕ(τ,gi(τ,t,x)))

− ∂wFi(Qs.i[ψ, χ](ξ, τ, t, x))](v
∗)ϕ(τ,gi(τ,t,x)) dξ dτ

−
∫ t

0

∫ 1

0

∂wFi(Qs.i[ψ, χ](ξ, τ, t, x))(rs)ϕ(τ,gi(τ,t,x)) dτ

on E, 1 ≤ i ≤ k.
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Thus, there is a c∗ ∈ R+ such that

‖rs‖t.k ≤ c∗β(K1 ‖Z[ψ + sχ]−Z[ψ] ‖t.k +K0 ‖sχ‖∗ )

+AK1

∫ t

0

‖rs‖τ.k dτ, t ∈ [0, a].

It follows from the Gronwall inequality and from assertion (19) of
Theorem 1 that

‖rs‖t.k ≤ eAK1ac∗β(|s|(K1L+K0)‖χ‖∗), t ∈ [0, a].

Therefore,
lim
s→0

δs(t, x) = v∗(t, x) uniformly on E,

and the proof is complete.
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80-952 Gdańsk, Poland
Email address: dana@mat.ug.edu.pl



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


